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PREFACE 

^i TO THE FIRST PART. 

<>l ^ rriHE object of the present Treatise is to bring Spherical 
^ f -^ Trigonometry to the standard required for University 
^ ^ Examinations, and demanded by the impulse given to 
mathematical subjects by modem text-books. 

Simplicity of treatment has been constantly kept in 
view. 

Part I. treats of the subject as far as the solution of 
Triangles, inclusive. In the text will be found all the 
Propositions usually contained in treatises on the subject, 
besides such other Theorems as appeared to us to be of 
special importance on account of their utility. 

The Volume is replete with examples (in many cases 
worked out), the arrangement of which has been the sub- 
ject of our special attention : our aim throughout being 
to place them in immediate connexion vrith the subject- 
matter of which they are iUustrative. 

At the end of each Chapter, Miscellaneous Examples 
bearing on all the preceding matter have been added. 
We have not hesitated to use Determinant Notation 
whenever elegance or simplicity could be gained thereby. 
This notation has now become so generally known as to 

b 



vi Preface, 

render apology for its use early in the work quite un- 
necessary. 

The Numerical Solution of Triangles, treated of in 
Chapters IV. and V., has received much attention, each 
Case being treated of in detail. In connexion with these 
Numerical Examples, we must acknowledge our obliga- 
tions to Mr. Egbert Baile, m.a., Athlone, who carefully 
worked and verified them all. They have also been in- 
dependently verified and tested, and we therefore trust 
they wUl all be found correct to the nearest half second. 

G-eometrical proofs of many Propositions have been 
added to those commonly given in text-books, e. g. the 
Analogies of Napier and Delambre. 

Most of the examples have been taken from University 
and Science and Art Examination Papers. Many, how- 
ever, as far as we are aware, appear now for the first 
time. A series of examples has been appended in the 
form of Examination Papers. 

Among published works on the subject, we are in- 
debted chiefly to those of Todhunter, Snowball, and 

Luby. 

WM. J M'OLELLAND. 

THOMAS PEESTON. 
May, 1885. 
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TO 



SECOND EDITION OF PART I. 



TN the preparation of this volume the Authors have 
very closely adhered to the text of the First Edition. 
A few Propositions of fundamental importance/ which 
previously appeared amongst the Examples, are given 
more prominence by being placed in the text ; and some 
articles have been re-written and amended. The Ex- 
amples are retained, with few alterations, and the Answers 
to them have been carefully revised. 

June, 1887. 



ERRATA. 

Page 24, third last line, fw ** passes " read *' pass." 

„ . 32, lines 13 and 14, /or "values" read "value." 

„ 68, line 2, footnote, for " afloat " read " in use." 

„ 61, fifth last line, add " (by the colunar triangle)" after 
"bisector of C." 

„ 97, fifth last line, for ''A also 90° " read '*A = 90°." 
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CHAPTEE I. 



THE SPHEBE. 



1. A Spbere is a figure suoh that all points of its 
surface are equally distant from a certain point within 
it, called the Centre. 

Any straight line drawn from the centre of a sphere 
to the surface is called a Radius^ and any straight line 
drawn through the centre and terminated both ways 
by the surface is called a Diameter. 

A sphere may be generated by the revolution of a 
semicircle round its diameter. 

2. Crreat and Small Circles. — Let a sphere be gene- 

A 




B 

Fig. \. 

rated by the revolution of the semicircle ACB (fig. 1) 

B 



2 The Sphere. 

round its diameter AB. Let C be any point on the semi- 
circle, and let CD be a perpendicular from C on AB, 

It is obvious that as ACB revolves round -4J5, the 
point C describes a circle round D as centre ; and also that 
Oj the middle point of ABy being equally distant from all 
points on AC By is the centre of the sphere. 

When the plane of the circle CC described by C passes 
through it divides the sphere into two equal parts, and 
the curve of section is called a Great Circle. 

When its plane does not pass through the centre it is 
called a Small Circle. 

Example. 

The Meridians and Equator are great circles. The Parallels of Latitude 
are small circles. 

lipberical Radius. — The angular distance AC is 
called the Spherical or Angular Badim of the circle CC^. 
It is obvious that the spherical radius of a great circle 
is a quadrant. 

3. Unique Properties of the Cfreat Circle. — 

(1). Only one Great Circle can be drawn through two 
given points on the surface of a sphere; for its plane 
must also pass through the centre ; and three points not 
in the same right line are sufficient to determine a plane 
completely. 

If the two given points be diametrically opposite, the 
right line joining them passes through the centre of the 
sphere, and an infinite number of great circles can be 
drawn through them — as, for example, the meridians on 
the surface of the Earth. 



Axes and Poles. 3 

(2). The shortest distance that can be traced on the 
surface of a sphere between two points on it is the arc 
of the great circle passing through them. 

For of all the circular arcs which can be drawn through 
two given points A and B [fig. 1 (a)], obviously that arc 
which has the least curvature is the shortest, since it lies 
inside the others, and most nearly approaches the right 
line joining A and £. Thus the shortest arc is that which 



Pig. 1 (a). 

belongs to the circle of greatest radius ; but the circle of 
greatest radius which can be drawn on a sphere is the 
great circle. Therefore, of all the arcs which can be 
drawn between two points on the surface of a sphere, 
the great circle arc is the shortest.* 

4. Axes and Poles. — ^The line AB (fig. 1) is called 
the Axis of the circle 00^ (described by any point (7 of the 

* The following method of looking at this question is also instruotiye : — 
If a string be stretched between two points on the surface of a sphere (or 
on any surface) it will evidently be the shortest distance that can be traced 
on the surface between the points, since by pulling the ends of the string its 
length, between the points, will be shortened as much as the sur&ce will 
permit. Now any part of the string being acted on by two terminal ten- 
sions, and by the reaction of the surface, which is eyerywbere normal to it, 
must lie in a plane containing the normal to the surface. Hence, the plane 
of the string contains the normals to the surface at all points of its length ; 
ue, the string lies in the form of a great circle. 

b2 



4 The Sphere, 

semloirole ACB during its revolution round AB)y and the 
extremities A and B of its axis are called its Poles. The 
nearer point A is generally particularized as the Pole of 
the Circle. Any point, and the great circle of which it 
is the pole, are termed pole and polar ^ with respect to 
one another. It is obvious, from the manner in which 
CO' was generated, that AB is perpendicular to the 
plane of CCfy for CD remained perpendicular to AB 
during its entire revolution. 

Hence the Axis of a circle may be defined as the diameter 
of the sphere perpendicular to the plane of the circle^ or the 
line joining the centre of the sphere to the pole of the circle. 

Cor. — The pole of a circle is equidistant from all points 
on the circumference of the circle. 

For AO^-- AB^ + CD^ = constant. 

In the case of a great circle, D becomes the centre of 
the sphere, and hence the poles of a great circle are equi- 
distant from its circumference. 

5. Primary and Secondary Circles. — Any circle is 
called a Primary in relation to those great circles which cut 
it at right angles. These latter are called Secondaries; e.g. 
parallels of latitude are primaries, and the meridians are 
secondaries to them. 

In fig. 1, regarding the circle CC^ as a primary, the 
circle ACB during its revolution round AB is in all posi- 
tions a secondary to CC Hence it follows that — 

(1). The plane of any secondary contains the axis of the 
primary. 



The Angle between Two Oreat Circles, 6 

(2). All the secondaries paas through the poles of the 
primary. 

(3). The planes of all the seoondaries have a common 
line of intersection, yiz. the axis of the primary. 

(4). If there can he drawn common secondaries to two 
circles, the planes of those circles are parallel. For, by 
(3), the two circles have the same axis. 

The distance of any point on the surface of a sphere 
from a circle traced thereon is measured by the arc of the 
secondary intercepted between the point and the circle. 

Example. 

The latitude of a place is measured by the arc of the meridian intercepted 
between the place and the Equator. 

6. Tlie Angle between Two Planes is measured by 
the angle between any two lines drawn, one in each plane, 
perpendicular to their line of intersection. 

The angle between any two circles, great or small, is 
measured by the angle between the tangents drawn to 
them at their point of intersection. 

The Angle between Two Great Circles is equal 
to— 

(1). The angle between their planes. 

For the tangents to them at their point of intersection 
lie in their respective planes and are perpendicular to their 
common diameter. 

(2). The arc intercepted by them on the great circle to which 
they are secondaries. 
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For if be the centre of a sphere, and AC and BC 
(fig. 2) seoondaxies to AB^ they are perpendicular to AB^ 
and are each quadrants; therefore OA and OB are per- 




Fig. 2. 

pendiculars to 00 \ hence the angle between OA and OJ?, 
or the arc ABy is the angle between the planes oi AO 
and BC. 

(3). The angular distance between their poles. 

For the angular distance between the poles of two circles 
is the same as the angle between their axes ; but the axes 
are perpendicular to the planes of the circles, and the angle 
between the perpendiculars to two planes is equal to the 
angle between the planes. 

Hence, by drawing a great circle parallel to a small 
circle, we see that the angle between the planes of a great 
and a small circle, or the angle between the planes of two 
small circles, is equal to the angular distance between the 
poles of the circles. 

7. To compare the length of the arc of a small circle sub- 
tending any angle at its centre with the arc of a great circle 
subtending an equal angle at the centre of the sphere.. 
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Let ab (fig. 2) be an aro of a small oirole subtending any 
angle at its centre Dy and let AB be an arc of a great circle 
subtending an equal angle at its centre 0, then if the cir- 
cles be placed parallel, so that they may have a common 
pole at Cf will be the centre of the sphere, AC and BO 
will be quadrants, CO will be perpendicular to the planes 
ABO and abD ; and since the perimeters of circles are to 
each other as their radii, we have 

ab bD bD . ^ . .^ .^ 

« -r^ « sin bOD = sin oC7 « cos bB. 



AB BO bO 

The above equation expresses the length of the axe of a 
parallel of latitude in terms of the latitude of the place 
and the corresponding arc of the Equator. Thus ab - AB 
cos (latitude) ; or, the distance {ab) between two places in the 
same latitudCf measured on the parallel^ is eqtuil to the dif- 
ference of longitude {AB) multiplied by the cosine of the 
latitude. 

8. The Ijune. — ^A Lune is a portion of the surface of 
a sphere enclosed by two great circles. 

In fig. 1 the area ACBJEA is a lune; so also is the 
area AEBCA. 

The angle between the two great circles bounding the 
lune is called the Angle of the Lune. 

The area of a lune is readily expressed in terms of the 
angle of the lune and radius of the sphere* For we have 
evidently — 
Area of Lune : Area of Sphere : : Angle of Lune : 2^ ; 

or, denoting the angle of the lime by A^ and assuming* 

• See Part II., Art. 97. 
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the area of the sphere to be 47rr', where r is the radius of 

the sphere, 

Area of Lune = 2Ar^. 

9. Theorem. — Any section of the surface of a sphere by 
a plane is a circle. 

For (fig. 1) if OD be let fall from 0, the centre of the 
sphere, perpendioulax to the plane C(fj we have 

CZ)* = CO" - OD' = constant, 

since CO is constant, and OD is fixed. Hence, every point 
of the section of the surface is equidistant from i>, and 
therefore lies on a circle round D as centre. . 

10. The intersection of two spherical surfaces is a circle^ 
Consider the triangle ABX formed by joining the 

centres A and B of the two spheres and any point X on 
their curve of intersection. The sides of this triangle are 
giveny and the line of centres AB is fixed ; hence the oppo- 
site vertex X {i.e. the variable point on the curve of sec- 
tion of the two spheres) is at a constant distance from AB^ 
or lies on a circle having AB for axis. 

This property is more general than that stated in the 
previous Article, and reduces to it as a particular case by 
supposing the radius of either sphere to become infinitely 
great. 

11. Solid (or Conieal) Angles. — When three or 
more planes intersect at a point they enclose what is 
termed a Solid Angle at that point. The much more ex- 
pressive term, Conical Anglcy is also used. There is a solid 
angle, for example, at each comer of a cube, and at each 
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vertex of a tetrahedron or pyramid. Every closed curve, 
plane or tortuous, subtends a solid angle at any point in 
its neighbourhood, the solid angle being enclosed by the 
lines drawn from the point to every point of the contour 
of the curve. 




Fig. 3. 

Let ABCD (fig. 3) be any curve or plane area. Prom 
any point draw an infinite number of lines OAy OB^ 
OCy ODy &c., passing through the boundary of ABCD, 
These lines form an irregular cone, having its vertex at 
Of and enclosing the curve or area ABCD. The solid 
angle of this cone is the solid angle which ABCD sub- 
tends at 0. 

To measure this angle, an expedient similar to that 
employed in reckoning plane angles by circular measure 
is used. About describe a sphere of unit radius, and 
let the cone formed by the lines from to ABCD inter- 
sect the surface of .this sphere in the curve A^ffCU, 
The curve A!SC'D^ will enclose an area on the sphere, 
and this area measures the solid angle at 0, just as the 
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aro of a cirole of unit radius measures the angle it sub- 
tends at the centre. The student must be careful, how- 
ever, not to regard a solid angle as an area^ but as a mere 
number, like the circular measure of a plane angle. For 
as the circular measure of a plane angle is the ratio of the 
length of the arc subtending it to the radius of the circle, 
so the ratio of the area A'B^CD' to the square of the 
radius of the sphere is the true measure of the solid or 
conical angle. When the radius of the sphere is imity 
this ratio becomes numerically equal to the number of 
units of area enclosed by A'S^CI/. 

Since the radius of the sphere is unity, its area is 49r; 
hence the sum of all the solid angles round any point is 
47r, and the solid angle subtended at by the 1//*** part of 
the surface of the sphere is 4:7r/n*^, which is thus a mere 
number. For example, the solid angle contained by 
three mutually rectangular planes, as at a corner of a 
cube, is iir. 

Examples. 

1. If is situated inside a closed surface, the sum of the solid angles 
subtended at by all the elements of the surface is 4ir. 

2. If in Ex. I is situated on the surface, the sum of all solid angles is 
2t. [For in this case the lines joining to aU the points of the surface 
intercept half the area of the sphere.] 

3. As a case of Ex. 2, the solid angle subtended at any point by an infi- 
nite plane, or by any plane curve at a point enclosed by it, is 2ir. 

4. The solid angle of a right cone of semi-vertical angle a is 2ir (1 - cos o). 
[^See Art. 97.] Thus the solid angle subtended by a circle of radius r at a 

point on its axis, distant z from the plane of the circle, is 2ir ( I z^zzi ) 
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12. Tbeorem. — The point of intersection qf two great 
circles and the arc Joining their poles are pole and polar with 
respect to one another. 

For let A and B be two points, LO and MO their 

O 




Fig. 4. 

polars, the point of intersection of the polars; then 
AO = ^7ry OB = ^TT ; hence OA and OB are secondaries to 
AB ; therefore, &o. C^^t. 6 (2).] 

Examples. 

1. Two great circles bisect each other. 

They haye a common diameter. 

2. The axis of any circle is determined by the intersection of two of its 
secondaries. [Art. 6 (3).] 

3. Find the locus of the centres of a system of circles having common 
secondaries. Ans. The common axis of the system. 

4. The pole of any great circle is ninety degrees from the circumference. 

[Art. 4.] 

6. The arc drawn through the poles of two g^at circles cuts both at right 
angles. 

5a. Draw a great circle cutting two given circles, great or small, at right 
angles. 

6. If three or more great circles are concurrent, their poles are concyclic. 

7. Any great circle is the locus of the poles of aU its secondaries. 



12 The Sphere. 

8. If from any point on the surface of a sphere two great circles can be 
drawn perpendicular to a giyen great circle, that point is the pole of the 
circle. 

[For, each of the arcs drawn perpendicular are secondaries ; therefore, 
&c. Art. 6, (2).] 

9. The external bisector of an angle passes through the pole of the in- 
ternal bisector ; and conversely. 

10. If two great circles are equally inclined to a third, their poles are 
equidistant from the pole of the third. 

10a. If a point is equidistant from three great circles, it is also equidistant 
from their poles. 

11. Two equal small circles are drawn touching each other : show that the 
angle between their planes is twice the complement of their spherical radius. 

— (Seience and Art Examination Fapers,) 

[For, join the centres of the small circles to the centre of the sphere, and 
also to the point of contact of the circles. 

Then the lines drawn to the centre of the sphere contain an angle equal 
to twice the spherical radius of either small circle, and the lines drawn to 
the point of contact of the small circles contain an angle equal to the inclina- 
tion of the planes of the circles ; therefore, &c. — (Euc. III. xxn.)] 

12. On a sphere whose radius is r a small circle of spherical radius, 9, is 
described, and a great circle is described haying its pole on the small circle ; 
show that the length of their conmion chord is 



2r 



V - cos 2e. 



sinO 
— {Science and Art Examination Fapers.) 

[For the angle between the axis of the small circle and the plane of the 
great circle is eyidently 90 — 9. Hence the distance, dy from the middle 
point of the conmion chord to the centre of the small circle is given by the 
equation 

d=r qobB QOX. d. 



Again, if be the common chord, it follows that 

(^A = {r wie + d) {r smO - d), 
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since r sin is the radius of the small circle ; therefore 

2*. 

e a -7-rV-cos2a, 
sinO 

the negatiye sign occurring under the radical, since 20 must be greater than 
90** for real section.] 

NoTB — ^Hence the segments of a great circle, made by the intersection of a 
small circle of given radius, maybe calculated on a sphere of given radius. 

13. The angle subtended at the centre of a circle, great or small, by two 
points on it, is equal to the angle subtended by them at its pole. [Art. 6.] 
14. If through the centre of a sphere a line be drawn parallel to a chord 
A3 of a semicircle ^^(7 described thereon, it meets the sphere at the middle 
point of the arc BC. 

15. Given Af £, C, D, four points on a segment of a circle ; prove the 
relations — 

a\ BinBCanAD + anCAgmBD + tmABBmOD = 0. 

/3°. onBCcoa AD + sin CA cos J?i) + ojiABoob CD = 0. 

, , BC . AD . CA . BD , AB . CD . 

•> • an — sm + sin — sin 1- sin sin — « 0. 

'mm n n n n 



i 
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CHAPTER 11. 

SPHEEICAL TRIANGLES. 

13. In the present chapter it will be shown that geome- 
trical figures drawn on the surface of a sphere (or different' 
spheres of equal radii) have many properties and relation- 
ships analogous to those of corresponding figures described 
on a plane surface ; and with the latter the reader is sup- 
posed to be already familiar. 

14. Definitloiis. — By a Spherical Figure is meant a 
portion of the surface of a sphere enclosed by arcs of 
greaf^ circles, e.g. 

A Spherical Triangle is bounded by the arcs of three 
great circles; a Spherical Quadrilateral by four great 
circles; a Spherical Polygon by many great circles. 

In the particular case, when the number of enclosing 
axes becomes indefinitely great, the figure becomes a Sphe- 
rical Curve. A great circle drawn through two indefinitely 
near points on a curve is a Tangent Circle to the curve. 
Qreat and small circles are examples of spherical curves. 

The arcs are generally spoken of as the Sidesy and their 
Angles of inclination as the Angles of the spherical figure. 

Since, however, three great circles on a sphere intersect 
one another so as to form eight triangles, for the sake of 
convenience, and to avoid ambiguity, that particular tri- 
angle is selected which has two, or if possible three, sides, 
each less than a quadrant. 

* Unless otherwise stated. 
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The three sides and three angfles are termed the Parts 
of a spherical triangle ; and, as 'will be hereafter seen, any 
three whatever given in magnitude are necessary and suf- 
ficient to determine the remaining three. 

15. By tbe Arc connecting two Pointa on a sphere, 
unless otherwise expressed, we mean the lesser segment of 
the great circle passing through the points. (See Chap. I. 
Art. 3.) 

Examples. 

1. Each side of a spherical triangle is less than two right angles. 

2. Each angle of a spherical triangle is less than two right angles. 

[For if possihle let ABC he a spherical triangle, haying an angle at A 
greater than two right angles. Continue the arc BA to the point X on the 
sideJ^a 

Then BX is a semicircle ; hence BX + CX is greater; therefore ABOis 
not a spherical triangle.] 




Fig. 5. 
3. The area of any spherical triangle is less than 2in^» [See Art. 8.] 

16. Colnnar or Associated Triangles. — By pro- 
ducing the sides of a triangle to meet below the base, a 
triangle is formed, having two sides and the opposite 
angles respectively supplemental to two sides and the 
opposite angles of the original triangle, while the remain- 
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ing angle of the one is equal to the remaining angle of 
the other (being opposite angles of a lune). Triangles 
whose parts are so related are termed Colunar^ and the 
three triangles colunar with the given one are sometimes 
termed its Associated Triangles. The triangle taken in 
the first instance is called the Primitive Triangle, 

Examples. 

1. The tihree associated triangles, taken in pairs, have a side and an oppo- 
site angle of the one equal to a side and an opposite angle of the other. 

2. When a triangle is equilateral, the colunars are each isosceles. 

3. The arcs joining the yertices of the colunar triangles are equal to the 
sides of the primitiye triangle. 

17. Parts of a Spherical Triangle. — ^Let ABO be 
a spherical triangle described on a sphere having its centre 
at 0. Then 0-4«Oi5= OC=the radius of the sphere. 
The arcs BC^ CAy and AB are proportional to the angles 
BOCf COAj and AOBy which they subtend at the centre, 



Fig. 6. 

and the angles BACj ABCy and BCA between the sides 
are equal to the angles between the planes containing the 
solid angle at 0. (Chap. I., Art. 6.) 



Sphere of Infinite Eadius. 17 

The notation for the parts of a spherical triangle adopted 
throughout will be that of Fig. 6, viz. for the three angles 
the letters A^ By and C7, and for the opposite sides the 
small letters a, by and e, respeotively ; though, as will be 
hereafter noticed, the letters Ay By and (?, may denote 
indifferently the number of degrees in the angles or the 
circular measure of the angles. 

Any expression involving one or more parts of a tri- 
angle is a Function of these parts, and may be represented 
in a general form such as — for the side a, / {a) ; for the 
sides a, by and ^j/(a, 6, c); for two sides b and c, and 
the angle Ay f (d, c, A) ; for all the parts, / (a, by c, 

Ay By C). 

18. Spbere of Infinite Radius. — At the point of 
intersection of two great circles, let two tangents be 
drawn to them in their respective planes; the plane con- 
taining both tangents is, with respect to the sphere, the 
Tangent Plane at the point. Now consider the radius of 
the sphere to increase indefinitely. It is manifest that 
as the radius increases, each element of surface, and, as 
a consequence, the whole surface in the neighbourhood 
of the point, approaches nearer and nearer to the plane ; 
and the great circles described thereon approach nearer 
and nearer to the tangents. In the limiting case, when 
the radius of the sphere becomes indefinitely great, and 
the curvature therefore indefinitely small, the great cirdes 
approximate so closely in position to the tangents that 
they may be regarded as coincident with one another. 

Thus the sphere and the great circles degenerate respeo- 
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tively into two* planes (one of which is at infinity), and 
two pairs of lines (one pair being also at infinity).! But 
it is to be observed that the angle of inclination of the 
planes of the great circles alone remains unaltered (of. 
Chap. I., Art. 6). 

Hence the relations involving certain parts of a spheri- 
cal triangle may be regarded as more general than those 
involving similar parts of a plane triangle ; and by the 
aid of the expansions 







s"^^ "= 7" |3-7i+ |-5 ^ *^ infinity, (1> 

and 

2 8 14 

cosfl = !-_-+—-- to infinity (2) 

(see Plane Trigonometry), any function of -4, B, C, a^ 
by c, the parts of the former, can be transformed into a 
function of -4, 5, (7, a, /3, 7, the parts of the latter. It 
should, however, be clearly understood, that a represents 
the length of an arc subtending an angle a, at the centre of 

* In accordance with analytical geometry; but it is quite sufficient ta 
understand that any finite portion of the surface is a plane. 

t Keference to the Earth, considered as a large sphere, will elucidate this 
statement. 

The surface of a lake or any small portion of water is apparently a perfect 
plane, although it partakes of the general curvature of the Earth, which 
maybe observed in the case of the ocean, where a distinct curvature is exhi- 
bited. It can therefore be readily imagined that if the radius of the Earth 
were greatly increased, even the surface of the ocean would present no per- 
ceptible curvature. 

Now take any point on the surface, and draw a plane passing through it 
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a sphere of radius r ; and when r becomes infinite the are 
a becomes a right line, viz. a side of the corresponding 
plane triangle. 

It thus appears that every great circle forming part of a 
diagram in Spherical Q-eometry will be represented by a 
right line in the corresponding diagram in piano ; but we 
must carefully remember that every right line of a plane 
figure has not necessarily a representatiye great circle in 
the corresponding figure on the sphere ; for it will appear 
hereafter that in some cases small circles on the sphere 
also become right lines in piano. 

For example, it is well known that when the base and 
area of a plane triangle are given, the locus of its vertex 
is a right line parallel to the base ; but when the base and 
area of a spherical triangle are given, the locus of its 
vertex is a small circle passing through the points dia- 
metrically opposite to the extremities of the given base. 
(See Art. 101.) A moment's consideration will make it 
plain that the small circle locus here mentioned should 
in piano be represented by a right line, and still further 

and through the centre of the Earth. This plane will cut the surface of the 
Earth in a great circle (Chap. I., Art. 9). But the surface, at any point, 
being sensibly a plane, the trace of this great circle on it will be approximately 
a right line, since the intersection of two planes is a right line. If anothei 
great circle be drawn through the point, the two will not differ sensibly 
from a pair of right lines intersecting at it; and since they both pass through 
the diametrically opposite point, they will intersect at it also as a pair of 
right lines, the surface of the Earth being at this point also approximately a 
plane. Now if the radius of the Earth were indefinitely increased, no cur- 
vature whateyer would be observed at any part of its surface, and the point 
diametrically opposite to any selected one would be infinitely distant from 
it, and the results stated above would follow. 

c2 
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a right line parallel to the base of the triangle. For it 
passes through the points diametrically opposite to the 
extremities of the base, and in piano these points are in- 
finitely distant ; hence the small circle in question becomes 
one of infinite radius, that is, a right line ; and it must 
meet the given base at infinitely distant points, that is, it 
must be parallel to it. Hence we are not to conclude that 
all rectilinear loci in Plane Geometry are represented by 
great circle loci on the sphere ; but, on the contrary, that 
any small circle on the sphere, constrained to pass through 
a point diametrically opposite to any point of a spherical 
figure, is represented by a right line in the corresponding 
plane figure. 

Another example illustrating this principle will be found 
in Art. 169, Cor. 6. 

19. The Analogy between Problems In Plane 
and Spherical Trigonometry referred to in the pre- 
vious Article may be more clearly illustrated as follows : — 

(1). Any two sides of a triangle are together greater than 
the third side. 

[Proof as tn piano ^ v. Euc. I. xx. Otherwise thus:— 
The great circle AB (fig. 6) is the shortest distance mea- 
sured on the sphere between the points A and B ; there- 
fore 

AC+ BC > AB. (See also Euc, XI. xx.)l 

(2). Onlf/ one triangle can be constructed with three given 
arcs {any two of which are greater than the third), 

[If we attempt to construct a triangle with three given 
arcs, as in Euc, I. xxii., we obtain two triangles on the same 
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base with their vertices on opposite sides of it. These tri- 
angles cannot be shown equal by direct superposition* on 
account of the curvature of their surfaces, but they may 
be divided into others which can be superposed (see Note, 
Art. 100) ; and it is also evident that one of them can 
be placed on the sphere with its vertices diametrically 





Fig. 7. 

opposite to the vertices of the other. In this position it 
is dear that the angles of one are equal to the angles of 
the other ; for their sides are parts of the same three great 
circles, and their angles are the angles between the planes 
of these circles, or the angles of equal lunes. Two such 
triangles are represented in fig. 7, and are said to be aym- 
metrically equal. 

(3). If two triangles have two sidesj and the included angle 
of one respectively equal to the trjoo sides and the included angle 
of the other ^ the triangles are equal in every respect. 

[Euo., I. IT.] 

[For two sides of given length intersecting at a given 
angle determine the vertices of the triangle. Therefore 
(Art. 3 (1)) the base and remaining angles are determined, 
and the triangle is unique.] 

* If the triangles be cut out from a thin flexible spherical shell, they can 
be Bupeiposed directly by reversing the curyature of one of them. 
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(4). The angles at the base of an isosceles triangle are equal 
to one another.* 

[Proceed exaotly as in Euc, I. v., using (3)]. 

(5). If two angles of a triangle be equals the triangle is 
isosceles. 

(6). The sum of one pair of opposite angles of a quadri- 
lateral inscribed in a circle is equal to the sum of the remain- 
ing pair.f 

[For by joining the pole of the circle to the angles of 
the quadrilateral we have four isosceles triangles ; there- 
fore, &o., by (4).] 

(7). The sum of the sides of a quadrilateral is greater than 
the sum of the diagonals. 

[Apply (1)0 

(8). ITie greater side of every triangle is subtended by the 
greater angle. 

* Otherwise thus : — Let ABC be an isosceles triangle on a sphere, with 
centre 0. At A and B draw tangents to the equal sides CA and CB^ 
in their respectiye planes. These tangents will T 

intersect 00^ produced, in the same point T. /l\ 

For if possible let the tangent a€ B intersect it n / 1 \ 

in T. Then in the two triangles AOT and /vvl \ 

BOT we have the angles TOA and FOB / \fsA 

equal, the angles O^^Jand OBT right angles, / \1 \v 

and OA = OB; therefore (Euc, I. xxvi.) OT / \ \ 

Also AT^ BTy and the tangents to AB at its A 

extremities are also equal ; therefore, &c., Euc. Fig. 6 (a). 

I. vni. This being established independently, (2) and (3) follow from it. 

t This property may be regarded as the criterion of a cyclic spherical 
quadrilateral. (See Art. 26a.) 
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For, let ABC (fig. 8) be the given triangle, having the 
angle B greater than the angle A. Draw a great oirole 




Fig. 8. 

BXj making the angle ABX « angle A. Then BX- AX, 
But 5Z+ CX>BC; therefore AC>BC. 

It may be easily shown that the theorems given in 
Euc. I., Props. XV., XVIII., xxi., xxiv., xxv., xxvi., are 
more generally true for the sphere. 

(9). The internal bisectors of the angles of a triangle^ or two 
external and one internal^ are concurrent. [ (Euc. IV. t.) ] 

[The points of concurrence are the poles of the small 
circles touching the sides of the triangle.] 

(10). The arcs of great circles bisecting the sides of a tri' 
angle at right angles are concurrent. [ (Euc. IV. v.) ] 

[The point of concurrence is the pole of a small oirole 
passing through the vertices of the triangle.] 

(11). Given the base and sum of base angles^ the external 
bisector of the vertical angle always passes through a fixed 

point* (Dublin Uniyenity Exam. Papers.) 
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For, let ABC (fig. 9) bo a triangle having the given 
base AB. Upon AB construct an isosceles triangle AOB, 
having each of the base angles OAB and OB A =^^{A-{-B). 



Pig. 9. 

Draw OX and OT secondaries to BC and A C, respectively. 
In the two right-angled triangles BOX and AOT^ AO 
^BOy L OAY^ L OBX^iiB-A); therefore AT = BX, 
and OX=^OY. 

Again, compare triangles COX and COY: OX- OYf 
OCis common, and the angles at X and Fare right angles; 
hence CO is the bisector of the external vertical angle pass- 
ing through the fixed point above determined. 

(12). Given of a triangle the base and sum or differ- 
ence of base angles, the internal and external bisectors of 
the vertical angle passes through fixed points. 

[Cf. Prop. (11).] 

20. Theorem. — The great circle bisecting the sides of a 
triangle intersects the base 90^ distant from its middle point. 



Theorem. 
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Let ABC (fig. 10) be the triangle ; X, F, Z, the middle 
points of the sides ; ALy BMy and CN^ secondaries drawn 
through the vertices of the triangle to the great oirole XY^ 
passing through the middle points of the sides. Let XY 




meet the base in the points D and By which are, therefore, 
diametrically opposite. is the pole of XY. (Chap. I. 
Ex. 8.) 

Now in the two triangles ^ZFand CYN we have 
^r=(7r, LAYL^LCYNy and lALY^lCNY\ 
therefore the triangles are equal in every respect. Hence 
AIa = CN. Similarly it can be shown that BM » CN. 



Therefore 



AL^BM^CN. 
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Again, in the two trian,gles ALD and BME it follows 
easily that DL = MJE and AD = BE ; hence 

Cor. — The perpendiculars of a Spherical Triangle meet in 
a point* 

[Eegarding XYZ (fig. 10) as the triangle, the per- 
pendicular from Z on XF is, by the above, the polar of 
the point E. It is, therefore, perpendicular to AB. 
Similarly the perpendiculars from X and Y on the sides 
TZ and ZX are at right angles to BG and (7-4, respec- 
tively ; therefore, &c,. Art. 19 (10) ]. 

Exercises on Fig. 10. 

1. The aro8 J)Z and XF are complementary. 

2. The triangle A0£ is isosceles. 

3. The angle LAY = S - A, where 2S = A + B-¥G. 

4. The arcs 00 and OA are supplementary. 

5. Given the hase and the sum of the three angles, the locus of the vertex 
C is a small circle having its pole at 0. 

[For under the given conditions the triangle AOBiB fixed; hence also 00, 
by the aid of Ex. 4 ; therefore, &c.] 

6. J) and £ are the middle points of the sides of the colunars on AO and 
J5C respectively. 

Polar Triangles. 

Definition. — Two triangles so related that the vertices of 
the one are the poles of the sides of the other are called, 
with respect to one another, Polar Triangles. 



* The proof here given is due to Sadlier. See also Art. 54. 
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21. Reciprocal Relattons of the Sides and Angles 
of Polar Trlansles. — If two Mangles be so related that 
the vertices of the one are the poles of the corresponding sides 
of the other ; then, conversely ^ the vertices of the latter shall be 
the poles of the corresponding sides of the former. 

Let the points -4, -B, and C (fig. 11), be respectively the 
poles* of -8^(7, CA% and A'B" the sides of the triangle 
JlSCf. Produce the side B^Cf (if necessary) to meet AC 
in the point Jf, and AB in the point N. 




Kg. 11. 

Now, since A is the pole of -B'C, the arc AB is a qua- 
drant ; and since C is the pole of AS^ the arc CS is a 
quadrant ; hence S is the pole oi AG\ similarly, A is the 
pole of BCy and (J the pole of AB\ therefore, &c. 

[Art. 12.] 

Cor. 1. — The arcs connecting the corresponding vertices 
of a triangle and its polar pass through a point, viz. the 
common Orthocentre of the two triangles. 

* The poles of the sides of a triangle may be conveniently obtained by 
drawing great circles through the vertices perpendicular to the opposite sides, 
and by taking points on them (measured from the sides towards the vertices) 
90° distant from the sides. These points are evidently the required poles. 
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[For the arc joining A and A' (fig. 11) is perpendicular 
to each of the arcs BC and B'Cy since it passes through 
their poles; therefore, &c., Art. 20, Cor.'}. 

Cor. 2. — The sides of a triangle intersect the correspond- 
ing sides of the polar triangle in six points lying on a 
great circle. 

[For the arc AA' is the polar of the points of intersec- 
tion of jBC and JS'C" : similarly the arcs BB" and CC are 
the polars of the points of intersection of OAy CfAl and 
AB^ AB>\ therefore, &c., by Cor. 1.] 

22. Theorem. — The angles of the primitive triangle are 
the supplements of the corresponding sides of the polar; and 
conversely/. 

Since B" (fig. 11) is the pole of -4(7, J5'Jf is a quadrant, 
and for a similar reason CN is also a quadrant. (Chap. I., 
Ex. 4). 

Hence MIf+ B^C = two right angles. 

But MIf is equal to the angle A ; therefore the angle 
A and the side B'C are supplemental. 

Similarly, the angles B and C are the supplements of 
the sides C'A' and A'B" respectively ; therefore, &o. 

Note. — From the above property. Polar Triangles are 
also termed Supplemental Triangles; and if a\ h\ c\ 
A\ B^y C\ represent the parts of the triangle A!ECf 
(fig. 11), it follows that 

Also 
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These results axe of the greatest importance, inasmuoh 
as any theorem which holds good between the sides and 
angles (e.g. a, \ c^ A^ B) of a spherical triangle necessarily 
involves a reciprocal or supplemental theorem, involving 
the opposite angles and sides (viz. Ay By C^ a, i), and 
which may be derived from it by changing the sides into 
the supplements of the corresponding angles, and the 
angles into the supplements of the corresponding sides. 

23. The results obtained in the previous Article may 
be further exemplified, as follows : — 

{a). It has been seen that two sides of a triangle are 
greater than the third : thus b+oa. 

Applying this inequality to the sides of the supple- 
mental triangle, it follows that 

ir-B+'n'-C>ir-A. 

Hence, B'\^ C- AKWy i.e. 8-A<-^. (1) 

Similarly, (7 + ^- J?<7r, i.e. /S-5<|. (2) 

' And ^ + 5-C<7r,i.e.flf-a<|. (3) 

Or, the difference between any two angles of a spherical 
triangle is less than the supplement of the third angle. 

Particular cases of the inequalities (1), (2), and (3), are 
worthy of notice. 

a. Suppose, for example, that the primitive triangle is 
right-angled at (7, it follows from (3) that 

-4 + -B<y; 



X- 
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or, ike sum of the angles of a right-angled triangle is less than 
four right angles, 

/3. It likewise follows, by the aid of (2), that 

or, the difference of the oblique angles of a right-angled 
triangle is less than a right angle. 

{b). Prop. (4), Art. 19, involves the converse theorem, 
viz.. If two angles of a triangle are equal, the sides sub- 
tending them are also equal. [See Prop. (3), Art 19.] 

(c). Prop. (8), Art. 19, involves the converse theorem, 
viz., The greater angle is subtended by the greater side. 

{d). Prop. (3), Art. 19, involves the supplemental theo- 
rem, viz., If two triangles have two angles and a side of the 
one equal to two angles and a side of the other, the sides 
being similarly situated with respect to the equal angles, 
the triangles are equal in every respect. 

{e). In any triangle, if C = A -\- B^ then C ^ A and 
C - B are each less than a right angle. 
For - ^ = J5, and (7 - £ = ^ ; but B^ C -Akit; 

hence B<-^, and -4 < — ; therefore, &c. 

Examples. 

1. Gtiven two angles of a triangle to be 45° and 120°, find the maximum 
yalue of the third anj^le. 
Let A be the third angle, then by aid of (1), 

// + 120 - 45 < 180\ 
Hence, 

A < 105'. 
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2. The angles of a triangle are A, SO* and 160* ; find the maximum ralue 

of A. Am. A < 60*. 

[Proof as before.] 

3. If the angles are A^ 20* and 110*, find the maximum value of A. 

Am, a < 90*. 

4. If the difference between any two angles of a triangle is equal to 90*, 
tlie remaining angle is less than 90*. [Of. Art. 23, jB.] 

6. If the primitive triangle be equilateral or isosceles, the supplemental 
triangle is equilateral or iBOsceles. 

24. Ttieorem. — If two sides of a triangh are suppk- 
mentaly the opposite angles are supplemental. 
For in the triangle ABC (fig. 12), \l AC •¥ AB ^ ir. 




B 
Fig. 12, . 

since the arc ABA' is a semicirole, then will \ 

AC = -4'jB, and A'C = AB. 

Therefore the two triangles ABC and A'BC are equal in 
every respect ; therefore, &o. 

Examples. 

1. If two sides of a triangle are supplemental, two sides of the polar 
triangle are likewise supplemental. 

2. In fig. 12, the arc joining the middle point M of BC with A ot A' is 
a quadrant. 

[The triangles A'BM and ACM are equal in every respect.] 

3. Given the base of a spherical triangle, and the sum of the sides equal 
to two right angles, find the locus of the vertex. 

Am. A great circle, having the middle point of the base as pole (Ex. 2). 



1 

\ 

r 
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25. Angular Umits of the Sides and Angles of 
a Spherical Triangle. — It has been said that each side 
and eaoh angle of a spherical triangle may have any 
values between 0° and ir. It is, therefore, manifest that 
the sum of the angles cannot exceed 3ir; and it will be 
here shown that the sum of the sides cannot exceed 2ir, 
For in the triangle A'BO (fig. 12), 

BO < A'O + A'B. 
To each add 

AC + AB. 

Hence, 

BC-^-CA + ABk AC + A'C + AB + A'B < 2ir. 




Hence a + b •¥ e can have any values between 0° and 2ir, 
and A-{-B+0 can have any values between ir and Stt. 

The latter may be seen otherwise, thus : — 

Since 0°, a + J + c, 27r, are in ascending order of 
magnitude ; hence, for the supplemental triangle, 

0°, 7r-^ + 7r--B + 7r-(7, 27r, 

are likewise in ascending order of magnitude ; there- 
fore, &o. 

25 (a). Theorem. — If the sum of one pair of opposite 
angles of a spherical quadrilateral be equal to the sum of 
the other pair^ the quadrilateral is cyclic. 

For let ABCD [fig. 12 (a)] be a quadrilateral, such that 
the sum of the angles A and C is equal to the sum of 
the angles B and D ; and if possible let the circle passing 



Cyclie Quadrilaterals, 
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through Bf (7, D not pass through A^ but let it, as in 




Fig. 12 (a). 

Fig. 12 (a)y intersect the aro AD in some point A\ 
Join BA\ 
Then, by Art. 19 (6), since A'BCD is in a oirde, 

But 

-4 + (7 - 2) + ABO. 

Therefore, by subtracting, 

A-A'^ABA\ otA'ABA'^'A^ 

which is impossible, since A^ is the external angle of the 
triangle ABA' ; and, by Art. 23 (a), the difference of any 
two angles of a triangle is less than the supplement of the 
third. Therefore the points A^ J?, C, D lie on the same 
circle, i.e. the quadrilateral is cyclic. 

25 (i). Analogue of Ptolemy's Tbeorem. — ^fa^ by 
Cy d he in order the sides, S and S^ the diagonals of a spherical 
quadrilateral inscribed in a circle ; then 

sin^ei? sin|c + sin^^ sin ^^ = sin^S sin^S^. 

For if a'y Vy dy d! be the chords of the arcs which form 
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the sides of the quadrilateral, ^ and/^ those of the diago- 
nals, it is clear that a^ b% &o., are the sides and diagonals 
of a plane quadrilateral inscribed in a circle, and therefore 

but rt' = 2r sin i«, 6' = 2r sin ^6, &c., where r is the radius 
of the sphere. Therefore, &o. 

Examples. 

1. Any side of a triangle is greater than the difference between the other 
two sides. 

2. When does the primitiye triangle coincide with the supplemental? 

Ans. When its sides and angles are each "^ 

2' 

3. Assoming the earth to he a sphere, is the area included between two 
meridians and a parallel of latitude a spherical triangle ? Give a reason for 
your answer. — {Science and Art Exam, Fapera,) 

4. The sides h and of a triangle are produced both ways to points x and 
x% y and y\ 90° distant from the middle point of the sides. Show that, if 
secondaries to the sides from x and y intersect in P, and from x^ and f^ in 
F*, the points P and P* are diametrically opposite. 

5. The triangle FQ[R is the polar triangle of that formed by joining the 
middle points of the sides of ABC, where Q* and R' are formed by similarly 
producing the sides c and a, a and b^ through the extremities of the remain- 
ing side. 



KoTB on Art. 26. 

[The formula of Art. 26 may be obtained directly by equating the projec- 
tion of OD on OS to the sum of the projections of OC aud CD on the same 

line. Thus 

Oi> cos » 0(7cos 6 + CD cos (7 sin 6, 
or 

cos s cos a cos & + sin a sin 6 cos (7.] 
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CHAPTER III. 

FUNDAMENTAL EELATIONS BETWEEN THE PARTS OF A 

SPHERICAL TRIANGLE. 

Section I. 

26. Saving given the sides of a spherical triangle^ to 
determine the cosines of the angles. 

C 



Fig. 18. 

Let ABC be a spherical triangle ; a, 5, and c, its sides ; 
the centre of the sphere. Draw CD and CE tangents 
to a and h at C* 

Since these tangents lie in the planes of the drdes to^ 
which they are drawn, they will meet the radii OB and 

* The same result will be obtained if, instead of drawing tangents at C, 
any point C be taken on OC, and lines Clt and CE be drawn perpen* 
didlar to it, meeting OB and OA in If and K^ lespeotiyely. 

d2 
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OA in D and E respeotively, and the angle between EO 
and CD is equal to the angle C (Chap. I., Art. 6). 
Now, from the two triangles ECD and EOD we have 

DJB* =^Ciy + CE^-2CD.CE.ooBO... (a) 
Also DE* ^0I>'+0E^''20D.0E. cose . . .; (/3) 
and since the angles OOE and OOD are each 90% 

OC = OJD* - Ciy ^OE"- CE". 
Henoe, on subtracting (a) from Q3), 

= OC*-\-CD . OEoobO-OD . OE .oose; 

00 00 OD OE 



or 



ooso = 



OD' OE OD' OE 



. cosC; 



therefore, cose » oosaoosb + sina sini cos 0. 
Similarly, cos( = cose cosa + sino sina oos£, ^ (1) 

and cosa » cosi cos^; + sin( sine oos^. 

From these f ormulse we obtain the angles in terms of 
the sides. Thus : 

cos a - cos b cos c 



oobA 



cos-B= • 



cos C7 = 



sin 


b Bin c 


cos J - 


cose cos a 


sine; sin a 


cose - 


cos a cos b 



• • • 



sina sin 6 



• • • 



(2) 



These results are of special importance, and the student 
should make himself perfectly familiar with them at the 
outset. 



Oeneralization. 
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They apply to all spherical triangles, whether the arcs be 
greater or less than quadrants. 

27. Generalisation. — In the preceding Article it if plain, on referring 
to the figure, that the proof given only applies to a spherical triangle having 
the sides a and b each less than }ir. For, in the two triangles OCE and 
OCDy each right-angled at C, the angles COEKod COD are acute, and there- 
fore the arcs a and b subtended bj them on the sphere are less than }v. 
Ko such restriction has been placed on the limits of the remaining side c : 
it may, therefore, be greater, equal to, or less than, }t. 

It therefore remains to be shown that the foregoing theorem is applicable 
when either of or both the sides a and b are greater than quadrants. 

(1). In the former case let a be greater than, and b less than, a quadrant. 



B'< 




Fig. 14. 



Let and e (fig. 14) be produced to meet in ff. Then in the triangle 
AB'C, by the preceding it follows that 



therefore^ 



eoBAB'^coBS'CeoeAO-^ojiB'CaikACcoBACB'; 
COB e = 008 a COB b -^ an a an b COB C, 



(2). In the latter ease let a and b (fig. 16) be each greater than a quadrant 

B a 
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Then in the triangle AB(f we have 

COB0 s coaBC coi AG' + ojiBC'anAG' cos G; 
or, 

0080 S2 COS a COS d + sin a sin & COS (7. 

The remaining cases, when either of or both the sides a and b are 
quadrants, are left as easy exercises foir the student. The f ormulffi referred 
to are, therefore, applicable to all triangles drawn on the surface of a 
sphere. 

27 (a).— Bii^bt-aiii^led Trianiple*— We shall now apply the for- 
mula of Art. 26 to a triangle right-angled at G, and deduce the relations 
existing amongst the parts of such a triangle. 

Since G s J*-, cos C7 = ; henoo 

(I). cos = cos a cos ^. 

(2). Again, from the formula, 

^ cos a — cos d cos tf 

cos -4- :— J— : . 

smo 8m0 
On substituting the yalue of cos a from Ex. (1) we have 

tan 3 

cos.^ = : . 

tautf 

Similarly, 

■rv tana 

008 Ss . 

tantf 

(3). On substituting tiie value of cos b from Ex. (1) we have, from (2), 

after reduction, 

. . sina 
Bin^ = —. — . 
sintf 

Similarly, 

. ^ sin J 
BmB = —. — . 

sintf 

(4). From Examples (2) and (3) we have, by division, 

tan a = tan ^ sin ^, 
and 

tan b = tan ^ sin a. 

(5). From (4) we have 

tan a tan ^ s tan ^ tan 3 . sin sin d; 
or, 

cot ^ cot ^ s= cos 0COS & s 008 <^. 
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(6). From (2) and (3) we haye 

cos ^ = OOB a sin B, 

The above six formulsB, conneoting the sides and angles of a right-angled 
triangle, are expressed in general terms thus : — 

(1) cos (hypotenuse) s product of cosines of sides. 

(2) cos (angle) s tangent (adjacent side) -r tan (hypotenuse). 

(3) sin (angle) » sin (opposite side) -r sin (hypotenuse). 

(4) tan (side) » tan (opposite angle) x sin (remaining side). 
(6) cos (hypotenuse) » product of cotangents of base angles. 

(6) cos (angle) a cos (opposite side) x sin (remaining angle). 

(7). Let b = css -f and the expression 

oos a s cos & cos + sin d sin cos w^ 
reduces to 

coaa^coaA, \Vid$ Art. 6, fig. 2.] 

as IS otherwise evident, sinoe in this case (7 is the pole of AB. 

(8). Let « cs i B ; 

then oosa s cos' a + sin' a cos ^ ; 

or, COS a (1 - cos a) s (l - cos' a) cos A. 
Hence, sec ^ = 1 + sec 0, 

a constant relation between the angle and side of an equilateral spherical 
triangle, which shows that when the sides are quadrants the angles are 
light angles, and conversely. 

(9). Given a side or angle of an equilateral triangle ; solve it completely, 
and deduce the limiting values of the sides and angles of an equilateral 
triangle. [Apply Ex. (8) .] 

(10). Given the latitudes and difference of longitudes of two places on the 
Earth's surface, compute the distance between them. 

— {SeUnw and Art Exam. Fapers). 

(11). Apply Art. 26 (1) to prove the theorem of Art. 19 (3). 
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28. Analogous Formula In Piano* — Supposing the radius of the 
sphere to be indefiniUly great, show that the formula 

cos a — cos^cos^ 



sin 6 sin 



= cobA 



where ^ is an angle, and a, 0, and y the sides of a plane triangle. 

Expanding cos a, &c., by the aid of formulas, Chap, ii., Art. 18, and 
neglecting all powers of the radius above the second, wo have 

^ — cCOS^, 

$7 

r r 

which reduces to 



2$y 



= cos^. 



29. Iiei^endre^s Theorem* — If, the sides of a spherical triangle he 
smdU compared with the radius of the sphere, then each angle of the spherical 
triangle exceeds by one^third of the spherical excess the corresponding angle of 
the plane triangle, the sides of which are of the same length as the arcs of the 
spherical triangle. 

In the foregoing example the powers of the radius higher than the second 

were neglected. Suppose, however, a closer approximation to be made, and 

the powers of - above Hhi^ fourth neglected. 

Then 



cos.^ 



2r»^24r* \ 2r» ^ 24r*/ \ 2r» ^ 2 W 
2r» "*' 24r* 



Legendre^a Theorem. 41 

Bat by the aid of the Binomial Theorem ire have 

—1 /i.?!!!!^*.^.?!!:)?, nearly. 



6r 
Hence 

cobA 



( 2r» "^ 24r* ) ( 

y-t-7«-a» 2/B V + 27V f2a»3'~tt*-i8 ^- 7« 
 2iS7 " " 24i37f» 

Now consider a plane triangle of Bides, a, fi, and 7 ; angles A', B', and (7' ; 
and area >s a » }i37 sin^'. 
The aboTe equation reduces to the form (Plane Trig.) 

Bin»-4V^7 

COS^ es COS^ T-3 . 

Let the excess of A over ^' be denoted by 9, 9 being a rery small 
quantity ; then A^A'+O, and 

qobA ss cos^' - sinul' nearly ; 
therefore. 

cos-4' T-5— i37 « cos ^'- tf sin-4' ; 

or* 

We have, therefore, 



Whence 






But the expression A + JB-^-C^ir denotes the excess of the sum of the 
angles of a spherical triangle oyer the sum of the angles of a plane triangle 
(both being expressed in circular measure), and is therefore called the 
Spherical Exeeu; therefore, &c. 

\jSe$ also Exam, Faper ym. 2, 3 *, and Art. 107.] 
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Section IL 

80. Expremonfor the sine of an angle of a spherical tri- 
angle in terms of the trigonometrical functiom of the sides 

We have (Art. 26), 



therefore 
sin' -4 = 1 



oos^ s 



cos a - cos ft cos e 



( oosg 



sin ft sin 
- cos ft cos cV 






') 



sin ft sine 

sin* ft sin'c - (cos a - cos ft cos c)' 
sin'ft sin*c 

(1 - cos' ft) (1 - cos' c) - (cos g - OPS ft oos c)* 

sin' ft sin' c 

1 - cos'a - cos' ft - cos' c + 2oosaoosftoosc 



sin'ft sin'o 



4w' 



sin' ft sin' o* 
where 

4w'= 1 - cos'a - cos'ft - oos'c + 2cosa oosft cose* 

2n 



Henoe, 

Similarly, 



sin-dl = — 



sin -B = -T 



sinft sino 
2n 



and 



sin C- -: 



sino sina 
2n 



sin a sin ft 



(3) 



* The function n has been called the sine of the solid angle that the tri- 
angle subtends at the centre of the sphere (vide Salmon's Geometry of Three 
JDimensionaf Art. 64) , and may be written in the determinant form 

1, cos 9, cos 6 

4n's COS0, 1, COS a 
ooab, COS 0, If 
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31. Rule of Sines. — From the value of sin 2I in the 

previous Artioe we have at onoe 

einA^AnB sin C 2n /^v 

sin a sini sine sinasinisino' 

Henee^ the sities of the angles of a spherical triangle are 
proportional to the sines of the opposite sides. 

The corresponding theorem in piano is, ''The Sines of the 
Angles of a Plane Triangle are proportional to the opposite 
Sides." 

Examples. 

1. Given the l>a8e e and the fonction it, find the locus of the yertex. 

—(Q. U. I., Exam. Fapin.) 
2n 



Since tanA 



sin d sin 0' 



we haye giyen anb an A, which, by the aid of Art. 81, or 27, Ex. 3, 
IB equal to sin p, where p is the perpendicular from the vertex on the base. 
The locus is, therefore, a small circle haying the same poles as the base. 

2. If a, jS, 7, be the perpendiculars of a triangle, prove that 

sina8inassin&sini3s8in0sin7s2ii. 

[For (Art 27, Ex. 3), 

sin a « sin & sin (7, sin/Sssinasin^ sLa^ssinasin^; 

therefore, &c., Art. SO (3).] 

NoTB. — ^The rule of sines follows at once from the equation 

aRa^BmbanC- tmoBmS; 
therefore 

anB ^ tanb 

sin (7 sin0* 
Therefore, &o. 

* Or thus : — ^take P, the pole of the side e, and apply equation (1), Art. 26, 
to the triangles ACF and BCF. Then cos C!P = sin a sin j9 = sin 6 sin ^. 
A particular case of this theorevi has already been proved in Art. 24. 
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8. In £z. 2 show that 

Bin a 006 a B= V cos^ b -f oos'tf — 2 cos a cos 3 cos 0, 

with similar expressions for cos j3 and cos 7. 

[Since 

. . . y, V 1 — cos'a — cos' b — cos' « + 2 cos a cos b cos 

sinas8in6smi/Bs ; • 

sina 

Hence sin' a sin' a, or sin' a — sin' a cos' a 

=* 1 -oos'a-oos'6 — cos'tf + 2cosacos* cos0; 

therefore, &c.] 

4. The sines of the segments of the base of a triangle made by the biseo- 
tors of the internal and external vertical angle are to one another as the sines 
of the adjacent sides. (Cf. Euc, YI. in.) 

6. The bisector of the base divides the vertical angle into two parts, the 
ratio of whose sines is the inverse ratio of the sines of the adjacent sides. 

6. If if be the middle point of the base A3 of a triangle ABC, and Jf* * 

a point on the base, such that the angle ACMIb equal to the angle BCM\ 

prove that 

sin^if' : sin^if' : : tai?b : sin' a. 

7. Tlp\^p% be the perpendiculars drawn from the mid-point if of the base 
of a spherical triangle on the great circle bisectors of the vertical angle A^ 
and pz the peipendicular from A on the great circle perpendicular to the base 
through M^ prove — 

(1) sin^i 8inj92"B}sinj^sin-sin(j9+ (7). 

(2) Give the analogous theorem for a plane triangle. 

— (Educational Times, August, 1884.) 

[Let X and p be the points where the external and internal bisectors meet 
the perpendicular through M; then 

tinpianp^ sin Mx sin a? . sin Afff sin y _ sin Mz . sin Jfy ^ 
sin j^ sin Ax .anx " sin jry ' 

therefore, fto. 

The analogous theorem tit piano is ^aan A J] 

• The arc CM* is called a SymmedioH of the triangle ABO. 



Oeometrical Proof of the Ruh of Sines. 
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32. Cfeometrlcal Proof of the Role of Sines. — 

To show geometrically that the sines of the angles of a spheric 
cal triangle are proportional to the sines of the opposite sides. 
Let ABC (fig. 16) be a spherical triangley the centre 
of the sphere. From any point P in 00 let fall a perpen- 

c 




Fig. 18. 

dicnlar PD on the plane AOB. Join OD, and let fall BE 
perpendicular on OA. Join PE. PB is perpendicular to 
all lines drawn through B in the plane AOB. 
Now 

OP'«OBf'^PB'^OE' + BE'' + PB'^OE* + PE^; 

therefore PEO is a right angle. 

Now, since PE and BE are drawn in the planes OAC 
and OAB perpendicular to their line of intersection OAy 

lPEB^lA\ 

therefore 



and 



. , PB . , PE 
PB 



fiin^sin h 



OP' 
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Similarly, by letting fall a perpendicular DF on OB we 



get 



hence 



PD 

onBBixia^j^^anABmb; 

einA anS sin (7 
sina 8in6 eiae* 



33. Expressions for the sine, eosine* and tangent 
of half an angle of a triangle as functions of the 
sides. 

We have 



2 COB* -^ =1 + 008-4 



-1+ 



cos a - cos & COS 

sin 6 sine 



[Art. 26 (2)]. 



cos fl - cos ( J + <j) 2 sin J (a + 6 + c) sin i (6 + c - a) 



sin i sin 



sin 6 sine 



2sm«sm(«-a) i. ^ , 

. - . ', where2« = a+6 + 

sinosme 



hence 




Similarly, 



and 



^^« -4 /sin 8 sin (s - a) 

^®"9"J — =~-r-^ '' 

« \ smosinc 
-B jsin«sin (a-6) 

cos -jr- = j 7^ ^, 

2 \ sinesina 

^^« ^ /sin 8 sin7 
« \ sin a SI 



sin 6 



(5) 



A A A 

Expremomfor Sin -5-, Cos -^, and Tan •^. 
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Again, 



2sin»^ 



1 - cos ^ 



-1- 



oosfl-oosftoosg 
Binbsmc 



oos(ft-c)-oosg 
smisinc 

2 sin (s-b) sin (« - e) 
sin 6 sin c 



henoe 



. A 

sm 



Similarly, 



and 



A j sin {s - 
2 '>/ S 



- 6) sin (s - c) 



Bin 6 sin c 



bJii:?= /sin (g - c) sin (a - a) 
2 -^ sine sin a ' 

sin— = / sin (g - g) sin (j? ~ 6) 
2 \ sinasinJ 



From the above results we obtain 

fan^^ sinj^ ^ / sin (a - b) sinlTT) 
2 * eosi^ ^ sin«8in(«-a) ' 

with similar expressions for tan -5- and tan-^. 

^ 2 



(6) 



(7) 



Nora. — 

[From (5) and (6)]. 
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hence 

-; a -r—i-—. = -: :— t": — V Sin « Sin (#- a) Sin (»-0) Bin (»-«). 

sin a sin 6 sin^ smasm^sm^ / \ / \ / 

Comparing tills expression for sin^ with that derived in Art. 30, we 
see that 

sin».sin(«^a).sin(9 — d).Bin (« — 0) 

» J (1 - cos*a - cos*3 — cos'tf + 2 cosa cosi cos «) 

an identity which can be readily proved by direct mnltiplication of the four 

factors, 8in«, iBin(«-a), 8in(«-3), and sin («—<;). 

Thus, 

2 sin « sin (» - a) B cos a -cos (& + e), and2 sin (« - d) sin(« -e) 

Boos(d-tf)-cos0; 
therefore, &c. 

Examples. 

1. Find the conditions that 

1 — cos'a - cos'd - cos'tf + 2 cosa cos b cos0 « 0. 

2. Prove that 

8n' = sin^a sin'd sin'^ sin ^ sin JS sin (7. 

3. Prove that 

A B C , 

cot — : cot—: cot — = sin(« — a) : sin(«-J) : sin («—«). 
2 2 2 \ / \ / > / 

4. Prove that 

2 2 sin« 

6. Prove that 

. , . tin.\B$asL\0 . 
Bin (« — a) = — . . / sin a, 
^ ' sin J^ 

with similar expressions for sin (« - d) and sin (« -0). 
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6. ProTothat / 

/ X 
eos}3oo8}(7 . ^ ^ 



7. Ph>yefhat 



8. Proye that 



. ... , A , 3 , «• 

2 2 2 sin* 



. A 3 nnls-h) 

sm — cos — «B — 5 ' coi -. 

2 2 81110 2 



NoiB. * — By the aid of a similar equation^ 

A . 3 nn(«-a) 

eo6 ~ Bin - a — i .' cos-. 

2 2 sm0 2 

We haye, on adding and subtracting, 



. A + 3 e a-i 

■in-^co8-«cos-^oos^. (a) 

. A^3 , e , a^h C 
8in-^8in- = sm-j-oos-. {fi) 



Again, from Examples 6 and 6, we have 

AJt3 c a + h , 

cos-y-cos-=cos-y-sm-. (y) 

A-S . , a + b , ,^^ 

COS— ^Bm-=sm-y-sm-, («) 

four equations which will be afterwards proved geometrically. 

* The equations a, jS, y, 9, are known as Gauss's Formulae, and the equa- 
tions a\ fi'f y\ V (Ex. 9), are known as Napier's Analogies. They will all 
be further discussed later on. 

E 
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9. Pioyethat — 



, ,, . A + S cos J(a - *) ^0 

(«/). tan — - — = — f-7 -{ cot — . 

^ ' 2 C08i{a + b) 2 

t^'). tan — - — = -7— f) n cot -. 

^ ' 2 sin J(a + *) 2 

(y). ^g_±j^co8i(^-i?) a 

^7^ «« 2 C08}(^+^) 2 

(8'). ten^-^=^*^^"^^tani. 
[These results follow from Ex. 8.] 



Supplemental Theobems. 

3.4. Saving given the angles of a spherical triangle^ to 
determine the cosines of the sides (of. Art. 26). 
In the f ormula^ 

oo&a=^QOBbooBc + smbmxLc cos A, 

ohange the sides into the supplements of the oorresponding 
angles, and the angle into the supplement of the corre- 
sponding side (Note, Art. 22), and we get 

-oos^ = oos5oos (7-sin£sin CooBa. 

Therefore, 

008 -4 + cos -B cos C ^ 



cosa 



Similarly, 



and 



sin£sin(7 



. COS -B + cos (7 COS .4 

oos6= . ^ . — ' — 9 

BmCemA 

cos 0+oobAoosB 



y 



(8) 



oo6e» 



sin .4 sin jB 



Examples. 51 

All the results obtained in Art. 26, as partionlar cases 
of formula (1) of this Chapter, may also be deduced as 
particular oases of formula (8), by supposing the triangle 
to be equilateral or right-angled, as the case may require. 

86. Analofl^oufl Vormnla in Piano. — If we suppose the radios of 

the sphere to he indefinitely great, we have (Chap, u., Art 18) coe a = 1. 

Therefore, 

ooBA-k-cosBooBG—anBanOp 

from whioh it foUows at onoe that 

A + B-^C^v. 

Examples. 

1. In any triangle show that 

cos A + COB 2? sin {a + b) 
1 — cos C sin ' 

[If the internal bisector of the angle C make an angle $ witSi the opposit 

side, we have 

C 

ooetf + ooe^cos- ssui^sin-ooed; by Art. 84(8); 

and also 

G C 

— OOB 9 + OOB jS 008 - = sin ^ Bin — 008 0. 

Adding these equations, we eliminate 0, and deduce the aboye expression.] 

2. In any triangle show that 

.COS-4 + C08J5 . , « . ^ 
5 — ; — sm(a-d) suitfeO. 

[This result may be obtained at onoe from Ex. 1.] 

8. Prove the relation 

008^— COB jS sin(0'-'d) 
l + cos(7 sintf 

[This follows, as in Ex. 1, by drawing the external, instead of the internal, 
bisector of C] 

4. Froye the relation 

^COSu<-0OS^ . / .V . 

S -r ;=— sin(a+d)Bm0MO. 

1 + 008 (7 ^ ' 

b2 
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6. If a great oirol6 passes through the vertex C, maldng angles a and $ 
with the sides a and b, the angle 9, which it makes with the side e, is given 
by the equation 

cos ^ sin a - COS ^ sin /3 = ± COS sin CI 
[For 

cos ^ + cos 9 COS /3 = sin sin iS COS {(Art. 34 (8)), 

where 5 Ib the intercept between the yertex and the base ; also 

cos ^ - cos cos a s sin sin a cos 8, 
eUminate 8 between these equations ; therefore, &c.] 

6. If through any point P on a sphere three great circles be drawn, 
cutting the sides of a triangle at angles X, F, Z; Xi, Fi, Zi ; Xt, Fs, Za, 
respectiyely ; prove the following determinant* relation : — 

cos X cos F COB Z 

cos Xi cos Fi cos Zi m 0. 
cos Xi cos Ti cos Z2 
[Let the three concurrent arcs make angles a, $, and a + jS with each other. 
Since the side a is cut at angles X^ Xi, and X% ; by Ex. 6, 

00s X sin a - cos Xa sin /3 B cos Xi sin (a + iS). 
Similarly^ 

cos Fsin a - cos Fa sin iS B 008 Fi sin (a + iS), 
and 

008 Z sin a — cos Z3 sin jS s cos Zi sin (a + ;3). 

C 




Kg. 17. 

EUnunating a and fi from the three equations, the above result easily 
follows.] 

* For a knowledge of Determinants, vide Bumside and Fanton's Theory 
ofEquatxone, Chap. xi. 
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7. HaTing given that the sides of a triangle are each -, find the sides of 

3 

the supplemental triangle. 

I Since the angles of the latter triangle are each -— , cos a » - - . 

8. Find a relation connecting the angles of a triangle if one side a is a 
quadrant. Ant, qobA + cos ^ cos (7 = 0. 

9. Giyen A, B, C, find the angle which the bisector of the vertical 
angle makes with the base. 







If i be the length of the internal bisector, we have 

cos ^ + cos coB^C cos J — cos g cos ^ G^ 



sindsin^C sin0sin^(7 

therefore, 

cos^ '^ 
oos6 = 



2 cos 



cos5 ■] 



10. If 0* denote the angle made by the external bisector of the vertical 

angle with the base, show that 

- cos^ + cos^ ^^. ^ ^ 

•"*^ 2d^K-- (Cf.Ex.9.) 

1 1 . From any three points, Ay B, and (7, on a great circle, secondaries AA\ 

BB\ and CC* are drawn to another great circle ; prove that the algebraic 

sum 

sin ^'C cos ^ + sin C'A' cos j9 + sin A'B* cos O 

is equal to zero. ('^pplj ^* &•) 

12. The extremities of the diameter AB of a small oirde are joined with 
a point C on the circle ; prove that the angles subtended at the pole by the 

joining arcs u^Cand ^Care cor^ — \ ^ K (Apply Ex. 6.) 

18. Given the base e and = - cos C, find the locus of the vertex. 

oobjB 

[a s - by Ex. 8. Hence the locus is a great oirde, having the vertex B 
for pole.] 
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36. Expression for tbe Side of a Spberleal Tri- 
angle In terms of the Trigonometrleal Fnnetlons 
of tbe Angles. (Gf. Art. 33.) 

We have 
rt . 4^ - - 008-4 + cos -B COS C 

2 sin* p:=l-COSa-l ; — =r— : — >= [Art. 34.] 

2 smBsmC 

OPS A + oos(^+ C) 2 COS S. cos (S- -4) 

sin J8 sin C sin -B sin (7 ' 

where 

2/S = -4 + 5+ a 
Therefore, 

sin 



in I = j -oosSoosiS-A) ^ ^9^ 

2 V sin J5 sin (7 



with similar values for sin ^b and sin ^(^ 
Again, 

rt o ^ 1 t cos -4 + cos jB cos (7 

2 cos* Tr=l + COSa=l+ : j^—. — yz 

2 sin^sinC/ 

oos^ + cos(^-C?) ^ 2oos(/S~J)oos(ig-(7) , 
sin j5 sin (7 sin £ sin C7 

therefore, 

^2-^| mnBsinC * ^^^' 

with similar values for cos ^ i and cos ^ c. 
Also 

g ^ sin jg ^ / - OPS 8 cos (/8-^)~ --. 

2 cosifl ^ oos{8-B)oos{8-Cy ^ ^ 

with similar values for tan ^ 6 and tan | c. 
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Moreover, 
sin a » 2 sin i a COS ^a 

2 J 

= -:— g-r-p^ V^- cos S cos (/S - -4) COS (iS - jB) COS (S - (7 ) * 
sin Jj SlU O 

(12) 

We shall use the symbol N to denote the radical in this 
expression, so that we have 

sin^sin Csin a « sin (7sin^ sin ( » sin^ sin J? sin c » 2N. 

Remarh. — The positive sign has been given to the radi- 
cals in the f ormulee for sin |a, cos ^a, and tan ^a, since ^a 
is necessarily less than^Tr. (See also Chap. II., Art. 23.) 

Examples. 

1. 4iV2= 1 - cos'^ - QO^B - 008^(7- 2 008^ oobB cos C'. 

Jim 

2. Jipyq, r be the peipendiculars from the vertioes on the opposite sides, 
show that — 

(a), sin a anp = sin d sin ^ s gin sin r = 2n. 
{$). aMAanp = BmBaiiq^axLCamr — 2N; 
and hence 



sin a ^ n 

etc. = -rT 



8. ProTethat 



4. Prove that 



sin^ If 

21P 



#»= -7 



JV = 



sin ^ sin ^ sin (7* 

2«8 
sin a sin & sin ' 



6. Prove that 



2iV = (sin a sin d sin sin^^ sin'^ sin'(7)'. 



56 Belations between the Parts of a Spherical Triangle. 

6. ProYethat 

b , e — cos i5 
tan - taii- = 



2 2 cos(iS-^)' 
[Geometrically thus (see Chap. II., fig. 10) : 

-008i9 tan-4Z tan-4X .^t^. ^tt* ** * 

s cot ^D tan ^ F B tan r tan r • 



008(i9-^) tanulD * tan^r 

7. Proyethat . 

ain*^ -f flin^ B + sin* G 1 + cob ^ cos J cog (7 
sin* a + sin* h + sin' c 1 — cos a cos 6 cos * 

— (Dublin Univ. Exam, Fapen.) 
[We have 

IP sin«-4 Bin»-4 + 8in»J+8in«C7 4i^-8m»^-sin»5-8in«C 
n> sin^a sm^a + sin^d+sin^tf 4n^-Bin'a — sin'd — sin'tf * 

therefore, &o. (see Exs. 1 and 2).] 

8. Given the vertical angle (7 of a triangle, and the fonotion Iff find the 
envelope* of the base. 

[By formnla (12) 

2i\r ssin^sinO'sinassinCsinry 

where r is the perpendicular from the vertex on the base. The envelope 
is, therefore, a small circle round as pole.] 

9. If ^ = a, then B and are respectively equal or supplemental to b 
and Cf and N^n, 

10. Show that 

4iVn a sin a sin 6 sin sin ^ sin 2? sin (7. 

11. Verify the following formulsB by the expansions of tan \(a±b) :-« 

o ^ fl+ ft cos i (-4 - 5) ^ tf 

a . tan — -— = ^7— —r tan - . 

2 co8}(^ + ^) 2 

^\ tan— ^--T-^-J— --— ftanx. 
2 sm ^ (^ + ^) 2 

* The envelope is the figure which it always touches. 



r, 
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12. Write out and otherwise establisli the corresponding formulas to (a? 
and ff*y Ex. 11) for the supplemental triangle. 

18. If / be the length of the aro joining the middle point of the base to 
the Tertex, find an expression for its length in terms of the sides. 



[ 



Let the aro I make an angle with the base e. Then. Art. 26, 
cos a -cos/ cos }0 cos i — cos / cos }« ^ 

COS 9 ^ • , . 1 ^ ^ • > • -I ' i 

sm/smf0 sin/sin^0 



■] 



therefore, 

COS a + cos d 

006 ; s — = — 

2cos}0 

14. What is the corresponding theorem in piano to Ex. 13 ? 

[Let a, 0, y, and \ be the lenfftha of the arcs a, b, e, and /, respectiyely. 
Expanding by Chap. II., Art. 18, and neglecting the powers of the radius 
higher than the second, we have 



^" 2r» 



A* \ 2rV \ 2r»/ 

Hence, by reduction, 

«H/3«=2(|y+2\% 

a result well known in Geometry.] 

15. Haying giyen the base, and the sum of the cosines of the sides, find 
the locus of the yertex. (Cf . Ex. 13.) 
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Section III. 

Three Important Theorems, 

37. Theorem I. — In any spherical triangle, 
oot a sin i B cot ^ sin (7 + cos 6 cos C* 




Fig. 18. 

Let ABC (fig. 18) be a spherical triangle. Produce -4 C 
through C7 to 0, so that AO = ^ . Join BO. 

Applying Art. 26 (1), to the triangles BOO and BOA^ 

we have 

cos BO = cos a sin h - sin a cos b cos 

from triangle jB0(7; and 

cos BO « sin c cos -4 

from triangle BOA, since cos -40 = 0. 

* The foUowing symmetrical form of writing this equation, in which it is 
easily remembered, has been afloat for some time, and is worthy of notice. 
Taking the four parts of the triangle connected by the equation in the 
order in which they occur in the triangle (e. g. a, (7, b, A), and calling the 
first and fourth the extreme, and the second and third the middle terms, 
the formula becomes 

cos (mid. side) cos (mid. angle) = sin (mid. side) cot (other side) 

- sin (mid. angle) cot (other angle). 



r 
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Henoe, equating these expressions for cos BO^ 
oos a sin 6 B sin a oos i cos (7 + sin oos il. 

Dividing each side of this equation by sin a, and substituting 

sin (7 . sin c , , 
-, — 7 for -; — , and we have 
sin^ sina 

cot a sin ft " cot ^ sin C + cos 5 cos (7. (1) 
Similarly, by producing the side BC through (7 to a point 

^ from By we have 

cot J sin a = cot 5 sin 0^ + cos « cos C. (2) 

Similarly, by producing the sides of the triangle through 
the angles A and B^ it follows that 

cot ft 8inc» cotjBsin J[ + cose? cos ul. (3) 

cot c sin i B cot C7 sin^ + cos 6 cos^. (4) 

cot c sin a = cot (7 sin J? + cos a cos B. (5) 

cota sino » cot^ sin£ + cose cos jB. (6) 

The same results will be obtained directly from the 
equations 

cos a « cos 5 cos c + sin 6 sin o cos A^ 

cos s cos a cos i + sin a sin 6 cos (7 



by eliminating the sides a or e* 

The above formulae, as they enable us, when given two 
sides and an angle, or two angles and a side of a triangle, 
to determine the remaining parts, are of great importance, 
and are thus expressed in general terms : — 
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Cotangent of any side x sine of another side = cotangent of 
the angle opposite to the first side x sine of included angle 
+ cosine of second side x cosine of included angle. 

38. Applying equation (1) of preceding Artiole to the 
polar triangle, we have 

-cot -4 sinJ5« - cota sino + oosB coso; 

or, by transposing, 

oot a sin - oot ^ sin j8 + oos c cos B, 

an equation identical with (6), Art. 37. 

Moreover, it will be seen that each of the formulsB just 
proved contains four parts of a spherical triangle, which 
are connected thus : — 

(a) Two sides and included angle with one of the base 
angles; or, 

(/3) Two angles and an adjacent side with one of the 
remaining sides. 

39. Corresponding^ Theorem in Piano. — ^Using equation (l)t 
and putting 



we have 



f B 

- SB cot a, — = sin &, and cos d a 1. 

a r ' ' 



3 . ^ . ^ r. Bin(-4 + 0) 

--cot-48in(7+co8C« — \ . \ 

a emA 



Henc« 

a sin A 



/3 sin^* 
{Science and Art Math. H&norc Sxam.) 
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Examples. 

1. Haying given two sides of a spherical triangle, find the length of the 
bisector of the yertioal angle intercepted between the yertez and the base. 




Fig. 19. 

Let i denote the internal bisector of the angle C, and (fig. 19) the angle 

it makes with the base. 

Then 

cot a sin I B cot 9 sin } (7 + cos I cos } (7, 



and 

by addition, 

or 



ootftsiniB — oot0Bin}O'+oosiCos}C7; 
(cot a+cot6)smi82costcos}C7; 
cot a + cot 3 

COtis 



2006^(7 

Similarlj, if if denote the external bisector of C^ 

, cot a <-' cot 3 

cot If = c% ' \n • 

2. What are the analogous formula in piano ? 

I 1 

J 1 a^ b T ^ 1 -D. . 2ffJ a 

Ans, =r— ^-^. — -— = -— — — or Internal Bisector = cos - . 

Internal Bisector 2cosfC? a+d 2 

2ab C 
and External Bisector =a — , sin -. 

a^b 2 
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3. If II, 12, and o denote the bisectors of the internal angles of a triangle^ 

prove that 

ABC 

cot «i cos — + cot 13 008 — + cot *3 COS — = cot a + cot 6 + cot ; 
i ^ z 

and hence, in a plane triangle {vide Hudson's Flane Trig., p. 154), 

coahA 008^^ coshG 111 
ii 12 13 a e 

and if 171, rn, and 173 denote the bisectors of the external angles, 

Abo 

oot 171 sin •-- + cot i}2 sin ■- + cot 173 sin -- = 0. 
2 2 2 

4. Using the preceding notation, prove that 

cot iji sm — = cot 12 cos — *^ cot <8 cos — • 

M Ji 2 

6. Find the angles and e' (fig. 19) made by the bisectors of the angle 
with the opposite side e. 
[From the equations of Example 1 we have at once 

^ ^ (cot a — cot b) . 

and 

,^, (cot a + cot i) . 

2cos}a '■' 

6. Find the arc intercepted on the base by the bisectors of the vertical 
angle 

I cosZr=cot(>cotfl^ (fig. 19). 

(cot^a-cot^i) . . ,_ _, 
2^;^ am, sin,; (Ex.6) 

but sin c sin 1}= sin XFsin r (Art. 31, Ex. 2), where r is the perpendicular 
from the vertex C on the base AB, 

Therefore 

, ____ (cot^a - cot^d) sin a sin 6 ,* . «, ^ 

cot Zr= > --r-^ (Art. 31, Exs. 1 and 2.) 

28m0 ^ ' ' 

_ sin (a+b) sin ja-b) ^ 
2sinasin68in0 ' 
or, in terms of the angles, 

2 sin ^ sin ^ sin J 
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7. Show that the sum of the cotangents of the intercepts made hy the 
internal and external hisectors of the angles of a spherical triangle on the 
opposite sides is equal to zero. {Educational Titnee,) 



[ 



By the preceding Example 

sin*a— sin'd 



scotzr^s 



28inasin6 sin^ 



...] 



8. Give the analogous property in i?/a»o. 

(See Casey's Sequel to Buelid, sec. viii., Ex. 17.) 

9. If n, (2, and is, the internal hisectors of the angles of a triangle, make 
angles respectively 0i, 02i dsi with the opposite sides, prove that 

sin^^ sin}^ sin}(7 

^- — T—r-^-' r— r = 0; 



sin n tan 9i sin la tan B% sin is tan &z 

(See Ex. 6.) 

and that if 9i', $2, and 03', are the angles made hy the external hisectors 

with the opposite sides, 

cos ^^ cos ^P cos 4 (7 

"= 7— ST + -: !— ST + -: T—^ « COt « + COt 4 + COt *. 

sin 171 tan 1 gin 972 tan B% sin 173 tan Q 3 



lee Ex. 6.) 

10. From the vertex C7of a spherical triangle an arc of a great circle is 
drawn to meet the hase AB in 2); if C\ and 0% are the segments of the 
angle (7, respectively, opposite AD and BJD, show that 

cot CD sin (7= cot a sin C7i + cot 6 sin €%*• 

{Science and Art Math, Monors,) 

[Let CD make an angle B with the hase, and we have 

cot a sin (7Z) a cot sin Cs + cos C!Z) cos 0% (1) 

also, 

cot & sin CDs -cot a sin (7i + cos CD COB (7i (2) 

Eliminate from equations (1) and (2) ; therefore, &c.] 

11. If ^ he the angle hetween the hase « of a spherical triangle and its 

bisector, 

c 
cot ^ - cot ^ = 2 COS ' cot ^. 



* This relation connects the latitudes and differences of longitudes of three 
places in the same great circle on the sur&ce of the Earth. 
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12. Prove that 

cos' h — cos'tf coe'tf — oos'a 



cos 6 cot JS ~ COB cot (7 cos cot (7 — COB a cot ^ 

cos'g-cos'^ 
COB a cot ^ — COS d cot B^ 

and express each of the three quantities as a symmetric function of the sides 
of the triangle. 

[Multiplying equation (1) by cos a and (2) by cos by and subtracting the 
results, each of the expressions becomes sin 6 sin <; sin ^, &c. = 2ii.] 

13. Write out the corresponding theorem for the supplemental triangle. 

40. Tbeorem II. — The angular distances of three points^ 
Ay By and C7, on the same great circle, and any other pointy 
P, on the sphere, are connected by the relation 

sin BC cos AP + sin CA cos BP + sin AB cos CP = 0. 




Fig. 20. 

We have (fig. 20) * 

cos AP = cos AB cos BP + sin AB sin BP cos ABP^ (1) 

and 

cos CP = cos BC cos BP - sin BC sin BP cos ABP. (2) 



* Or thus : — ^If 2) be the foot of the perpendicular p from P on AC, then 
lianBO cos AD = 0. But cos AD = cos AF -r cos|? ; therefore, &c. 
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Multiply — (1) by sin BC, and (2) by sin AB^ and add 
the results. Then 

sin BC cos AP + sin AB cos CP = sin -4C cos BP; 

or writing sin -4C = - sin CA, we have the algebraio 
sum 

sin BC cos AP + sin CA cos BP + sin AB cos CP 

equal to zero.* 

41. Analo^^ons Theorem in Piano. — By the method similar to 
tliat used in Art. 39, we get 

(Townsend'g Modern Geometry, vol. i.) 

42. When the point 5 (fig. 20) bisects the base AC oi 

the triangle ACPy the formula of Art. 40 readily reduces 

to 

cos AP+ cos CP= 2cos iAC cos BP. 
Or, 

The sum of the cosines of the sides of a triangle is eqtml to 

twice the cosine of half the base into cosine of the bisector of 

the base. [See also Ex. 13, Art. 36.] 

Again, when the point B on the base AC is ninety 
degrees distant from the middle point of ACy we have 

AC 
cos -4P-C0S CP = 2sin -^ cos J?P, 

an equation which furnishes an obvious solution to the 
problem — Given the base and difference of cosines of the sidesy 
find the loom of the vertex. 

* Compare tliis with the more general results of Arts. 132 and 134. 

F 
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Examples. 

1. Having giyen the base e ot a. triangle, and I cosa ± tn cos b, find the 
locus of the vertex, I and m being constants. 

Arts, A circle, the pole of which divides the base internally (or externally) 
into segments, the sines of which are to one another as Hs to m. 

Note. — Particular cases of this example, viz., when l=± m, have been 
considered in Arts. 42 and 36. 

2. Having given the base and ratio of cosines of the sides ; find the locus 
of the vertex. 

[Let the arc CF (fig. 20) be a quadrant. Then in the triangle ABP^ the 
formula of Art. 40 reduces thus : 

coaAP em AG 
cos^P sin^C 

hence, according to the given conditions, (7 is a fixed point on the base, and 
the vertex therefore describes a great circle having (7 for pole. (Cf . Art. 66, 
Ex. 11.)] 

3. Show that the points^, B, C (fig. 20), will lie on the same great circle 
if sin^C sin AZ + sin CA sin BZ + sin AB sin CZ = 0, 

where AZ, BZ, CZ, are secondaries to any great circle Z. 
What is the corresponding theorem in piano ? 

(Vide Townsend's Modem Geometry j vol. i., chap. 5.) 

4. If the base of a triangle be a quadrant, show that if any point X be 

taken on it, 

cos CX = COB a sin AX + cos 6 cos AX. 

5. From any three points on a great circle, secondaries, ^, y, <s; x\ y\ z' ; 
x'\ y'\ z", are drawn to the sides of a triangle ; prove the determinant relation 



= 0. 



(Apply Ex. 3.) 

43. Tbeorem III. — If from a fixed paint P on the sur- 
face of a sphere an arc of a great circle be drawn^ meeting 
a small circle at A and By and if PA and PB be denoted 
by p and p\ then 

tan ^p tan ^p- constant. 



«aix 


siny 


sine 


sin«' 


siny' 


sini^ 


sin^r" 


siny" 


sin z" 



Theorem. 
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Let C (fig. 21) be the pole of the small circle. Join 
CA^ CB^ and CP by arcs of great circles. Let the angle 




Fig. 21. 

APC be denoted by 0, the arc CP by S, and the arc CA 
by a. 

From the triangle APC we have 

cos a = cos p cos S + sin /o sin S cos 0. 

1 - t^ . 2t 
Let tan ip ^ t. Then cos p = :; -. and sin p = -z -. 

Substituting these values for cos p and sin p in the 
above equation, and arranging in powers of t, we get 

^(cos a + cos S) - 2 ^ sin 8 cos + cos a - cos S* = 0. (1) 



* This may be regarded as the polar equation of the small circle, and its 
analogue in piano, p^ — 2pd cos 6 + d^ — a^ = 0, can he deduced at once by 

aid of the formulae of Art. 18. If for t we substitute its reciprocal -, we 

form a new equation, the roots of which are the reciprocals of the roots of 
equation (1). The product of the roots of the reciprocal equation is clearly 
constant, and it is therefore the equation of a circle. It therefore follows 
that if on any radius vector, PA, drawn from any fixed point P to a circle, 
a point A' be, taken, such that tan ^FA tan }P^'= constant, then the locus 
of A* is also a circle. This method of transformation is termed Spherical 
Inversion^ and a summary of it will be found in Chapter XII., Section y. 

f2 
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By prooeeding in identically the same manner we ob- 
tain from the triangle BPC an equation in f (where 
€ » tan ^ /o^) in all respects the same as that in if, and 
hence it follows that tan ^ p and tan | p are the roots 
of the above quadratic, and therefore their product, 

tan ip tan i/= ^^^°"^^f = tani(8-a) tan i(8+a), (2) 
^ ^ cos a + cos 8 ^ ' ^ ' 

which value is independent of 6, and depends only on the 
fixed quantities a and 8 ; therefore, &c. 

Otherwise thus : — 

Draw CM perpendicular to AB. Then AM = BM; 
and since (Art. 27, Ex. 1) cos 8 = cos PM cos CM, and 
cos a « cos AM cos CM, we have, by division, 

oos-4ilf _ cos a 

cos PM cos 8' 
Therefore, 

eoB AM - cos PM _ cos a - cos 8 

cos AM + cos PM cos a + cos 8* 
which reduces at once to 

tan^p tanip'= tan|(8 - a) tan ^(8 + a). 

Remark.— In fig. 21 it is to be observed that we have 
tivo triangles, CPA and CPB, having the same three parts 
a, 8, and 0. Whenever more than one triangle can be 
constructed from three given parts, the solution of the tri- 
angle is said to be ambiguous (see Chap. Y.) However, it 
should be noted that the remaining sides p and / of the 
triangles are not independent of each other, but are con- 
nected by the relation of this Article. 
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Examples. 

1. Deduce the eorrefptmding theonm in piano. 

Ans. — ^Euclid, III. xxxti. 

2. If the vertical angle Cot & triangle be equal to the lum of the base 
angles, and if the perpendicular p from the vertex on the base divides it 
into segments ci and 62, show that 

tan } ci tan ^ 62 » tan'-^ ^p* 

[Let p meet the base in D. Produce CD through DtoO^BO that DC » DC. 
Then the triangles ADC and ADC are equal in all respects, and the vertices 
of the quadrilateral ^(7^67' are concyclic, being equidistant from the middle 
point of AD. Therefore, by Theorem III., 

tan J ci tan J C2 = tan J C2> tan } CD = tan'};?.] 

3. Given the base ADy and that C=A + D, find the locus of the vertex C. 

Am. — ^A circle having its pole at the middle point of the base. 

[Note. — In this case the chordal triangle is right-angled at C] 

4. In Theorem III., fig. 21, show that tan^p + tan^p is a maximum, 
when PAD passes through C, and determine the maximum value. (Use the 

quadratic in t.) 

. 2;dn5 

Ans. 



cos a + cos 5 



6. Show that . , . f . varies as cos a, and explain when = 90°. 
sm ^ p sin ^ p 

6. If through a point inside a circle two chords be drawn at right angles, 

and if their segments be pi, pa ; ps^ P4> show that 

A. sin'^A 

tan* Jpi + tan* Jp2 + tan* Jps + tan* Jp4 = const. = —.. 

^ '^ ^ (cos a + cos 8)* 

{Duh. Univ. Exam. Fapers.) 

[Equation (1) gives us 

, 2 sin $ cos 

tan J pi + tan } p2 = ; , 

cos a + cos d 

and for the perpendicular chord 

, , , 2 sin 8 sin 9 

tanjp3 + tan}p4 = ; -, 

"•^ ^ "^ cos a + cos 8 

Square, add, and reduce by equation (2).] 

7. Using the notation of Ex. 6, show that 

4 sin* a 

C0t2 J pi + cot* i p2 + cot* J ps + cot* J P4 = 7 rri. 

* (cos a - COS 8)» 

8. Describe a circle bisecting the circumferences of three small circles. 
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Miscellaneous Examples. 

1 If « and 8* are the segments of the base made by the perpendicular 
from the vertex, and cr and <r* those made by the bisector of the yertical 
angle, show that 



8 — s* <r — ff* a — b 

tan — - — tan — - — = tan* 



L 



2 2 

-^(Dublin Uhiv, Exam. Faper8.) 



We have 



cos a __ cos 8 sm a ^ sm <r 

cos ^ co8«' sin 6 sino-' 



Taking the difference to the sum in each equation, we get 

a ^ b a •}- b 8 ■" 8* e 

tan-^- tan-y- = tan-^tan-, (1) 

and 

a — b a + b 0" -~ </ c 

tan —- — cot — TT— = tan — - — cot - • (2) 

2 2 2 2 ^ ' 

Multiplying (1) and (2) together, we have 

] 



8 — 8' (f — c' ^ a — b 

tan — - — tan -—r — = tan* 



2 2 2 

2. Prove that 

sin & sin + cos d cos cos ^ = sin ^ sin C- cos B cos Ccos a. 

[If from the extremities of the base BC quadrants CC and BB' be measured 
on the sides towards the vertex, the left-hand side of this equation is 
obviously cos B'C. 

Again, if secondaries be drawn to the sides at C and Bf the angle between 
them is equal to the arc B'C (Chap. I., Art. 6), and the cosine of this angle 
is equal to the expression on the right-hand side of the equation by 
Chap. III., Art. 34; therefore, &c.] 

Otherwise thus : — 

Multiplying together the equations 

cos a = cos ^ cos + sin ^ sin (; cos A, 
and 

sin ^ sin ^ cos — cos £ cos C = cos A, 

and observing that 

sin ^ sin C sin^a » sin 6 sin sin'^, (Art. 31 .) 

the above result is obtained. 
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8. Giyen a, h^ and Cy the sides of a triangle, find 7, the arc joining the 
middle points of a and b, 
"Wehave 

a h . a , b 
cos 7 = cos- cos - + sin - sin - cos (7 

a b cos e — cos a cos h 
-CO8-008- + J- (b7Art.26.) 

4 cos - cos - 
2 2 

(1 + cos g) (1 + cos b) -I- cos g - cos a cos b 

. a b 

4 cos - cos - 

2 Z 

1 - f COS g + COB b-V cose 

= ^ a * 

4 COS - cos - 
2 Z 

w^ith similar expressions for the arcs joining the middle points of b and Cy 
e and a. 
2\ro^tf. — In the colunar triangle 

1 + cos fl — cos a - cos J 
cos 7 = - • 

. , a , b 
4 sin - sm - 
2 2 

4. If a, fi, and 7 he the arcs joining the middle points of the sides, prove 

cos a __ cosjS __ cos 7 __ 1 + cos a + cos ^ + cos e , ^ 

a b e ^ ^ a b e * 

cos - cos r cos - 4 cos - cos - cos - 

2 2 2 }i Z Z 

and hence, if one of the arcs be a quadrant, the others are also quadrants. 
(See Ex. 3, and fig. 38, Art. 104.) 

6. If the side c of a spherical triangle he a quadrant, and 8 the arc drawn 
at right angles to it from the opposite vertex, show that 

cot2 5 = cot«-4 + cot2 5. 

— {Science and Art Exam, Papers.) 

[Let X he the foot of the perpendicular 8 on the base AB ; then 

tan 8 = tan A . sin AX = tan B . cos AX ; 

therefore, &c.] 
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6. Giyen the yertical angle in position and magnitude, and the ratio of 
the cosines of the base angles, find the locus of the pole of the base. 

[Let the perpendicular on the base divide the vertical angle into parts 
a and $ ; then by Art. 26, Ex. 6, 

cos A sin a 
cos B sin /3 

therefore the perpendicular is fixed in direction, and it obviously contains 
the pole of the base ; therefore, &c.] 

7. Prove that in fig. 19, 

2 cotXr= cot-4r+ cot BT.^ 
[For 

sin^Tsin^Z sin(.^r-3:r) ^ 

rinTer "" sinXB ~ sin (Xr - 57) ' 
therefore, &c.] 

8. If 0, bf Cf d be the sides of a spherical quadrilateral taken in order, and 
S and 8' the diagonals ; the arc ^ joining the middle points of the diagonals 
is given by the equation 

cos a + cos h + cos c + cos d 

•*•* 8 ? ' 

4 cos - cos — 
2 J* 

and give the corresponding theorem in piano. (See Art. 36, Ex. 14.) 

[The sum of the squares of the sides of a quadrilateral s the sum of the 
squares of its diagonals + four times the square of the line joining the 
middle points of the diagonals. (See M'Bowell*s Qeom. Exercises,) 

9. The arc ^' joining the middle points of the opposite sides b and doi 9. 
quadrilateral is given by the equation 

cos a + cos c + cos 8 + cos 8' 



cost's 



b d 

4 cos - cos - 

2 2 



* An arc AB^ divided internally in X and externally in T, such that 
waAY '. smBY i: sin AX : sin XBy is said to be cut harmonically by the 
segment XY\ and the cotangents of either triad of arcs, viz. AY^XY^BY^ 
otAX, AB, AYf measured from either extremity, are therefore in arithme- 
tical progression. 



\ 
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with a similar expression for the arc joining the xnidHle points of a and b. 
(See Ex. 8.) 

10. If the arcs joining the middle points of opposite sides of a quadrilateral 
be each quadrants, the arc <p joining the middle points of the diagonals 5 
and V is giyen by the equation 

cos 8 + cos 8' 

_co.^ 8 — r 

2 cos - COB — 

2 2 

11. FroYe that the angle ^ t^tween the perpendicular from the vertex oa 
the base and the bisector of the vertical angle is thus given : 

cos J (a - ft) A-B* 

tail ^ = r-7 rf • tan — . 

^ cos J (a + ft) 2 

— (J5«#ft. JJniv. Exam. Fapers.) 
[For 

. /^ \ 

J sm I - + A I 

cos A \2 ^/ ^ 

cos^ "" 

sin I - 



■"«-) 



therefore, taking the difference to sum, 

A-\-B A-B C 

tan — - — tan — - — = cot - tan ^. 
i Z ^ 

A ■\- B 
Now substitute the value of tan — - — in Art. 33, Ex. 9 ; therefore, &c.] 

2 

12. (Hven the base of a triangle and the bisectors of the vertical angle, 
construct it. 
[Using the notation, fig. 19, 

cos XT = cos t cos 1} ; 
also 

cot AX + cot AY= 2 cot A3, (Ex. 7.) 

two equations which determine the points X and F.] 



* Tan is also equal to 

sin J (« - ft) 
sin } (a + ft) 



tan i{A + B). 
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13. Giyen the base AB and the sum of the sides of a triangle, find the 
iocus of a point Oj where the external bisector of the vertical angle meets 
the secondary to ^C'at the point B* (Cf. Galbraith and Haughton's Euclid^ 
I. II. III., Ex. 200.) 



Fig. 22. 

[Produce AC (fig. 22) through C to i>, such that CD = BC. Therefore 
AD = given sum of the sides. 

Since CO bisects the angle BCDy it bisects BD at right angles. 

Since BD is bisected at right angles, BO = OD, and the triangles CDO 
and CBO are equal in every respect ; hence the angle CDO is a right angle. 
Therefore 

cos^O coa AO 



cos AD = 



cos OD COB BO* 



In the triangle ABO we have thus given the base AB and ratio of the 
cosines of the sides, to find the locus of the vertex, for a solution of which 
see Art. 42, Ex. 2.] 

14. Given the base AB and difference of sides, find the locus of the point 
0, where the secondary to BC a,t the point B meets the internal bisector of 
the vertical angle. (See Ex. 13.) 

15. Two places on the Earth's surface are distant, one 0° from the Pole 
the other 0"* from the Equator, and their difference of longitude is ^ ; find 
the angular distance between them. — (Science and Art Exam, Papers.) 

006 5 = sin 20 cos* -^ . 

it 
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16. In an isosceles triangle, if each of the base angles be double the 

vertical angle, prove that 

a / »\ 

cos a cos - = cos I tf + - 1 . 

— (Lond, Univ. Exam. Fapera.) 

[If « denote one of the equal bisectois of the sides, we have 



cos «« cos a cos- + Bin a sin - cos A, 

2 ^ 



and 



COS JP a cos 008 



, a (^ ^A \ 
+ 81110 sin- (2 cos'— -11, 



where A is the vertical angle. 

Again, 

sina . . 

-, a 2 cos ^, 

Sin c 
eliminating cos A ; therefore, &c.] 

17. If a side « of a spherical triangle be a quadrant, show that 

(o). col a cot i + cos (7=0. 

(i3). cos iSfcos (/S - (7) + cos {S - A) cos {S - B) = 0. 

— {Scienee and Art Exam. Papers.) 

(See Art. 26.) Also 

e 
tan-= 1; 
2 • 

therefore, &c., Art. 36. 

18. If X, /i, and v be the segments towards the angles of the internal 

bisectors of the angles of a triangle ABC from the point of concurrence, 

show that 

cos A. cos /u cos V 

sin sin d sin ss 0. 

cos a cos & cos 



[We have 



(1). COS \ s= 008 d cos y + sin 3 sin IT cos - . 

C 
(2). cos ft B cos a COS y + sin a sin K 008 -^ . 

C 



Eliminate cos — . Therefore, 



cos \ sin a - COS /A sin 5 = 008 y sin (a - ft). 
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Similarly, 

and 

whence, on adding, 



008 fi Bin & — cos y sin <; s cos A sin {b — 0}, 
cos ysinff — cosA.sina = cos/i sin (e ^ a)\ 



2 cos A. sin (6 - e\ 
or its equivalent determinant form, given above, is equal to zero. J 

19. If X, /i, and r be the segments towards the angles of two external 
bisectors (of angles B and C), and one internal bisector of the angles of a 
triangle from the point of concurrence, show that 

- cos A cos /i cos V 
sin a sin & sin » 0. 

— cos a cos h cos e 

20. Using the notation of Example 18, prove that 

25* sin A sin (i — e) cos -^ = 0. 

[Multiplying Ex. 18, (1) by cos a, and (2) by cos 6, and subtracting, 
we get 

Q 

COS a COS A — COS d cos /x + sin (a — ^) sin y cos 77 = 0, 

which, added to similar equations, involving h and e, and e and a, gives the 
required result.] 



21. Using the notation of Ex. 19, show that 



A , , B , G 

sui A cos — • sin/A sin -- sini' cos— 

i L A 



sin a 
— cos a 



Bind 
cos 6 



Bin e 
cos« 



= 0. 



The equivalent determinant form is 



. ^ A , B , C 

am A cos— Bin/ucos— sinvcos— 

<« 2 2 



Bina 
oosa 



sinb 
coab 



Qoae 



0. 
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22. If $, ^f and ^ denote the Arcs connecting the middle points of pairs 
of opposite sides and diagonals of a quadrilateral, viz. a and b^ e and dy and 
8 and 8' respectively, prove that 

cos d cos ;: cos jr + cos <p cos - cos - — COB y cos rt COS — = f (cos + COS ^). 

2 2 2 2 A Ii 

(See £xs. 8 and 9.) 

23. Ay Bf and C are three concyclic points on a sphere ; X, F, and Z are 
three other points ; show that the relation 

cos AX COB AY cos AZ 

cos^X oosJ?r cosJ^Z «0. 

cos CX cos Cr cos CZ 

[By aid of Art. 40 we can eliminate sin BCf sin CAf and sin ^S, from three 
given equations ; therefore, &c.] 

24. If the sides of a quadrilateral taken in order are a, b, e, d, show that 
the diagonals 9 and S' intersect at an angle $, given hy the equation 

cos a cos « — cos 3 cos d 



cos 9 



sin S din ^ 




Fig. 23. 

f For, representing the segments of the diagonals by a:, S — x, and x', S'- j;', 
respectively, we have 

cos ass COB x' cos (8 — jr] + sin xf sin (5 — x) cos 9. (1) 

cos e = cosa; cos (S'— a^ + sin a? sin (8'— a/) cos^. (2) 

eoBb = cos (8 - x) cos (8^ - ar^ - sin (8 - ar) sin (8'- «0 cos a. (3) 

cos d = cos a; cos a;' — sin a? sin a:' cos 0. (4) 

By subtracting the product of equations (3) and (4) from the product of (1) 
and (2), the above expression for $ is obtained.] 
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25. By a method similar to that used in Ex. 24, show that if ^ and ^ are 
<he angles between a and e^ h and d^ respectively, 

cos cos a — cos 9 cos 8* 

C08T^ = . . . . . (a) 

sin d sin a 

cos J cos rf - COB 8 cos 8* ,,. 

cos A = : : • (*) 

sm 8in a 



26. An arc 8 drawn from the vertex of a triangle to meet the base at an 
angle B may be expressed by the equation 

. ^ cos a cos ^ - cos h cos x 

sin 8 = ; , 

sm c co^O 

vt'here x and y are the segments of the base adjacent to the sides a and h 
respectively. 

[In the figure of Ex. 24 suppose three vertices of the quadrilateral to be 
concyclic] 

27. In any triangle, prove that 

tan- : tan- : tan - = cos (5' - -4) : cos(/S' — jB) : qob^S—C). 
2 2a 

(See Art. 36 (11.) 

28. Prove the following expression* for cos 8 : — 

^ sin ^ a sin \b a.nC n 

— cos /S as = r = • 

cos ^e 2 cos \a cos \b cos ^c 

(Apply Art. 36, (9) and (10).) 

Also 

cos \A cos h JB sin e 
sin* = ^ — _^_ . 

sm JC 



* The equation for calculating the sum of the angles, having given two 
sides and the included angle, or, by the aid of Art. 30, the three sides of a 
spherical triangle, will be afterwards proved as CagnoWa Theorem, (Art. 103.) 
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29. Froyethat 

. .r, A^ l + cosa — cosft-coso 
sin (S — A^B .  

4co8-8in-8m- 

and similar expressions for sin {8- B) and Bm(8-Cf). 
[For 

sin (8- -4) = sin — jp- cos — - cos — - — sin — ; 

2 2 2 2 

therefore, &c., by the aid of note on Ex. 8, Art. 83. 

Or thus : — 

Take the colunar triangle, whose angles 9xeir~£,v - G, Aj and sides 
IT - i, IT — tf, a (Art. 16). Let 

25' = T--B + ir-C+^ = 2ir-(J5 + C-ui); 
hence 

8' = x-{8^A), 

and the formula adapted to the colunar triangle becomes 

1 + cos a + cos i'+ cos o 



8in-^ = 



a b e 
4 cos - cos - cos -; 



therefore, &c.] (Cf . Ex. 4.) 

30. Proyethat 

. . 1 + cos J5 + cos C- cos A 
coa(,-„) _g ^_2_ 

4 cos — COS — Sin — • 
2 2 2 

31. Froyethat 

b e 
cos -cos- 

COS (5— ^) = — — — sin A. 

cos I 

32. Froyethat 

, b , e b e 

sin - sm o + ^^"^ o ^^® o ®°^ -^ 

sin {S-A) = J 

cos| 

(See Ex. 29.) 

G 
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[It is evident that the numerator of the fraction is equal to the cosine 
of the arc joining the middle points of the sides ir — d, t - ^, of the colunar 
triangle ; therefore, &c. (Art. 26, and Ex. 4.)] 



83. In any triangle. 



cos a > cos & txEL{A—B) 

1 — cos sm (7 

(See Art. 36, Ex. 3.) 



34. Given the formula, Art. 36, for tan- prove that 

a b 
cot -cot-+cos(7. 

-tanff=— - 



sin O 
86. Show that 

cot - cos (8" A) 9 cot - cos {8-B)^cot- cos {8- 0) 
2 2 2 

e — cot -r cot r cot - COS 0^=' 



2""''2 2 2sinJasinJ*8inJtf' 

and hence 

2 C08« (8-A) = cos^ 8:z cot* ^ cot* 1 

2 2 

86. If 

a b ^ e 

tan — tan — = tan' —• 
^^ 2 ^^ 2 ^^ 2 

show that 

cos {8- A) cos (5 - 5) = COS* {jS^ O). 

87. If a spherical triangle is equal and similar to its polar triangle, 

sec0 = sec 6 sec + tan b tan e. 

Give a particular example of such a triangle. 

— (Seienee and Art Sxam. Fapera.) 

88. Prove that hy a closer approximation, employing the notation used in 
Legendre's Theorem (Art. 29), 

^ . ., 0y aj]?A' . $y (gg - 3/3« - 87*) sin*^^ 

cos ^ = cos .^ ^-Tr-= + — ^ ^ -A-t . 

6r» ^ ISOr* 
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89. Dedace the following formula for a + 6 in terms of the opposite angles 
A and B, and the base c : — 

a-^-h e A B 1 A B 

—T— = - + tan— tan — smtf+-tan'— tan'— sin 1e 
l2 2 2 2 2 2 2 

1 ^A^ ,5 . ^ 
+ -tan'— tan» — sm3tf + . . . 

^{Biihop Law* 9 Jhriu Bxatn., Trin, CoU., Dub.) 
A-B 



[ 



For tan^ 77^*^? 

cos — X 



(Art. 38, Ex. 9.) 
being of the form tan = n tan -, can be expanded in seriesfor -^— . 

—(See Todhimter's P^^iim 2Vv., Art. 299.) 

40. From any three points on a sphere are drawn to each of three points 
on a great circle arcs, ai, bi, ei ; as, ^, cz ; 03, ^3, e^ ; making angles with 
the great circle, respectively, Ai, A%, Aa, etc. . . . ; prove the determinant 
relation 

sin ai cos Ai sin 03 cos ^a sin a^ cos Az 

sin bi cos ^1 sin ^ cos ^3 sin ^ cos £3 b 0. 

sin 01 cos Ci sin e% cos 0% sin ^ cos d 

41. If a and 3 are the sides, and e the base of a triangle, prove that if $ 
be the angle which jS, the bisector of the base, makes with the base, 

^, ,., tan*ig~2tan»igtan«ii8cos2a+tan*^/3 
tan iatan ^ -i«2tan»i<»ten»Ji8cos2e+tan*J<rtan*J/3' 

— {Dublin Univ. Exam, Papers,) 

[Find tan' }a, and tan' \b, and multiply the results. See Ex. 3, Paper xn]. 

42. Find the locus of the vertex, having given the base and — 

(1) Batio of cotangents of the base angles. 

(2) Sum or difference of cotangents. 

(3) / cot ^ + m cot ^. (Cf . Art 39, Ex. 10.) 

—{Sdueatioma Timet, April, 1886.) 

g2 
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CHAPTER IV. 

RIGHT-ANGLED TEIANGLES. 

Section I. 

44. fSFeometrlcal Deductftoii of FormulaB con- 
nectlng the Parts of a Rlgbt-angled Triangle. — 

The formulsB neoessary for the solution of right-angled 
triangles have been deduced in Chapter III. as partioular 
eases of the general formula 

oosa = cos & cos + sin 6 sin cos^. 

We, however, add the following geometrical method of 
obtaining them, as it is both simple and instructive: — 
Let ABC (fig. 24) be a triangle right-angled at C7, and 
let be the centre of the sphere on which it is described. 
Since (7 is a right angle, the planes OCA and OCB are 
perpendicular to each other (Art. 6). Take R suij point 
on the radius OC, and draw BP perpendicular to OCj and 
BQ perpendicular to OB. Join PQ. Since the planes 
CO A and COB are at right angles, the angle PBQ is 
right, and, as in Art. 32, the angle OQP is also right. 
Hence we have 

OQ OQ OR^ 

OP^ OB' OP' 



I 



that is, 



that isy 
Similarly, 



Oeometrical Deduction of Formulm. 
COS c » 008 a cos h* 

QO " QP' QO' 

tan a- oobB tan o. 

tan & = 008 ^ tan c. 



6'<-'— 



*.. 



that is, 
Similarly, 



that is. 
Similarly, 



85 
(1) 



(2) 



..^wA 




Q *< 



PO PQ'PO* 
mnb = sin£ sine?. 

sin a = sin ^ sin c. 

BPEP EQ, 
EO' EQ'JRO' 

tan 6 "> tan^sina. 
tan a * tan A sin b. 



(8) 



(4) 



Again, from E draw i^P' perpendicular to OAj and 
draw jBQ' perpendicular to OC, in the plane COB, and 
meeting OJ? in Qf. Then it is clear, from the construc- 
ti( n, that the plane of the triangle P^QfE is perpendicular 
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to the line OAy just as the plane of the triangle PQB is 
perpendicular to 0B\ and therefore, as in Art. 32, OJP'Q' 
is a right angle, EP^Qf = A ; and we have 

J. A j.r, HP" BQ BP' BQ 

BP' 
But -^D = sin BPP"-- 008 BOP = cos J, 

Mir 

and -p^ = siniJQ'Q = oosi20Q' = cosa; 

therefore cot ^ oot £ » cos a cos 6 = cos c. (5) 

cos J ^QB^^^Q^^ QB OB BP OP 
cos J " QP ' BP " BP"' QP ' OB'BF' OP' QP 

_^ sin fl sin J _^ sin a _ . . ^ 
sm sm sm (; 

therefore, cos £ = sin ^ cos i. \ 

(6) 
Similarly, cos ^ = sin £ cos a. ) 

45. Wapier's Rules of Circular Parts. — ^The for- 
mulsB of the foregoing Article enable us, being given any 
two parts other than the right angle, to determine all the 
remaining parts of the triangle. They are learned by 
most students separately and in general terms. Napier, 
however, has given two rules, called after him, which em- 
brace them all, and which are found by some to be useful 
aids to the memory ; their utility, however, is much ques- 
tioned by others. We give them here without any inves- 
tigation, considering it sufficient to merely state them. 
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The Student may test them by deducing all the preceding 
foimulsB from them, and, if anxious for further informa- 
tion regarding them, Napier's Mirifid Logarithmarum^ 
Canonis Description or Todhunter's Spherical Trigonometryy 
may be consulted. 

Omitting the right angle, the two sides which include 
it and the complements of the remaining parts are termed 
the Circular Parts of the triangle. Thus the five circular 
parts are aybyj^wA, Jtt -c, iir-B. The student may 
remark that the order in which the circular parts are here 
written is that in which they naturally occur in the tri- 
angle. 

Divide a circle (fig. 25) into five sectors, and on each 
sector write one of the circular parts, taking care to write 
them round the circle in the order they are written above; 
that is, in the order in which they occur in the triangle. 




Fig. 26. 

Any one of the parts being selected and called the 
middle party the two parts contiguous to it are called 
the adjacent parts, and the remaining two are called the 
opposite parts. Thus, for example, if J ir - c be selected 
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for middle part, then ^v - A and ^w - B will be the 
adjacent parts, and a and b wiU be the opposite parts. 

This being premised, Napier's Eules are the follow- 
ing:— 

I. Sine (middle part) » product of tangents of adjacent 
parts. 

II. Sine (middle part) = product of cosines of opposite 
parts. 

45 (a). Farther Fandamental Relations. — In 

addition to the foregoing formulae the following results, 
analogous to those of Euc. VI., viii., are of importance in 
the theory of right-angled triangles. Let a perpendicular 
be drawn to the hypotenuse of a right-angled triangle, 
from the opposite vertex, then the segments of the 
hypotenuse are connected with the sides, and the per- 
pendicular by the relations. 

(1) The tangent of either side is a geometric mean between 
the tangent of the adjacent segment and the tangent of the 
hypotenme, 

(2) The sine of the perpendicular is a geometric mean 
between the tangents of the segments of the hypotenuse. 

For if p be the perpendicular, a and /3 the segments of 

the hypotenuse adjacent to the sides a and &, we have, by 

Art. 44 (2), 

^ tan a tan a 

cos 5 = 7 = 7 . 

tan c tan a 
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Therefore, tan' a = tan a tan o. 

Similarly, tan' b » tan /3 tan c. 

Again, by Art. 44 (4), 

tan a = sin p tan pa^ 
and tan j3 « sinjp tsaipb. 

A 

But pa, the angle between p and a, is the oomplement 
of ph. Therefore, by multiplication, we obtain 

tan a tan /3 = sin' p. 

45 (b). linadrantal Triangles. — ^When one side of 
a triangle is a quadrant it is termed a Quadrantal Triangle. 
The polar reoiprooal of such a triangle is obviously right- 
angled, and the solution of the quadrantal is thus reduced 
at once to that of the right-angled triangle. Hence, the 
parts of a quadrantal triangle are connected by the follow- 
ing formulae, supplemental to those of Art. 44 : — 

(1) cos C = - coqA cos Bf 

(2) tan -4 = - cos 6 tan C?, 

(3) sin ^ = sin a sin (7, 

(4) tanu4» tana sin£, 

(5) cos C7 « - cot a cot 6, 

(6) oosa - cos ^ sin b. 
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Examples. 

1. Show that formula (1), Art. 44, reduces to Euc I. xLvn. when the 
radius of the sphere is infinitely great. 

[This appears at once on substituting the formulsB of Art. 18, and re- 
ducing.] 

2. Show that formula (5) reduces to an identity in piano. Similarly, 
also formula (6) reduces to an identity. 

3. Formulee (2), (3), and (4) reduce to the ordinary ezpressionB for the 
cosine, sine, and tangent of a plane angle respectively. 

4. If he less than 90*^, show that a and b are of like affection.* 

[In this case cos is positive ; and hence cos a and cos b must have like 
signs, as appears from formula (1).] 

6. If tf be greater than 90", a and d are of opposite affection. 

6. The sides of a right-angled triangle must be each less than a quadrant, 
or two of them must be each greater than a quadrant. 

[This follows on combining Examples 4 and 6.] 

7. Show that a side and the hypotenuse of a right-angled triangle are of 
the same or opposite affection, according as the included angle is less than, 
or greater than, a right angle. 

[Apply formula (2), Art. 44.] 

8. The sides of a right-angled triangle are of the same affection as the 
opposite angles. 

[By formula (6), cos a ss— — --; and therefore cos a is positive or nega- 
tive, according as cos ^ is positive or negative.] 

9. If one of the sides of a right-angled triangle be equal to the opposite 
angle, the remaining parts are each equal to 90*^. 

[See Art. 36, Ex. 9.] 

10. If the angle ^ of a right-angled triangle be acute, show that the 
difference of the sides which contain it is less than 90^ 

[The opposite side (a) is less than 90% but it is greater than the difference 
between the other two ; therefore e—bK 90**.] 

* Two angles are said to be of the same affection when they are each less 
than, or each greater than, a right angle. 
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Section II. 
Solution of Bight-angled Triangles — Numerical Examples. 

46. Solution of Triangles. — It has been already 
stated that every spherical triangle has six parts — namely, 
the three angles and the three sides, and that when any 
three of the parts are given, the remaining three can be 
determined. 

The process by which the remaining three are deter- 
mined is called the solution of the triangle. 

In the practical solution of triangles the numerical cal- 
culations are performed by aid of a table of logarithms. 
Hence, if we have at our disposal two or more formulae, 
from which any required part can be determined in terms 
of other known parts, we should use that formula which 
is most readily adapted to logarithmic computation. If 
it should happen that a required part can only be ob- 
tained from a formula not adapted to logarithmic compu- 
tation, it can be found by throwing the formula into 
logarithmic form by the use of a subsidiary angle. Any 
notice of this process is postponed, however, for the pre- 
sent. (See Art. 76.) 

We now proceed to the solution of all the cases which 
can be presented. They are six in number, and, as before 
remarked, we require to know only two parts, the right 
angle forming a constant known part. 

Remark. — ^In determining any of the parts, the use 
of the parts previously determined should be carefully 
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avoided, lest they should be erroneous. Each part should 
be determined from the given parts alone. 

It is always well to test the accuracy of the results by 
using the parts obtained to determine one of the given 
parts. 

47. Oasb I. — Having given the two sides a and 6, to 
determine -4, B, and c, we have — 



For Ay cot -4 = cot a sin 6. 
For By cot 5 = cot b sin a. 
For Cj cos c = cos flj cos b. 



[Formula (4), Art. 44.] 



f» 9f 



$f 



(I). 



>» 



>) 



In this case the solution is unique, as there is mani- 
festly no ambiguity, none of the parts being determined 
from their sines. 



1. Given 



Examples, 
a = 64** 16' and ft = 33*12'. 



For -4, 


10 + J cot ^ = X cot (54* 16') + X sin (33* 12') ; 


therefore 


X cot ^ = 9*5964382, 


and 


A = 68* 29' 63". 


For^, 


10 + X cot 5 = X cot (33* 12') + X sin (54* 16') ; 


therefore 


XootJ5= 10-0935879, 


and 


B = 38* 62' 26". 


For^, 


10 + X cos = X cos a + X cos ft ; 


therefore 


X cos <? = 9-6890261, 


and 


e = 60* 44' 46^ 



Exampka. 
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2. Giyen 



a = 66« 18' and A = 39" 27'. 



Xoot^ = 9-6434280 
X cot ^ = 9*9996167 
ZooB0 B 9*6430438 



.-.-4 = 66' 16' 6". 
.-. 5 = 45' r 31". 
.-. c =63*»56'21". 



3. Giyen 



a = 66' 20' and i « 78' 40'. 
Lad A 
LatitB 

£CO8 



9*8149722 
9*2222192 
9*0371914 



.-.-4 = 66' 61' 7". 
.*. J? = 80°31'48". 
.*. tf = 83** 44' 44J". 



[Formula (6), Art. 44.] 



48. Case II. — Having given the two angles A and By 
to determine a, 6, and (?, we have — 

For a, cos ^ » oos a sin B. 
For 6, cos jB = 008 6 sin A. 

For c, cos c = cot -4 cot -B. „ (6), 

In this case, as in Case I., there is no ambiguity. 



» 



») 



>> 



1. Griyen 
For a, 

therefore 
For 3, 

therefore 
For*, 

therefore 



Examples. 

A = 74* 15' and 5 = 32" 10'. 

X coi a = 10 + Z cos (74" 15') - X sin (32* 10') 
= 9-7074497; 

a = 69* 20' 44". 

X coi J = 10 4- X cos (32* 10') - X sin (74* 15') 

= 9*9442480 ; 

h = 28* 24' 54". 

10 + X cos = X cot ul + X cot ^. 

X cos = 9*6516976 ; 

e = 63* 21' 24}' 



I 



94 




 


2. 


Giyen 


A 
Zcostf 
Xcos 6 
Lcoac 


8. 


Giyen 


A 

Xcos a 
Xcos^ 
Lcose 
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62** 26' and ^ «= 49° 15'. 
9-9066860; .-. a « 36* 24' 34-5". 
9-9166760 ; .-. d = 34' 83' 40". 
9-8213699 ; .-.<>« 48" 29' 20". 

64* 16' and 5 = 48r 24'. 

9-7641607 ; .-. a = 64*» 28' 63". 
9-8676406 ; .-. J = 42* 30' 47". 
9-6316912 ; .-. « = 64° 38' 38". 



49. Oase III. — Saving given the hypotenuse c and a side a, 
to determine Ay -B, and J, we have — 

For Ay sin ^ » sin a -f sin 0. [Formula (3), Art. 44 ] 

For By cos -B = tan a -f tan e. „ (2), 

For by COS 6 = cos c -r cos a. „ (i), 

In this case there is an apparent ambiguity in the value 
of Ay but this is removed by the consideration that A and 
a are always of the same affection. (See Ex. 8, Art. 46). 



•» 



i> 



Examples. 



1. Given 


e = 72'* 30' and a = 46° 16'. 


For^, 


X sin^ = 10 + X sin (46° 16') - X sin (72° 30') 




= 9-8719622 ; 


therefore 


A = 48° r 44-6". 


For J9, 


X cos -B = X tan (46° 16') - X tan (72° 30') + 10 




=: 9-6026123; 


therefore 


B = 71° 27' 16". 


Fori, 


X cos J o X cos (72° 30') - X cos (46° 16') + 10 




= 9*6306601 ; 


therefore 


b = 64° 42' 62". 



ExampkB. 
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2. Given e » 76« 42' and a = 47' 18'. 

Xsinui* 9-8780442; .-. ^ = 49° 2' 24-5". 
i 008^ = 9-4086340 ; .-. 5 = 76' 9' 24-76". 
X COS i a 9-6304897 ;.-.*= 70' 10' 13". 



t 

1 


3. Given c = 91' 18' and a = 72° 27'. 




X Bin^ = 9-9794116 ; .-. A = 72* 29' 48^ 




X COS sup. of 5 = 8-8668631 ; .-. S = 94'» 6' 63-3". 




X cos sup. of * = 8-8764416 ;.-.*« 94' 18' 63-8" 



50. Oase rV. — Saving given the hypotenuse e and an 
angle A, to determine a^ by and By we have — 



For a, 
Fori, 
For 5, 



sin a- sin Asm c. 
tan b = oosA tan c, 
oot B = tan A cos e. 



[Formula (3), Art. 44.] 

(2), 

(6), 



if 



>» 



»» 



The apparent ambiguity in the value of a is removed^ 
as in Case 111., by the consideration that a and A are of 
the same affection. 

Examples. 



1. Given 


e = 84"' 20' and ^ = 36* 26'. 


For a, 


X sin a = X sin (36* 26') + X sin (84* 20*) - 10 




ts 9-7609396 ; 


therefore 


« = 36*13'4". 


For 3, 


X tan * « X cos (36* 26') + X fAn (84* 20*) - 10 




» 10-9146116 ; 


therefore 


b = 83* 8' 29". 


For.B, 


X cot J = X tan (36* 26') +X cos (84* 20') - 10 


, 


» 8-8464279 ; 


therefore 


J5=86*69'l". 
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2. Giyen c = 67" 64' and ^ = 48" 28'. 

Zsinass 98044046; .-. « = 39' 36' 61". 
X tan J = 10-2622138 ;.-.*= CO** 46' 26}". 
J cot J5 = 9-6621908 ; .-. J = 70' 22* 2i". 

3. Given c = 22" 18' 30" and A = 47** 39' 36". 



X dn a » 9*4480646 ; 


.-. a=16M7'41". 


X tan 3 s 9*4414674 ; 


.-. b = 16' 26' 63". 


X cot J5 = 10-0066973 ; 


.*. J5 = 44*»33'63-4". 



51. Case Y. — Having given a side a and the adjacent 
angle B^ to determine A^ b, and c^ we have — 

For A^ OOS ^ = cos a sin £. [Formula (6), Art. 44.] 

For 6, tan h = tan B sin a. „ (4), ,, 

For c^ oot c » cot a cos B. „ i^), », 

In this case there is evidently no ambiguity. 



1. Giyen 
For^, 

therefore 
For J, 

therefore 
Fortf, 

therefore 



Examples. 

a = SI'* 20' 46" and B = 65*» 30' 30". 

X cos ^ = X cos (3r 20' 46") + X sin (66' 30' 30") ~ 10 

= 9-8476168 ; 

A = 46'» 16' 30-6". 

X tan J = X tan (66'» 30' 30" + X sin (31' 20' 46") - 10 

= 9-8791734 ; 

b = 37** r 60". 

X oot <> = X cot (31** 20' 46") + X cos (66'* 30' 30")- 10 
« 9-9683434 ; 

# = 4r 6' 11". 



Examples. 
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2. Given 



8. Given 



a = 82** 6' and 5 « 43' 28'. 

X coB^ = 8-9766733 ; .-. -4 = 84' 34' 28". 
X tan ft = 9-9726026; .-. b = 43° 11' 38". 
X cot tf = 9-0030707; .'. e = 84° 14' 67". 

a « 42- 30' 30" and-B« 63"' 10' 30". 



Xcos^o 9-7709180 
X tan ft = 9-9564001 
X cot » 9-8166179 



.«. A - 63° 60' 12". 
.'. ft = 42* 3' 47". 

.-. c = 66* 49' 8". 



52. Case VI. — Saving given a aide a and the opposite 
angle -4, to determine 6, c, and -B, we have — 

For by sin 6 = tan a cot A. [Formula (4). Art. 44.] 

For Cy sin » sin a -f sin A. „ (3), „ 

For By smB ^ oobA-t cos a. „ (6), „ 

In this case an ambiguity arises as the parts are deter- 
mined from their Bines! and two values for each are in 
general admissible. However, for each value of b there 
will, in general, be only one value for Cy since c and b are 
connected by the relation cos c = cos a cos d ; and at the 
same time only one admissible value for By since cos c 
= cot .4 cot B. Hence there will in general be only two 
triangles having the given parts, except when the side a 
is a quadrant and the angle A also 90% in which case the 
solution becomes indeterminate. 

When a = Ay the formulae, and also the figure, show 
that by Cy and B are right angles, and the solution is there- 
fore uniqtie, 

u 
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It is easily seen that a is less than A when both are 
acute (they must be of the same affection), and greater 
than A when both are obtuse ; and when the data do not 
satisfy these conditions the solution is impossible. 

It appears at once from the figure that there are in 
general two solutions, for the colunar triangle A'B C has 
also the given parts A' and a^ and therefore satisfies the 
given conditions. 



1. Given 
For*, 

therefore 
For«, 

therefore 
For^, 

therefore 

2. Giyen 



Examples. 

a = 46* 46' and ^ = 69« 12'. 

i sin J = i tan (46*' 46') + J cot (69* 12*) - 10 
» 98018796 ; 

b = 39* 19' 23}", or 140' 40' 36}". 

Zaxiesz Z Bina — Z aiD.A-\- 10 
= 9-9283797 ; 

c = 67* 69' 29", or 122* 0' 31". 

Z sin jS = Z C08^ - Z cos a + 10 
= 9-8734997 ; 

B = 48* 21' 28", or 131* 38' 32". 
a = 21* 39' and A = 42* 10' 10". 



X sin J - 9-6417030 ; .\ b = 25* 69' 27-8", or 164* 0' 32-2". 
Z sin <»« 9-7400177 ; .'. « = 83* 20' 13-4", or 146* 39' 46-6". 
Z sin J= 9-9016863 ; .-. ^ = 62* 23' 2*8", or 12r 36' 67-2'^ 



3. Given 



a = 26* 18' 46" and -4 = 16* 68' 16^ 
[Am, Impossihle by Art. 62.] 



Theorems. 
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Section III. 
Theorems, 

53. In this section we propose to investigate some 
theorems which apply to spherical triangles in general, 
but which are immediately deducible from a knowledge 
of the properties of right-angled triangles. 

54. Theorem. — The arcs drawn from the vertices of a 
spherical triangle perpendicular to the opposite sides are con- 
current. 

Let -4P, BQ (fig. 26), be arcs drawn from -4, By per- 




pendicular to BC and CAj respectively, and let be their 
point of intersection. 

-J sin OQ __ sin OAQ sec JB , 

' sin OR sin OAR sec C' 

[Formula (6), Art. 44.] 

and it is obvious that the sines of the perpendiculars 

from any other point of AP on the sides h and c bear 

the same ratio to each other. 

h2 



-» - 



/ -J  
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sin OP seo A 



Similarly, 



sinOjR 860 0* 



and henoe, on dividing this equation by the former, we 
get 

sin OP seo -4 
sin OQ seo J?' 

and therefore the are joining (7 to is perpendicular to 
the side AB. Thus the perpendiculars meet in a ^oint ; 
and if a, /3, 7 be the lengths intercepted on them between 
their point of concurrence and the sides a, 6, and c^ respec- 
tively, we have 

sin a : sin /3 : sin 7 s sec ^ : sec £ : sec (7. 

In the same manner, it may be shown that the arcs join- 
ing the vertices to the middle points of the opposite sides 
are concurrent; and if a\ jS', 7' be the perpendiculars from 
their point of concurrence on the sides a, d, c, we have 

sin a : sin /3^ : sin 7' ■» cosec A : cosec B : cosec C. 

Similarly for the point of intersection of perpendiculars 
at middle points of sides — 

sina": sin/3": sin7'' = sin (flf-^) : sin (S-S) : sin (fif-O.) 

56. If from three points Ay By O on a great circle perpen- 
diculars AA\ BBy CO' he drawn to another great circle — 

(1) sin-BCsin^-4' + sinC7^sin5jB' + sin^S sin 0(7 = 0, 

(2) sinjB'C'tan^^'+ sin O'^'tan J5-B'+ sin^'Ftan 00'= 0, 

(3) sin JBO cot -4 + sin OA cot B + sin-4jB cot O =0, 

(4) sin BO' cos-4 + sin (fA* cos jB + sin-4'5'cos 0=0, 



Theorems. 



101 



where Ay B, C are the angles the perpendiculars AA\ 
BB^j C(f make with the great oirde ABC. 

To prove (1) — 

sin -4-4' sinJBS' sin CC . »> ,« ^.^x /x 

"-' TttT *= "= — dTJ ^ -' — 7rr\ "^^mD (fig. 27). (a) 

Sin AD sin BD sin CB ^ ° ' ^ ' 

But since A^ J5, C are ooncyclic (Art. 12, Ex. 15), 
sin BCsmAD-^^ CA sin £2) + sin ^ J9 sin aZ>»0 




Substituting in this expression the values of sin AD^ sin 
BDy and sin CB^ obtained from the equations (a), we 
obtain (1), [Cf. Art. 40.] 



To prove (2)— 

tan AA' tanjBJ" tan 0(7 
sin ^'i> " sin fi'D " sin CTB 



»tan2). 



(^) 



But, as before, 
8m ^'O'sin^'D+Bin CA'an B'D+an A'E'an CD= 0. 
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Substitutmg in this expression the values of sin A'Dj sin 
S^Dy and sin CD, obtained from the equations (jS), we 
obtain (2). 



To prove (3)— 

cos AD cos BD oos CD 
oot^ ootj5 cot (7 
But 



cot 2). 



sin J3(7 oos ^D + sin (7^cosJ?2> + sin^j5 cosCD-O; 

therefore, &C. [See Chap. III., Miso. Ex. 42.] 

To prove (4) — 

cos ^ cos J? cos (7 . -, 

=7-= = sin 2;. 



cos A'D oos JB^D cos (XD 

[Formula (6), Art. 44.] 

But 
sin -B'C" COS ^'D + sin Cr^' COS iTD + sin ^'5' COS (7'i>=0; 

therefore, &c. 

By observing that AA\ 5J5', and CC meet at P, the 
pole of ABCfy we are enabled to write down the fol- 
lowing corollaries: — 

Cwr. 1. — If £ be a point on the base AC of a triangle 
ATCy we have 

sin££?cos.iP + 8inCLlcos£P+sin^j5cos(7P-0. 

[Cf. Art. 40.] 

Cor. 2.— 
oot-iPfiin J?PO+ootJBPBin CP^ + cot CP sin ^PJ8=0. 

[Gf. Art 39, Ex. 10.] 
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Car. 3.— 
COS A sin 5P(7+oofl jBsin CPA + cos Csin APB^O. 

[Of. Art. 35, Ex. 6.] 

Note. — ^It may be noticed that (1) and (4) are supplemental theorems, as 
are also (2) and (3). When an arc is drawn from the vertical angle of a 
triangle to meet the base, (1) connects it with the segments of the base ; 
(2) connects it with the segments of the vertical angle ; (3) connects the 
angle it makes with the base with the segments of the base ; and (4) connects 
the angle it makes with the base with the segments of the vertical angle, 
the parts of the triangle being supposed known. 

56. Oeontetiical Deductioii of the Analogies of 
BJTapter and Delambre. — Comtruction. On the base 
AB of the triangle ABC (fig. 28) construot an isosoeles 
triangle A OB^ having each base angle = ^{A-¥B). From 
its yertex draw OX, OF, OZ perpendiculars to the 
sides a, i, and c of the given triangle. Join 00. 

Now the triangles BOX and ^ OF are equal in all 
respects; for the side BO and angle Xare equal to the 
side AO and the angle F, respectively; and the angle 
OjBJ = 5-i(^ + J?) = i(5- A) = angle OAT. There- 
fore the triangles are equal in all respects, and as a conse- 
quence the triangles COX and COY are equal in all 
respects. 

Hence, ^ F= JBZ - i(a + J), 

and 0J=0F=J(a-5). 

But since the angles ^ OF and BOX are equal, it follows 
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that the angles AOB and XOY are equal, and henoe their 
halves ^OZand COT are equaL 




Fig. 28. 

Firstly — Napier^ a Analogies* : 

1. Comparing the triangles -4 OF and COT^ we have 

008-40 _ C0S-4F 

cos CO " cos CY' [Art. 44, (1).] 

and comparing the triangles, AOZ and COT, we have, 
also, 

7^ = — TTTT^^' Art. 44 (6) 1 

CO cot OCT L Since AOZ^ COT.] 



COS 



Therefore, 



tan OAZ cos CT 
tan OOF ""cos .4 F' 



*Thi8 method of obtaining Napier's Analogies is suggested by, and 
strictly analogous to, the geometrical method of arriving at the formula 

1^-: — -r sa in Plane Trigonometry. The same principle is used 

tanJ(^+JB) a-¥b ^ ^ v v 

tn the Encye, BriU^ Article, ** Trigonometry." 
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or tan ^ (^ + £) = 22?4^^) cot iO. 

' COS i {a + b) 

2. tan OY = tan O^F sin ^ F - tan OCT sin OT. 

[Art. 44 (4).] 

Senoe, 

* ^ ^ sm J (a + o) 

o X >i>-k tan^Z tan-4F 

Hence 

X 1 / IN COS ^ (-4 - jB) , 

tan*(a+ J) = 7-7-3 — rrftani^?, 

^ ' COS i (-4 + jB) 

4. Since COY=^ AOZ^ we have [Art. 44 (4).] 

tangF tan^^ 
sin OY" sin OZ* 

Therefore, 

^.— sin OF, .-- sinO-4F, -^ 
tan CY = -;^ — 777= tan -4Z= -: — ttt^ tan -dz, 
sm OZ sin OAZ 

or 

tan i (a - J) = -; — rr-i — ^ tan i c. 
^ ^ sin i (-4 + -B) 

Secondly — Delamhre^^ Analogies. 

- cos O^Z cos OZ -._^ ,^ ^, , 

.£2^41. [An. 44(1).] 

COS AZ 

* Delambre's Analogies are commoDly called Gauss's Formulad. (See foot 
note, Art. 33.) 

These results may likewise be aniyed at by taking on the other side of 
the base as the vertex of an isosceles triangle AOS, whose base angles are 
each ^ir - } (^ + M). Cf . Art. 19 (12). 
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* 

Therefore 

oosi(-4 + JB) cos \c = cos \{a + I) sin \X!. 

o eosO-4F sin-40F tl^ aaiuk-k 

.2 = [Art. 44 (6).J 

COS OGY sin COY 

WS.AOY sin-4F r . . .. ,,v , 

B = i [Art 44 (3).] 

sin^OZ sin-dtZ* 
Therefore 

cos i (^ - jB) sin J c = sin J (fl + J) sin i C7. 
3. cos ^ OZ = cos AZ sin 0^Z= cos OY sin OCY. 

[Art. 44 (6).] 

Hence 

sin i ( J[ + £) cos Jc = cos J (a - J) cos J C. 

sinO^F sin 0(7 sin gF 
sin 0C7F"" sin OA " sin A^ 

[Art. 44 (3).] 

Hence 

sin J(-4-£) sin ^c = sin i(a - b) cos iC. 

Examples on Fundamental Formulas (1) to (6). 

1. Prove that, if C = 90°, 

B sis (s — a) 

tan - = — \ \ [Cf. Art. 33, Ex. 4.] 

2 Bin* *• "• 

2. Prove that — 

(a) 2fi = sina sin*. [Art. 30 (3).] 

(J) 2iV^= sin a sin JB. [Art. 36 (12).] 

{e) Ty. = "^ *• [Art. 36, Ex. 2.] 

n' sin^g 8in^3 sin^g sin^a + sin'i — sin'c 

^^ iV^ " im»'a + sin2*-sin«<j " sin»^-co8«5 * 

[Cf. Art. 36, Ex. 7.] 
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3. Prove that 

- sin»fl8m«4 = 8iii«a + 8in«3-8m»<J. [Art. 44(1).] 

4. Prove that 

- A sin [e — h) 

2 8in(c4&) 

[This is obviously another foim of (2), Art. 44.] 

6. What is the Oreat Cirole course and distance between two places in 
latitude 46° NorUi, with 90° difference of longitude P 

Ana. Course makes cos-^ -7= with meridian. Distance = 60° or 4 166 J miles* 

V3 

6. If ^ be the perpendicular from the right angle on the hypotenuse, 

prove that — 

(a) oos'i? = cos'-4 + cos* B. [Art. 44 (6).] 

(*) cot2i? = cot*a + cot* ft. [Art. 44 (4).] 

(e) Bin^p sin* e = sin* a + sin* b — sin* e. [See Ex. 8.] 

7. Express the angle A in terms of— (1) b and 0; (2) e and a; (3) a and b. 

8. Show that 

2 sin* Jtf = sin* J(a + ft) + sin* J(a - ft). 

[Beduces to (1), Art. 44.] 

9. In a spherical triangle, if « s 90°, prove that 

tana tan ft + sec C= 0. 

[Supplemental to (5), Art. 44.] 

10. If the side of a spherical triangle be a quadrant, show that 

6in*j9 a cot cot ^, 

where p is the perpendicular on c, and and ^ are the segments of the 
vertical an^e. 

11. Show that the ratio of the cosines of the segments of the base made 

by the perpendicular from the vertex is equal to the ratio of the cosines of 

the sides. 

[Apply (I), Art. 44.] 

12. Given the base and the ratio of the cosines of the sides of any spheri- 
cal triangle ; find the locus of the vertex, and state the analogue in piano, 

[See Ex. 11.] 
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13. A station is in latitude X (North), and longitude / (East) ; find tlie 
iDngitudes of the places an the Equator distant 8 from the station. 

— {^Seienee and Art Exanu Fapert.'\ 



Ans, Longitudes = / + cos-^ i ) . 



14. Given the base and base angles of any spherical triangle ; calculate 
the segments x and e — xoi the base made by the perpendicular on it from 
the yertex. Ana. tan ^ sin a; = tan j8 sin (0 — x). 

16. What is the shortest distance between two places on the Earth's sur- 
face — one in latitude 45^ North and longitude 46° West ; the other in latitude 

46'' South and longitude 46° East ? 

An8. 120° or 8333*3 miles. 

16. Given in a right-angled triangle the vertex fixed, and 

cot' a + cot* b as const. ; 
find the enyelope of the base. [See Ex. 6 (b).'] 

17. Show that the ratio of the cosines of the base angles is equal to the 
ratio of the sines of the segments of the vertical angle made by the perpen- 
dicular drawn from it to the opposite side. 

18. Given the vertical angle and ratio of cosines of the base angles ; find 
the envelope of the base. 

Ans. A fixed point 90° from the vertex ; its position 
being obtained from "EjL. 17. 

19. If -4 = 36° and ^ = 60°, show that— 

(1). «+* + tf = 90°. 

(2). The perpendicular on the hypotenuse = 18°. 

(3). cottf - cotd = 1. 

20. If \ and 8 be perpendiculars from a point 8 on two great circles inter- 
secting at an angle », and if the intercepts they make on them from their 
point of intersection be I and a, show that 

sin X tan 2 + sin 8 tan a 

cos » = .   1^ — :— TT : . 

sin X tan a + sin 8 tan I 

— [Professoa Hauohton, Edueatumal T%ine9J\ 

[Apply the formulsD of Art. 37 to the triangle 8PKy where P and K are 
the poles of the great circles, and eliminate sin m.] 



'I 

1 
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21. Using the notation of Ez. 20, show that — 

cos J (a - «') _ tan ^ \ tan ^1+ tan j S tan ^ a 
^ '' COS J (» + «') ~ tan J / tan J 8 + tan J X tan J a' 

sin J (» - «') _ tan ^ g tan ^ A. - tan ^ / tan j a 
^'' sini (» + »') ~l-tanjatanj/tanj5tanjx* 

tt' being the angle between 8 and \. 

Miscellaneous Examples. 

In the following Examples the triangle is supposed right-angled (at (7), 
unless otherwise stated : — 

1. If iS be the bisector of the hypotenuse of a right-angled triangle, show 

that 

. - ^ 8in'a+ sin* 3 
(nn*i8 = 



[By Art. 



4 cos* - 
2 



cos a + COS d = 2 cos jS cos - . 



Squaring, we get — 

cos* a + cos* J + 2 COB tf = 2 (1 - sin* 0) (1 + cos e) ; .*. &c.] 

2. If t and ij be the internal and external bisectors of C, prove that — 

(a) 2 cot* » = (cot a + cot 3)*, 

{b) 2 cot* n = (cot a - cot by, [See Art. 39, Ex. 1.] 

8. Showthat^ 

(«) cot* t + cot* fi = cot* a + cot* b, 

{b) cot* I — cot* )} = 2 cot a cot J. 

4. If the bisectors of the yertical angle C meet the base in X and F, show 

that 

2 COB XT ss (cot* a - cot* d) sin i sin ij. 

[Cf. Art. 39, Ex. 6.] 

6. If ^ be the angle between the bisector of the yertical angle and the 

perpendicular, show that 

sin (a — b) 

tan^ = -T-7 £^. 

^ sin (a + *) 

[See Chap. III., Misc. Ex. 11.] 
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6. In a right-angled triangle, show that 

• f J ^ ■n\ cos a + COB ft 
8in (-4 + ^) as , ; . 

1 + COB a COS 



7. Show that 



[Apply Delambre's Formulis.] 



a b 
tan iS^ = cot - cot - . 
2 2 



Here tan 5 = 



jTb' 

l-tan 



2 

[Apply Napier's Analogies.] 

8. Construct a right-angled triangle, being given the hypotenuse and — 

(1) The sum of the base angles ; 

(2) The difference of the base angles. 

[Apply Gkiuss's FormulsB.] 

9. Giyen the hypotenuse and the sum or difference of the sides ; construct 
the triangle. (See Ez. 8.) 

10. Given the sum of the sides a and b, and the sum of the base angles ; 

solve the triangle. 

[Apply Gauss's Formulae.] 

11. Show that 

. A V sin + sin a + V sin c — sin a 

Sm — as — ::^ • 

[Here, if we divide out by Vsin^?, and put-: — = sin -4, the right-hand 

(A A\^ 
sin— ±cos— J ; 

therefore, &o.] 

12. If a, a , fi, $', y, y, be the segments of the sides of any spherical 
triangle made by the perpendiculars from the opposite vertex, show that 

cos a cos )3 cos 7 = cos a cos fi' cos y\ 

^„ cos a cos a cos jB cos b cos y cos c 

[For ; = — r ; — -; = ; = . 

^ COS a COS b cos p cos e cos 7 cos a 

cos a. COS Q COS v 

(See Art. 66, Ex. 11). Hence -, ^, 7 = 1 ; therefore, &c.] 

^ ' ' cos o' cos i3' cos 7' •* 
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13. Using the notation of the preceding Example, show that — 

(a) sin a sin iS sin 7 s sin a sin /S' sin 7', 
(h) tan a tan iS tan 7 = tan a' tan /S* tan 7'. 
[(a) follows from the formula tanp = tan u^ sin a = tan B sin a .] 

14. Find the distance between any two points on the Earth's surface, 
given their latitudes and longitudes. (London TTniv, Exam. Papers,) 

If X and V be their latitudes, and I and V their longitudes, we have 

cob9 b sinx sinV + cos\ cos V co8(;- T). 

15. The cosines of the base angles of any triangle are proportional to the 
cosines of angles which the sides make with the arc joining the vertex to 
the pole of the perpendicular from the vertex on the base. 

[For these latter cosines are equal to the sines of the segments of the ver- 
tical angle made by the perpendicular.] 

16. If 9 be the length of the arc through the vertex of an isosceles tri- 
angle, dividing the base into segments a and jS, prove that 

tan - tan - = tan — - tan -y-, 

where a is one of the equal sides of the triangle. 

[See Art. 43, or apply Napier's Analogies.] 

17. Find a relation connecting the mutual distances of any three places 
with their latitudes. 

[By the aid of Ex. 14. See also Art. 65 (1).] 

18. On the Earth considered as a sphere a great circle is drawn, inclined 
to the Equator at an angle of 30% and cutting it in points whose longitudes 
are 0° and 180". Find the longitudes of the meridians, dividing the great 
circle into eight equal parts. 

19. Two points A and B are taken on two secondaries to a great circle 
A'B^. If be the angle between the arcs AB and A'B\ its value is found 
by the equation 

taDiA'B^ ss — — — -, (Q. XT. I. Exam. Papers.) 

r cosfl 8in-4 sin -4 anA'B^ ^, . «. 1 

I I = B -r = ; therefore. &c. I 

[_QOB A A' cos BB' cos BB' sin BG aiaAB' ' J 
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CHAPTER V. 

OBLIQUE-ANGLED TRIANGLES. 

67. In the present Chapter we propose to consider the 
different cases which occur in the solution of oblique- 
angled triangles. As in right-angled triangles (Chap. IV.) 
there are six distinct cases, when we are given three of 
the parts, and are required to determine the remaining 
three. 

Before proceeding to the general solutions of the tri- 
angles, we may notice that from particular values of the 
given parts the values of the other parts may be made to 
depend on the solutions of right-angled triangles, as for 
example — 

a. Let the side a be a quadrant. 

Here the supplemental triangle is right-angled ; there- 
fore, &c. 

/3 Let the sides a and b be equal. 

The triangle is divided into two equal right-angled tri- 
angles by the perpendicular to the base passing through 
the vertex ; therefore, &c. 

y. The general solution of the equilateral triangle may 
be derived by aid of the logarithmic equation 

-7 — ^— = cos .4, or2oos-4 « sec^ ta. 
tana 
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58. The six oases (Art. 57) whioh present themselves 
are the following : — 

I. Haying given three sides, a, by c 

n. Having given three angles, -4> ^> C 

III. Having given two sides and the in- 
cluded angle, a, (7, b 
lY. Having given two angles and the 

adjacent side, Ay Cy B 

Y. Having given two sides and an angle 

opposite either, a, 6, A 

YI. Having given two angles and a side 

opposite either. Ay By a 

but these are immediately resolved into three distinct 
problems by the aid of the polar triangle. 

For, when three sides are given, and the angles of the 
triangle are required, the data applied to the polar tri- 
angle transforms the problem into a supplemental prob- 
lem, viz. — Having given three angles of a triangle, find 
the sides. 

Similarly, Cases III. and lY. are supplemental, like- 
wise Y. and YI. 

59. When numerical values are assigned to the given 
parts, in order to ascertain the remaining parts in degrees, 
minutes, and seconds, we employ formulae adapted to 
logarithmic computation. 

All the formulae given in Chap. III. are either in log- 
arithmic form or can immediately be thrown into the 
desired shape by means of a subsidiary angle. For the 
present we select the logarithmic formulee, and apply 

I 
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them to the following numerical examples, while we re- 
serve the remaining formulae for future discussion. (See 
Art. 76.) 

60. Case I. — Saving given the three sides a, 6, c. Here 
we have (Art. 33), 

tan~= / sin {s - b) sin [s - c) 
^ V sin s sin {s - a) 

^ 1 /sm (s - a) sin [s - b) sin {s - c) 

in (s - fl) \ 



sin 



sms 



The part under the radical, being a symmetric function of 
the sides, appears on the right-hand side of the equations 
for determining Ay B^ (7, and when once calculated is 
utilized in the calculation of each angle. 
The logarithmic form of the above equation is 

A 

itan^ = lO-isin(s-a) + J{isin (a-fl5) + isin(a - b) 

+ L sin («-c) -Zsin«}. 

Examples. 

(1). Given a = 46* 24', h = 67*' 14', a = SI'* 12'. 

i sin » = i sin 97' 25'= 9-9963613. 

Z sin (« - a) » £ sin 61M' = 9*8906049. 
i 8in (« - J) =X8in30"'ir = 9-7013681. 
X sin (» - c) =Xsin le** 13' = 9-4460261. 

J tan} -4= 9-6302185; .•.^ = 46'» 13' 30". 
Xtant5= 9-8194663; .-. J?=66» 60' 20". 
Xtan } (7 = 10-0747984; .-. C=99» 49' 10". 



 i 
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(2). Given a = 108*» 14', b « 76' 29', c = 66" 37'. 

Zona » X sin 120'* 10' « 9*9367988. 

X8in(»-tf) = X8in ir 56' = 9-3164947. 

X sin (» - 4) « X sin 44» 41' - 9-8470714. 

X sin (»-«) = X sin es** 33' = 9-9619799. 
X tan }^« 10-2733789 
Xtan}5= 9-7418022 
Xtan^a^ 9-6368937 

(3). Given a = 67* 17', 6 = 20* 39', e = 76° 22'. 

X sin « = X sin 77° 9' = 9-9889849. 

X sin (« - a) a X sin 19° 62' = 9-6312649. 
X sin (»-*) = X sin 66° 30' = 9-9211066. 
Xsin (»- tf) = Xsin 0° 47' « 8-1368104. 





A^ 


123° 


63' 47". 




B^ 


67° 


46' 


56". 




. (7« 


46° 


61' 


61-6". 



XtanJ^s 9-2683336 
XtanJ5= 8-8784919 
Xtan} (7=10-6637881 



.•.-4= 21° r 2". 

.-. 5 = 8° 38' 46". 
.-. (7 =166° 31' 36-5". 



(4). Given a = 68° 46', h = 63° 16', c = 46» 30'. 

X sin » = X sin 84*» 16' = 9-9978093. 

X sin (» - a) = X sin 16° 30' = 9-4268988. 
X8in(»-i) = X8in31° 0' = 9*7118393. 
X sin (» - tf) = X sin 37° 46' = 9-7869066. 

X tan } -4 = 10-0370184; .-. A = 94° :2' 40". 
X tan J ^ = 9-7620779 ; .-. 3 = 68° 6 ' 10". 
X tan J (7 = 9-6770116 ; .-. C= 60" 60' 62J". 

(6). Given a = 63° 64', h = 47° 18', e = 63° 26'. 

X sin « B X sin 82° 19' = 9-9960834. 

X sin (« - a) = X sin 18° 26' = 9-4996840. 
Xsin (»-*) = X sin 36° 1' = 9*7687717. 
X sin (« - tf) « X sin 28° 63' = 9*6839720. 

i2 
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Z tan } ^ e 9-9735382 
X tan } ^ rr 9*7143505 
X tan } (7 = 9-7891502 



.-. A = 86" 30' 40". 
.-. £ = 64** 46' 14". 
.-. G = 63** 12' 55J^ 



61. Case II. — Having given the three angles A^ By 0. 
Here we have (Art. 36), 



, a_ I - cos iS cos (8 - A) 
2 V cos {8 - £) cos [8 - C) 

„cf^^(S-A^ I -cos>S 

^ ^\oos{8-'A)oos{8'B)ooa{8-C)' 

b e 

with similar values for tan ^ and tan ^. 



Examples. 

(1). Given A = 68' 30', £ = 74' 20', C = 83' 10'. 

X(-cosiS) =Xcos67* 0' = 9-5918780. 
X cos {8-A) = Z cos 44' 80' = 9*8532421. 
X cos (/S- 5) = X cos 38' 40' = 9-8925365. 
X cos (S'-C)=Z COS 29' 50' = 9-9382576. 

X tan ^ = 9-8071630 ; .-. a = 65' 21' 22J". 

X tan 1=9-8464574; .-.* = 70' 9' 9J". 

X tan ^ = 9-89217S5 ; .-. « = 75' 55' 9". 

(2). Given A = 86' 20', S = 76' 30', (7= 94' 40'. 

X ( - COS /S") = X COS 51' 15' = 9-7966212. 
X cos (iS - ^) = X COS 42' 25' = 9-8682088. 
X cos {8^JB) = Z cos 52' 15' = 9*7869056. 
X cos (S^C)^Z cos 34' 5' = 9*9181475. 
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tan i a = 9-9798386 ; .-. a = 87* 20' 28". 
tan J d = 9-8985363 ; .-. * « 76** 44' 2J". 
tan J tf = 10-0297772 ; .-. * = 93" 66' 31", 

(3). GWen ^ = 96« 46', B = 108" 30', (7= 116' 16'. 

X (- cos 5) = X cos 19** 46' = 9-9760129. 
X cos [8-A)^L cos 64*» 0' = 9-6418420. 
X cos (/8f - J?) = X cos 62* 16' = 9-7869066. 
X cos {8-C)^L cos 44'' 30' = 9-9532421. 

tan } a = 9-9883536 ; .-. a « 88" 27' 49". 
tan } 3 = 10-1334172 ; .-. * = 107" 19' 62". 
tan } <J = 10-1997637 ; .-. « = 116" 28' 13J", 

(4). Given A = 78" 30', B = 118" 40', C= 93" 20'. 

X (- cos iS) « X cos 34" 46' ^ 9*9146862. 
X cos {8-A)^L cos 66" 46' = 9-6963164. 
X cos (5 - ^) = X cos 26" 35' = 9-9614767. 
X cos {S=C)^L cos 61" 55' = 9-7901493. 

tan}a= 9-8846878; .-. a = 74" 67' 46". 
tan J * = 10-2398481 ; .-. 4 = 120" 8' 49". 
tan } tf = 10-0785217; .'. c = 100" 18' llf". 

(5). Given A = 67^ 60', B = 98" 20', C = 63" 40'. 

L{-cosS) =Xco8 70" 6' = 9-6323123. 
X cos (-8^ - ^) = X cos 52" 6' * 9-7886323. 
X cos (5' - i?) = X cos 11" 35' = 9-9910637. 
X cos (5 - C) = X cos 46" 16' = 9-8398004. 



tan ^ a = 9-7449903 
tan J i = 9-9475217 
tan i 4) = 9-7962584 



.-. a = 68" 8' 19". 
.-. b = 83" 6' 36". 
.-. e s= 64" 3' 20". 
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ZtaniAm 9-9735382 
X tan } ^ s 9-7143505 
X tan I (7 s 9-7891502 



.-. A = 86' 30' 40". 
.-. JB = 54'* 46' 14". 
.-. C = 63* 12' 55J^ 



61. Case II. — Having given the three angles Ay By C, 
Here we have (Art. 36), 



fl _ I - cos iS cos {8 - A) 
2 "Voos(i8 - B) cos(« - C) 

«oo&(8-A) I '"^^^ I, 

^ ^^|oos{S-A)Qos{S^-B)QOs{8-C)' 

b c 

with similar values for tan ^ and tan ^. 



Examples. 

(1). Giyen A = 68» 30', ^ = 74* 20', (7 = 83* 10'. 

X(-C08iS) =Xco8 67* 0' = 9-5918780. 
X C06 (5 - -4) = X cos 44* 80' = 9-8532421. 
X COB (5 - -B) = X COB 38* 40' = 9-8925365. 
X COB (5 - (7) = X cos 29* 50' = 9-9382576. 

X tan ^ = 9-8071630 ; .-. a = 65* 21' 22J". 

X tan I = 9-8464574 ; .-. * = 70* 9' 9J'^ 

X tan ^ = 9-8921785 ; .-. * = 76* 55' »". 

(2). Given A = 86* 20', B = 76* 30', (7= 94* 40'. 

X ( - cos /S') = X cos 51* 15' = 9-7965212. 
X cos (/S - ^) » X cos 42* 25' » 9-8682088. 
X cos (5 - 5) = X cos 52* 15' = 9-7869056. 
X COB (/S - (7) B X COB 34* 5' » 9-9181475. 
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tanj^acr 9*9798385 
tanid= 9-8985353 
tan } tf = 10-0297772 



.-. a = 87* 20' 28". 
.-. h B 76* 44' 2i". 
.-. = 93* 65' SI", 



(3). Given A = 96* 45', B = 108* 30', (7= 116* 15'. 

X (- cos -Sf) = X cos 19* 46' = 9-9750129. 
X cos {S-:A)^'L cos 64* 0' = 9-6418420. 
X cos (iSf - ^) = X cos 62° 16' = 9-7869056. 
X cos {8-0)^1 cos 44» 30' = 9-9532421. 



tanjas 9-9883536 
tan }d= 10-1334172 
tan} <?= 10-1997537 



.-. a= 88* 27' 49". 
.-. h = 107* 19' 52". 
.-. tf = 115* 28' 13i". 



(4). Given A = 78* 30', B = 118* 40', (7= 93** 20'. 

X (- cos -8) = X cos 34* 46' = 9-9146852. 
X cos (S-A) = L cos 66* 45'= 9-5963154. 
X cos (iS: - ^) = X cos 26* 35' = 9-9514757. 
X cos (S=C)^L cos 61* 55' = 9-7901493. 

.-. a= 74«6r46". 
.-. i = 120* 8' 49". 
.'. c = 100* 18' 11}". 



tan}a= 9*8846878 
tan i ^ = 10-2398481 
tan } <j = 10-0785217 



(6). Given A = 57' 50', B « 98° 20', C = 63* 40'. 

X(-cos-8) =Xcos70° 6' = 9-5323123. 
X cos (iSf - u4) = X cos 52* 6' :»= 9-7885323. 
X cos (S-B)^L cos 11* 35' = 9-9910637. 
X cos (iS - (7) = X cos 46* 15' = 9-8398004. 






tan } a = 9-7449903 ; .-. a = 68* 8' 19 
tan } i = 9-9475217 ; .'. J = 83° 6' 36''. 
tan } tf = 9-7962684 ; .•.«> = 64* 3' 20". 
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62. Case IH. — Saving given two sides and the included 
angkf a^ Cj b. 

This case is somewhat siinilar to the corresponding one 
in Flane Trig.y the base angles being calculated from two 
separate equations, one giving half the sum and the other 
half the difference of those angles. The formulse to be 
employed have been arrived at on Art. 32 (Note to Ex. 8). 
They have, moreover, been demonstrated geometrically ' 
from the relations between the sides and angles of certain 
right-angled triangles. As they are of fundamental im- 
portance in the solution of triangles, we shall now pro- 
ceed by a direct method to obtain the same results. 

63. Mapler'B Analogies t 

- , sin^ sinj5 

Let X = -: = — ; — r- I 

sm a sm o 
hence, 

sin -4 ± sin J? .-. 

0? - — : ; — r-. (1) 

Sin a ± sm ' 

Now, 

cos^ + cos£ cos C" sinJS sin C7cosa »;rsinC7sini cosa, 

and 

cos j5 + cos C7 cos jd « sin sin ^ cos 6 B ^ sin C sin a cos 6. 

By addition, 

(cos ^ + cos 5) (1 + cos (7) - a? sin sin (a + 6) ; (2) 
by subtraction, 

(cos J} - cos^) (1 - 006 C) - orsin C7 (a - &). (8) 
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On taking the positive sign in (1), and dividing by (2), 
we obtain 

sin-4 + sin 5 _ sin ^ + sin 6 1 + cos (7 
cos ^ + cos jB sin (a + 6) ' sin G * 
or 

^ ^ cos i (a + 6) 2 ^ ' 

On taking the negative sign in (1), we obtain, by a similar 
method, 

tani(^-£).S4^oot|. m 

^ ^ Sin i (a + 6) 2 ^ ' 

Employing the supplemental formulae, viz., 
cosa - cos b cosc = sin b sme oobA = - sin B cos ^ sin c. 

X 

and 
cos i - cos e cos a = sin (; sin a cos-B = - sin ^ cos £ sin c, 

we have, as before, 

X . (cos a ± cos b) (1 T cos c) = sin c sin (jB ± -4). 

Dividing each of these equations by results in equation (1) 
to eliminate a?, we have formulae supplemental to [a) and 

OO. viz., 

, , , , . cos i (^ - J5) , e , _ 

^ ' emi(-d + -B) 2 ^ ' 
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64. Delambre's (or Cfanss's) Analogies t 

Bj the preceding Article, we have 

A 1/ J Ti\ L ^ cos i (flJ - 5) 

tan i (^ + B) tan -^ = f-^ -^. 

^ ' 2 cos i (a + 6) 

Hence, 

l-tani(^ + 5)tani(7=l-52?4ilLi}; 

' COS t (a + 6) 



or 



-cosS 2 sin i a sin i 6 „, 

(1) 



but 



cos i (-4 + jB) COS i C cos i (a + 6) ' 

o sin ia sin 46 sin (7 

- cos o « -^-^ r • 

cos^c 

[Art. 43, Ex. 28.] 

Substituting this value in (1), we have at once 

cos i(-4 + -B) cos i c = cos J (a + S) sin i 0. (a) 

Again, 

l + tani(-4-J?)tania-l + ?i54i^. 

Hence, 

cos {8 - A) 2 sin i a cos ^ ( ^ ,^. 

cos J(-4 -5) cosiC" sin J (a + 6) * ^' 

but (Art. 43, Ex. 31) 

/or j\ cosiftcositf . . . , - sinjB 

oos(o--dj = 5 sin-4 = smiacosi(?-: — r-r. 

^ ' cosia sin^o 
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Substituting this value in (2), we have 

cos J (-4 - 5) sin J(J = sin J (a + J) sin i 0. (j3) 
Similarly, 

sin J (-4 + B) cos ^c =» cos i (« - 6) cos i C, (7) 
and 

sin 1{A- B) sin Jc = sin i (a - 1) cos J C. (S) 

65. It will be thus seen that when each of Napier's 
Analogies is added to or subtracted from unity, the re- 
sults are easily transformed into Delambre's formulae. 

It is also to be noticed that if the equation 

cos i{A-{- B) cos Jc = cos i(a + 6) sin J 

be applied to the colunar triangle of parts a, tt - J, tt - c, 
Ay V By TT - Cf vfo get 

sin J (^ - 5) sin J = sin i{a - b) cos i 0. 

And by a similar method, the equation 

sin i (-4 + jB) cos J c = cos i (a - 6) cosj (7 
gives 

COS i (-4 - JB) sin i c = sin J (a + 6) sin J G. 

Remark, — ^From the three preceding Articles it has been 
shown that Napier's four Analogies are reducible, by aid 
of the polar triangle, to two independent theoremSy involving 
five parts of a spherical triangle ; and that Gauss's four 
formulae are, by aid of the colunar triangle, likewise re- 
ducible to two independent theorems. 
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66. In the solution of triangles^ Case HL, the for- 
mnlad 

cos i (fl + 6) 
and 

taniM-B)= "°ii"-g ootiP. 
^ ' Sin i (a + 6) 

enable ns to calculate }(^ + £)y andi(wi-J?)y from which 
we obtain A and j5. 

The remaining element e is determined from the equa- 
tion 

COS i (-4 + -B) cos } c s cos i (a + i) sin i O; 

or, as will be hereafter shown, it may be determined from 
the formula 

cos e « cos a cos i + sin a sin ft cos (7, 
without haying previously determined A or £• 

Examples. 

(1). Given a - 43* IS', b = ir 24', C= 74» 22*. 
Fizitly, determine A and ^ — 

Z cos } (a - d) » X C08 ir 67' = 9-9904848. 
Z COB } (0 + d) = X cos Sr 21' = 9*9314605. 
Z cot I (7 B X cot 37Mr » 10-1199969. 

X tan |(^ + j9) s 10-1790212. 

Z sin |(a - 3) = 93160921. 
Z sin} (a + 3} « 9-7162243. 

Z tan } (^ - ^) - 9-7198647. 
Therefore, 

J(^ + J)-66*29' 17^ and J (-4 - ^) « 27* 41' J^ 
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To determine e — 

X^cos J (a + J) t= i cos 3r 21' 0" = 9-9314605. 

X cos J (^ + J) = Z cos 56" 29' 17" «= 9-7420263. 

X sin J C = X sin 37* 11' 0" « 9-7813010. 

Hence 

X cos } « = 9-9707362, or J c = 20" 48' 54J". 

Ans, A = 84° 10' 17J", B = 28° 48' 17J", c = 41° 35' 48J". 

(2). a = 96° 24' 30", h = 68° 27' 26", (7= 84° 46' 40". 

X cos J (a- i) = X cos 13° 58' 32" = 9-9869603. 
X cos J (a+ *) = X cos 82° 25' 58" = 9-1195505. 
X cot J C? = X cot 42° 23' 20" « 10-0396387. 

X tan } (-4 + ^) = 10-9070385. 

XsrnJ (a - d) » 9*3829313, Xsin} (a + &) ~ 9.9962011. 

X tan} (^ - ^) = 9-4263689. 

* (^ + ^) = 82° 56' 19f ", \(A-B)^ 14° 56' 40}". 

X cos } (^ + ^) = 9-0896545. 

XsiniC « 9-8287624. 

X cos } = 9-8586584, } (» = 43° 45' 48|". 

Ant. A = 97" 53' OJ", B = 67° 59' 39i", e = 87* 81' 37". 

(8). a a 76° 24' 40", h = 58° 18' 36", C = 116° 30' 28". 

XcosJ(<»-J) = Xcos9° 3' 2" = 9-9945590. 

X cos } (a + J) = X cos 67° 21' 38" = 9-5853827. 

X cot } C = X cot 58° 15' 14"= 9-7914976. 

X tani(-4 + ^) = 10-2006739. 

X sin} (fl - J) = 9-1967450, X sin } (a + i) = 9-9651760. 

Xtan}(-4 - ^) 9-0230666. 
} (^ + ^) = 57° 47' 23J", } (^ - ^) = 6** 1' 11}". 
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X COB J (^ + 2?) = 9-7267476. 
iv3i\a B 9-9296171. 

Jtf = 62'6'43J". 
An$. Am^y 48' 35i", B = 6^ 46' I2i", e » 104" 13' 27^ 

(4). a a 86* 18' 40 ", b = 45" 36' 20", C= 120« 46' 30". 

X cos i (a - ft) » X 008 20" 21' 10" = 9-9720032. 

X cos ^ (a + ^} « X cos 65" 57' 30" = 9-610021 9. 

ZcotiO e X cot 60" 23* 15" « 9-7546296. 

J (^ + ^) = 52" 36' 4}". 

X sm j^ (a - i) B 9-5413288, X sin i(a + b) = 9*9605894. 

J (^ - -B) = 12" 12' 49". 
Xsin^C B 9-9392132. 

X cos } M + ^) « 9-7834444. 
J tf = 54" 19' 35f ". 
Am. A = 64" 48' 53}", B = 40" 23' 15} ", e = 108" 39 11 f . 

(5). a = 88" 24', » = 56"48', C= 128" 16'. 

X cos i (a - £) = X cos 15" 48' = 9-9832735. 

X cos J (a + i) = X cos 72" 36' = 9-4757304. 

XcotJC =Xcot64" 8' = 9-6856120. 

i{A + B)^ 57" 20' 27J". 

X sin i (a - ») B 9-4350161, X sin i{a + b)^ 9-9796578. 

J (^ - ^) = 7** 52' 36J". 

X cos } (^ + ^) " 9-7321029. 

LsiniO B 9-9541517. 

Jtf-60"5'26". 

Am. A m 65" 13' 3J", B « 49" 27' 51", c « 120" 10* 62". 
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(6). « = J = 32" 23' 57", (7« 66M9' 17". 

— {Science and Art Exam, Papers,) 
XcosJ(a-J) = 10. 

X cos J (a + *) = i cos 32' 23* 67" = 9-9265162. 

X cot J a = X cot 33* 24' 38i" = 10-1806890. 

\(A + ^) = 60* 53' 2". 

X sin a = 9-7290144. 

XsinJC =9-7408650. 

Jfl=17'*9'36i". 

Ane. ^ « J? = eO"* 53' 2", tf = 34* 19' 11". 

67. Case IV. — Having given two angles and the adjacent 
side [Ay Cy B). 

By Napier* 8 Analogies : 



and 



, 1 / T\ cos J (^ - -B) , , 

tan * (a + 5) = r^— — -( tan } (?, 

* V cos i (-4 + -B) ' 

tan J (a - 1) = . f, . — — tan J c; 
^ ^ sin i (-4 + £) 



from which we may determine i (« + 6) and i (a - J), and 
ihence a and h, 
, The remaining part C is determined by the equation 

cos i (a + 6) sin ^ (7 = cos \{A^-B) cos ^ c. 

It is evident that the value of G thus found is ambiguous,* 
inasmuch as the angle is obtained from the sine; and the 
values are, therefore, C and 180 - C. The equation has, 
however, been selected as an example, to show that an 

« By using formula 7 (or 8), Art. 64, ambiguity is avoided. 
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ambiguity may sometimes be got rid of by attending to 
the relations which the parts of a triangle bear to each 
other ; and in the following numerical examples the ambi- 
guity is removed by remembering that the greater side is 
opposite to the greater angle. 

Examples. 

(1). ^ = 68M0', ^ = 66»20', tf = 84'»30'. 

i COB J (-4 - ^) = Z cos 6*» 10' = 9-9974797. 
ZcobHA + B)=Z cos 62' 30' = 9-6644056. 
Z tan 1 « X tan 42M5' « 9*9682466. 

J (tf + A) = 62» 56' 9". 
ZaJii{A-£)^ 90310890, X sin i{A + B)=^ 9*9479289. 

J (a - *) = 6* 16' 39". 

X cos i(a-{-b) = 9-6582472. 

X cos i B 9-8693597. 

JC=:48'»39'31t". 

Ans. a = 60*' 11' 48", b = 66° 38' 30", C = 97* 19' 3J". 

(2). A = ar 34' 26", B = 80' 28' 12", e = 70« 2' 3". 

X cos J (^ - ^) = X cos 0' 33' 7" = 99999799. 
X cos J (^ + J?) = X cos 31' 1' 19" = 9-9329656. 
Xtanjtf =Xtan35** 1' 1 J" = 9-8455023. 

i{a + b) = Zr 16' 4i". 

X sin J (-4 - J?) = 7-9837459, X sin J (^ + ^) = 9-7121160. 

J (a - i) = 0** 45' 1". 
X cos i{a-{-b) = 9-8888507. 
ZooBie =9-9132738. 

JC=66M'56". 
Ant. a = 40» 1' 6J", b = 38» 31' 3i", (7= 130» 3' 60". 
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p). A = 130» 6' 22-41", B = 32*» 26' 6-41", 9 = 51» 6' 11-6". 

— (Scienee Siz, Exam. Fapers.) 

X cos J (^ - J?) = X cos 48- 49' 38" = 9-8184449. 

X cos J (^ + J?) = X cos SV 16' 44-41" = 9-181 6879. 

X tan J = X tan 26' 33' 68" = 9-6796022. 

J (fl + *) = 64" 14' 7". 

L sin i{A-B)^ 9-8766380, X sin J (^ + ^) = 9-9949301. 

J (a - 6) = 20" 0' 22". 

X cos iia-^b)^ 9-6381663. 
X 008^0 =9*9662944. 

J (7= 18** 22' 43". 

Ant. a = 84° 14' 29", * = 44° 13' 46", (7= 36° 46' 26". 

(4). A « 96° 46' 30", B = 84° 30' 20", e = 126° 46'. 

XcosJ(-4-j5) =Xcos 6° 8' 6"= 9-9976068. 

•Z cos supplement of J (-4 + 5) = X cos 89° 21' 36" = 8-0482011. 
Xtan^tf =X tan 63° 23' 0" = 10*3000626. 

Supplement of } (a + d) = 89° 40' 38". 

X sin } (^ - J?) = 9*0288420, X sin } (^ + ^) « 9*9999729. 

J (a - i) = 12° 2' 20". 

X COS supplement of J (a + ^) = 7*7606456, X cos } = 9-6512966. 

J (7 =62° 44' 6f". 

Ana. a = 102° 21' 42", * = 78°ir2", (7= 126° 28' 13 J". 

* When i{A-\-B) exceeds a quadrant, hj substituting its supplement in 
the equation, a yalue is obtained for the supplement of } (0 + ^). See 
NapUf'a AndlogieBf and Oaust^s Formula, from which it also appears that 
\(A'\-B) and } (0 + ^) are of the same affection. 
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(6). -4 = 84» 30' 20", ^ = 76« 20' 40", *=130M6'. 

Zcoai{A-B)=Z cos 4*» 4' 60" = 9-9988977. 

X cos J (^ + J5) = X cos 80" 26' 30" = 9 2209927. 

i tan J tf = X tan 66** 23' 0" = 10-3389566. 

}(»+*) = 85° 37' 50i". 

X sin } (^ - ^) = 8-8522289, X sin J (-4 + 5) = 9-9939071. 

i (a - J) = 8- 57' 2". 

X cos i{a + b) = 8-8818763. 

X cos i c = 9-6196622. 

J C= 65° 26' 46 J". 

Ans. a = 94° 34' 52J", h = 76° 40' 48J", 0= 130° 51' 33^'. 

68. Case V. — Saving given two sides and the angle oppo- 
site either (a, 6, A). 

The angle B is found from the formula 

. -, sin 6 . . 
sin -B = -7- — sm A. 
sin a 



For the angle C, 



COS t (a + J) * ^ '  

For the side c, 

, J. cos i (^ + J?) , . , - . 

Since -B has been found from its sine, it may have two 
values, viz. B and 180 - jB, and the triangle in the general 
case will admit of two solutions. 

This is known as the ambigmtM case^ a full discussion of 
which is given in Arts. 70-76. 
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The following numerical examples will serve to eluci- 
date how two different triangles may be constructed when 
. three parts are given:- 

Examples. 

(1). a = 42M6', J=47M6', ^ = 66" 30'. 

X sin a =X sin 42'' 45'° 9-8317423. 
X sin d » X sin 47*' 16' = 9-8658868. 
ZanA^Zdn be"" 30' = 9-9211066. 

Hence Xsin^ « 9-9562511; 

or 

^ = 64° 26' 4", or 116" 33' 56". 

Firstly — ^take the yalue of i? less than a right angle. 

X cos }(* + «) =Xcos45« O'O" =9-8494850. 

X cos} (6 -a) eXcos 2» 15' 0" = 9-9996650 ; 
and 

X cot } (5 + -4) = X cot 60" 28' 2" = 9-7532216. 
Hence 

Xtan^a s 9-9034016; 

or 

J (7=38'' 40' 47}". 

X cos }(^ + ^) = X cos 60** 28' 2" = 9-6927772. 

X cos }(j5 - ^) = X cos 3* 58' 2"= 9-9989681. 

Xtan}(& + a) =Xtan45<> 0' 0" «* 10-0000000. 

}c=26M7'39". 

Secondly — ^take the value of^ greater than a right angle. Then 

X cot}(J?+^)=Xcot86» r 58"= 8-8410586; 

and by aid of the logarithms in the first case we haye 

} C= 5' 35' 60}". 
K 
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Again, 

i cos J(5 + -4) = X cos 86° r 68"= 8-8400167. 

X cos J (^ - ^) = -C C08 29* 31' 68" = 9*9396661. 
Hence 

Jc«4*»32'47i". 
Ant. — 

B^ 64'»26' 4", (7=77°21'36", <j = 62° 36' 18"; 

or 

j5=116»33'66", (7=inr40j" e= r 6' 341". 

(2). a = 62°16'24", *=103*18'47", -4 = 63* 42' 88". 

X sin tf = X sin 62** 16' 24" = 9-9469638. 

X sin ft = X sin 76° 41' 18" « 9-9881693. 

X sin ^ s X sin 63° 42' 38" » 9-9063662. 

J5 = 62° 24' 24f' , or 117°36'36i". 
Firstly—. 

X cos J (ft + a) = X cos 82° 47' 6J" = 9-0989736. 

X cos J(ft-a) =X cos 20° 31' 41i" =9-9716077. 

X cot J(J5 + ^) =X cot 68° 3' 31*" =9-7947983. 

i (7= 77° 61' 36J". 

Xcos}(J5 + ^)=Xcos68° 3' 31f"= 9-7234966. 

Xcos J(-B-u4)=Xcos 4°20'63J"= 9-9987482. 

X tan J (ft + a) =X tan 82° 47' 6J" = 10-8976738. 

J c = 76° 34' 47 J". 
Secondly — 

X cot J (-5+^) = X cot 86° 39' 6f" =8-8810181. 

J C= 29° 33' 6 J". 

X cos J (J5 + ^) = X cos 85° 39' 6f" = 8-8797663. 
X cos J (5 - ^) = X cos 31° 66' 28|"= 9-9286983. 

}tf = 36°12'43". 
Am, — 

^= 62°24'24J", C=166°43'11J", <t=:163» 9' 36J' ; 
or 

5 = 117° 36' 35i", C= 69° 6' 105", c= 70° 26' 26". 



or 
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(3). a = 62' 46' 20", b = 7^ 12* 40", A = 46'* 22 10". 

B = br 24' 16J", or 120' 35' 44^". 
Firstly— 

Xcos}(J+a) «X cos 6^59' 0" = 9-6718468. 

Xco8}(i-a) aZcos 9M3'40" = 9*9943430. 
X cot J(5 + ^) = X cot 62* 63' 12J" = 9-8788970. 

}C=67M9'67r- 
X cos }(-» + ^) = X cos 52° 53' 12J"= 9-7806983. 
XcosJ(5-^) = Xcos e^'dV 2J"= 9-9971842. 
X tan } (ft + a) = X tan 6l° 69' 0" = 10-2740209. 

J«^ = 48M6' 391". 
Secondly — 

X cot J (5 + ul) = X cot 83** 28' 57 J" = 9-0678349. 

JC7=13*29'67r. 

X C0Bi{B+A) = X cos 83** 28' 57^" = 9-0560190. 

XcosJ(J?--4) = Xcos37'* 6' 47J"= 9-9017013. 

} c = 14° 68' 36 J". 
An». — 

B^ 69°24'16i", (7=116°39'65J", « = 97** 33' Wf, 

5 = 120° 35' 44i". (7= 26° 59' 66 J", « = 29°6ri0j". 

(4) a = 48° 46' 40", b = 6r 12' 20", ul = 42° 20' 30". 

^ = 65° 39' 67", or 124° 20' 3". 
Firstly— 

Xcosi(ft + a) s=Xcos57'69' 0" = 9-7244118. 

X cos J (J -a) =Xcos 9° 13' 20" = 9-9943498. 

XootJ(5 + ^) = Xcot49° 0'13i"= 9-9391067. 

}(7=68°17'9". 
Xc08j(^ + ^) = -^cos49° 0'13J"= 9-8169102. 
XcosJ(^-^) = -Z;co8 6°39'43i"= 9-9970576. 
Xtan}(ft + a) =X tan 67' 69' 0" =10-2029297. 

i<?=46°34'4f". 

k2 
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Secondly — 

X cot } (^ + ul) = Z cot 83' 20' 16J" = 9-0674506. 

}(7=12' 16' 7J". 
J cos J (J5 + Jt) = i cos 83' 20' 16J" = 9-0645081. 
X cos } (2?-ul) = X cos 40' 59' 46J" = 9-8778046. 

J<j=13'48'40". 

5= 56' 39' 67", C=116'34'18", c=93' 8' 91"; 
or 

^ = 124' 20' 3", C= 24? 32' 15", <J=27'3r20". 

(6). a=46'20'45", « = 65'18'15", ^ = 40' 10' 30". 

J5=64'»6'19", or 125' 53' 41", 

Firstly— 

X cos} (5 + a) =X cos 56' 49' 30" =9-7496218. 

X cos i (J - «) = X cos 9' 28' 46" = 9-9940291. 

X cot } (5+ A) «X cot 47' 8' 24}" =9-9675268. 

} (7=68' 27' 43". 

Xcos}(-B + ^)=Xcos4r 8' 24}"= 9-8326414. 

Xcos}(5-^)=Xco8 6' 67' 54}"= 9-9967831. 

XtaiL}(& + a) =X tan 55' 49' 30" =10-1681548. 

}c=45'16'53". 
Secondly — 

X cot } (^+-4) = X cot 83' 2' 5}"= 9-0869638. 

} (7a 12' 6' 26t". 

Xcos}(5 + ui)=Xcos83' 2* 6}" =9-0837368. 

X cos } {B-A) =X cos 42' 51' 35J" =9-8661166. 

}tf=13'41'37". 
Ans. — 

£= 54' 6' 19", (7= 116' 55' 26", <j = 90' 31' 46". 

Z? = 125' 63' 41", (7= 24'12'63}", c = 27'23'14". 
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69. Case VI. — Having given two angles and a side oppO" 
site one of them (-4, -B, a). 

This Case reduces, by aid of the polar triangle, to the 
preceding, and the direct solution may therefore be ob- 
tained by means of formulae supplemental to those em- 
ployed in Art. 68, viz., 

. , sin jB . 

sin = -; — T sin a, 
sm^ 

COS J (a + 6) ^ ' 

, , cosi(^ + 5) , , , ,. 
tan io = z-r-. — ~ tan J (a + J). 

cos ^ (^ - -BJ ' 

The same ambiguities will thus present themselves. 
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(1). a = 69'' 28' 27", A = 66' V 20", B = 62* 60' 20". 

h = 48* 39' 16", or 131' 20' 44". 

Firstly — ^take the value of h less than a right angle. 

X COB }(»-*) =Xcos 6" 24' 86i" = 9-9980612. 
Xco8j(a + i) =Xco8 64° 3' 61 J" = 9-7686470. 
X cot J (^ + ^) = X cot 69° 28' 60" = 9-7704864. 

JC=4o^ 

XcosJ(^ + 5) = Xco8 69°28'60" « 9-7067190. 
Xco8i(-4-2r) = Xco8 6** 38' 30" = 9-9970766. 
Xtani(a + i) = X tan 64' 3' 61}" = 10-1397643. 

}c = 35Ml'60|". 
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The second yalue of 3 is inadmissible (see foot note, Art. 67, Ex. 4), and 
therefore there is only one solution. 

Ans. — 

b = 48' 39' 16", C = 90% e = 70** 23" 41}". 

(2). a = 63** 18' 20", -i = 79° 30' 45", ^ = 46M6'16". 

b = 36'* 6' 34}", or 143* 64' 26i". 
Firstly— 

X COB J (a-*) r=ic08 8" 36' 22J" = 9-9960822. 

Z cos J(« + *) = X cos 44° 41' 67i" = 9-8517628. 
L cot i{A + £) = £ cot 62° 63' 0" « 9*7093488. 

i(7=36°27'47J". 
Xco8}(^ + 5)=Zcos62°63' 0" =9-6587780. 
X cos }(^ - -B) = X cos 16° 37' 45" = 9-9814457. 
X tan i(a + &) = X tan 44° 41' 67^" = 9-9954404. 

ie = 25° 12' 28J". 

[No ambiguity, as in Ex. 1.] 
An*.— 

b = 36° 6' 34}" C « 70° 56' 35", e = 50° 24' 57". 

(3). a = 46° 46' 30", ^ = 73° 11' 18", J? = 6ri8'12"; 

therefore b = 41° 62' 34}", or 138° 7' 25}". 

Firstly— 

Xco8j(a-*) =Xcos 2° 26' 23}" = 9-9996061. 

XcosJ(a + *) =X cos 44° 19' 6}" = 9-8646894. 

L cot i{A + J5) = X cot 67' 14' 46" = 9-6226494. 

t^=30'*21'23}". 
X cos i{A + B) = L COB 67' 14' 45" = 9-5874618. 
Xco8j(^-J5) = Xcos 5° 66' 33" =9-9976600. 
XtanJ(a + *) «X tan 44° 19' 6}" = 9-9896683. 

ie = 20° 47' 32". 

[Only one solution.] 

a « 41° 62' 34}", (7=60°42'46J", « = 41°85'4''. 
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(4). a e 42*' 15' 20", A = 46"» 30' 40", B = 36° 20' 20". 

b = 33* 18' 47J", or 146** 41' 12^". 

Firstly— 

J COB J (a - i) = X cos 4° 28' 16i" = 9-9986763. 

XcoB}(a+J) =X cos 37" 47' 3J"= 9-8978042. 

X cot i{A + ^) = X cot 41" 25' 30" = 10-0543378. 

tC7=f»5°l'37J". 

X cos i{A + B) = L cos 41" 25' 30" = 9-8749685. 
Xcos J(^--B) = Xcos 6" 5' 10" =9-9982866. 
XtanJ(tf + A) =X tan 37" 47' 3i" = 9-8894377. 

§c=30M6' 3". 

[Only one solution.] 

Ana.— 

4= 33" 18' 47i", C= 110" 3' 14|", e = 60" 32' 6". 

(5). a = 34" 30', A = 61° 29' 30", B = 24" 30' 30". 

b = 16" 30' 30J", or 164" 29' 29J". 

XcosJ(a-i) =Xcos 9"29'44f"= 9-9940081. 
X cos }(« + *) =Xcos25" 0'16i"= 9-9572609. 
XcotJ(^ + -B) = Xcot43" 0' 0" = 10-0303441. 

J C= 49° 24' 29 J". 

Xcos}(^+Z?) = Xcos43" 0' 0" =9.8641276. 
X cos } (4 - 5) = X cos 18" 29' 30" = 9-9769777. 
X tan J (» + *) = X tan 25" 0' ISJ" = 9-6687563. 

ic=19°46'66". 

[Only one solution.] 

Ana, — 

b « 15* 30' 30 J", C= 98" 48' 68i", e = 39" 33' 62". 

(6). a » 42" 16' 20", A = 36" 20' 20", £ = 46" 30' 40" ; 
therefore b = 65" 26' 2i", or 124" 34' 57 J". 
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Firstly — take the value of h less than a right on.L^e. 

Zco8j(a-ft) =Xcos 6*»34'51J"= 9-9971289. 
Xc08j(a + *) = X cos 48*' 50' 11 J" = 9-8183648. 
X cot J(^ + ^) = X cot 4r 25' 30" = 10-0543373. 

JC=59"4r 13}". 
Xcos J(^ + i5) = Xcos41''26'30" = 9-8749586. 
Xcos J(-4--B) = Xcos 5" 5' 10" '= 9-9982866. 
X tan \{a + J) = X tan 48** 60' llj" « 10-0583343. 

\e = 40^ 43' 43J". 

Secondly — take the yalue of h greater than a right angle. 

X cos J (a - i) = X cos 41* 9' 48}" = 9-8766992. 
X cos i(tf + *) = X cos 83' 25' 8}" = 9-0692074. 

J(7=82**20'57i". 
X tan J (a + J) = X tan 83° 26' 8}" = 10-9379216. 

Jc=8ri7' 13J". 

An9,'~h= 66' 26' 2J", (7= 119' 22' 27i", <>= 81' 27' 26}"; 
or i = 124' 34' 67 J", C= 164' 41' 65", e = 162' 34' 27". 

(7). a = 69' 28' 27". ^ = 62* 60' 20", ^ = 66' 7' 20"; 
therefore b = 81' 16' 16", or 98' 44' 46". 

Firstly — take the value of b less than a right angle. 

X cos \(a -b) = X cos 10' 63' 24"= 9-9921078. 
Xco8j(a + *) =X cos 70' 21' 61" =9-5263918. 
X cot [(A + -5) = X cot 69' 28' 60" = 9-7704864. 

J(7=69'61'64". 
X cos }(^ + ^) = X cos 69' 28' 60" = 9-7067190. 
Xcofl J(^-J5) = Xcos 6' 38' 30"= 9-9970756. 
X tan J (a + A) = X tan 70" 21' 51" = 10-4475887. 

\c = 66' 6" 25}". 

Secondly — ^take the value of b greater than a right angle. 

X cos J (a - A) = X cos 19' 38' 9" = 9-9739806. 
X cos i(a + A) = X cos 79' 6' 36" = 9-2762872. 

J(7=71M2'29J". 
X tan J(a + A) = X tan 79' 6' 36" = 10-7158207* 

ie = 69' 22' 43". 

Ans b = 81' 16' 16", C^ 119' 43' 48", e = 110' 10' 50J"; 

or * = 98' 44' 46", C = 142' 24' 69", « = 138' 46' 26" 
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70. Discussion of the Ambigaoas Case. — Before 
entering upon the general discussion of the ambiguous 
case of spherical triangles, it will be necessary for the 
student to be familiar with the analogous ambiguity in 
piano, a complete discussion of which is generally given 
in works on Plane Trigonometry. 

The reasoning is somewhat more complex in the case 
of spherical triangles, as there are nine distinct cases to 
be considered, in any of which an ambiguity in the con- 
struction of the triangle may present itself. It has been 
seen in the examples of Arts. 68 and 69, that from the 
given parts two real solutions were obtained, from which 
we infer that there can be constructed two distinct tri- 
angles satisfyiDg the given conditions. 

We shall now examine in detail the variety of cases 
which may arise when * two sides and the angle opposite one 
of them are given, leaving the supplemental case, ^having 
given two angles and the side opposite one of them,^ to be 
reasoned out in an analogous manner. 

71. Let the given parts be denoted by A, a, 6. 

The discussion resolves itself thus into three groups, 
each containing three separate cases: — 

Case I. — When -4 = ^ tt, and b is equal to, less than, or 
greater than ^ tt ; 

Case II. — When ^ < J tt, and b is equal to, less than, or 
greater than ^ tt ; 

Case III. — When -4 > i v, and b is equal to, less than, 
or greater than i tt ; 
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the solution in any case being impossible, evanescent, 
unique, ambiguous, or indeterminate, according to the 
value of a. 

72. Case I.— A = J ir. 

For the consideration of the three cases in Art. 71, take 
any great circle AO (fig. 29) equal to the given aide J, 
and at right angles to the great circle ABX. 



^A \ 




Firstly. — Let J = J ir ; and with C as pole, and a radius 
equal to a, describe a circle. Now if a be less or greater 
than a quadrant, this circle being concentric with ABX^ 
the triangle is impossible. If a be a quadrant, the circles 
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are coincident, and the triangle is indeterminate with the 
given parts A^ a, 6, each quadrants. 

Secondly, — ^Let 6 < Jir. With C as pole (fig. 29), and 
a radius a, describe a circle. Since AC and A'C are un- 
equal, this circle may be situated, relatively to ABX^ in 
five ways-(l) when the circumference faUs whoUy with- 
in ABXy (2) when it touches ABX at A\ (3) when it 
cuts ABX in the points B and X ; (4) when it touches 
ABX at A'\ (5) when it falls without ABX, These 
different positions are drawn on fig. 29, where it wiU be 
seen that the points A and A' are diametrically opposite 
on ABX\ also that B and X are equidistant from the 
points A and A\ 

The following results are therefore geometrically mani- 
fest: — 

If a < J, the triangle is impossible : see circle 1. 

If fl = J, „ „ evanescent : „ 2. 

If « > 6 and < tt - 6, two identical solutions : „ 3. 

If fl = TT - J, the triangle is evanescent : „ 4. 

Ifa>7r-J, n w impossible: „ 5. 

73. Thirdly, — Let J > i tt. Let A be the vertex of the * 
triangle to be constructed with the given parts, and let 
A'C = h. With C as pole, describe a circle of radius «, 
which, as already explained, may assume any of the five 
positions (fig. 29), according to the magnitude of a. 
Hence — 
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the triangle is impossible : see circle 1. 

2. 



If a < TT - 6, 

If o = TT - J, „ „ evanescent : 

If fl > TT - & and < by two identical solutions : 
li a = by the triangle is evanescent : 

If a > 6, „ „ impossible : 

74. Case II. — A < i tt. 

Draw an arc AC (fig. 30) equal to J, and making the 
given angle A with the great circle BiBiBz With C 



>» 



» 



99 



» 



3. 
4. 
5, 




Fig. 30. 

as pole, and a radius a^ describe a circle. The position of 
this circle, as in Case I., will depend entirely on the value 
of the side a ; and eight positions, with respect to BxB^Bzy . « . 
are shown on fig. 30, viz., circles 0, 1, 2, &c. The circles 
numbered and 7 respectively have no point in common 
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with BiBiBz . . ., whicli we may regard as the base of the 
triangle under consideration. 

We shall discuss the different cases under the heading 
of this Article — firstly, when 6 = iir ; secondly, when b 
< Jtt ; thirdly, when J > i tt. 

Firstly. — ^Let 6 = ^tt. Then C, the vertex of the tri- 
angle, is the middle point of the arc AA\ and we have — 

If a < Ay the triangle is impossible : see circle 0. 
li a = Af „ „ unique : see circle 1. 

If fl > -4 and < ^, „ ,, ambiguous : see circle 2. 
Ji a = b = iir „ „ evanescent: see circles 3 & 5. 
li a> bf „ „ impossible : see circles 6 & 7. 

Secondly. — Let 6 < i tt. The following results are evi- 
dent from fig. 30 : — 

If sin a < sin 6 sin ^, the triangle is impossible. 

(See circles and 7.) 

If sin a = Binb mjiAy 

(See circle 1.) 

If sin a > sin 6 sin Ay and a < d, 

(See circle 2.) 



if 



9t 



99 



99 



unique, 
ambiguous. 



If a = J, 

(See circle 3.) 

If a> by and < tt - 6, 

(See circle 4.) 

If a = V - J, 

(See circle 5.) 

If a> v - by 

(See circles 6 and 7.) 



9» 



19 



99 



99 



„ umque. 



99 



99 



99 



unique. 

evanescent. 

impossible. 
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Thirdly. — ^Let 6 > J tt. Let A'C (fig. 30) be the given 
side by and A' the given angle (= A). 

Proceeding as before, we have — 

If sin a < sin & sin ^, the triangle is impossible. 

(See circle 0.) 

If sin a = sin i sin Ay „ „ unique. 

(See circle 1) 
If sin a > sin b sin -4, anda < tt - ft, „ „ ambiguous. 

(See circle 2.) 

If a = TT - fi, „ „ unique. 

(See circle 3.) 

If a > TT - J, and < ft, „ „ unique. 

(See circle 4.) 

If a = ft, „ „ evanescent. 

(See circle 5.) 

If «>ft, „ „ impossible. 

(See circles 6 and 7.) 

75. In the previous Articles, the general cases of ambi- 
guity, vrhen A is eqlial to, or less than, a quadrant, and a 
and ft any values betv^een 0° and tt, have been discussed. 
The following additional cases are left as exercises for the 
reader when A is obtuse. 

Examples. 

1. Given A>\'w and ^ < Jir, the triangle is impossible if a < 6. 

2. In the same case the triangle is unique when a lies between h and 
»- J. 

3. Given A and 6, as in Ex. 1, the triangle is ambiguous when a lies be- 
tween IT - d and the greater value of sin-^ (sin 6 sin ^). 
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4. Given A obtuse and h acute, the triangle is impossible if a is greater 
than the greater value of sin"^ (sin h %ixiA). 

5. Given A and b both obtuse, the triangle is impossible when a<b, 

6. Given A and b both obtuse ; find the limiting values of a giving rise 

to an ambiguity. 

Ans. a>b, and < sin~^ (sin b sin A), 

7. What values assigned to the given parts give rise to an indeterminate 
construction P 

*8. If a, by e are each < } ir, the greater angle alone may exceed \ w, 
[Let a> b> c; then both cos b and cos > cos a, and therefore > cos c cos a, 
or cos a cos &; therefore, &c, Art. 26 (1].] 

*9. If a alone >^7r, A must exceed } t. 

[Apply Art. 26 (1).] 
*10. If a and b are each > J ir, and c < J ir ; prove that — 

(1) the greatest angle {A) must be > ^ ir ; 

(2) B may be > Jir ; 

(3) C may or may not be < Jir. 

[Proof as before.] 

*11. If cos a, cos by cos c are all negative; then cos A, cos B, cos Care 
all necessarily negative. 

12. In a spherical triangle of the five products, 

cos a cos Ay cos b cos B, cos e cos C> cos a cos b cos e - cos ^ cos B cos C7, 

one is negative, the other four being positive. — (Cottebill.) 

[Apply Examples 8, 9, 10, 11.] 

76. The liabsidiary Angle. — It has been seen that^ 
when two sides and the included angle of a triangle were 
given, the value of the third side was made to depend on 
the values ascertained for the base angles. It is likewise 
evident, in Cases V. and VI. of this Chapter, that the values 

* Educational Times^ vol. xli., reprint, p. 89. 
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of two of the parts depended on the value or values deter- 
mined for the remaining part. An error in this latter 
will, consequently, cause an error in the values of parts 
found from it. 

By means of the subsidiary angle, each of the parts 
required is determined from the data in question in a 
manner independent of one another. 

(1) In Case III., Art. 62, c may be found in terms of 
a, S, C, from a formula adapted to logarithmic compu- 
tation: thus — 

cos c " cos a cos b + sm a sin b cos G 
= cos b (cos a + sin a tan b cos Cf). 
Let tan = tan b cos C. (1) 

Hence 

cos e; B cos b (cos a + sin a tan 0) = cos b cos {a - B) sec 0; 

cos b cos 

or 7 m • (2) 

cos c COS (a-0) ^ ' 

The subsidiary angle is found from (1), and c can there- 
fore be calculated from (2). 

Note. — It is evident, from (2), that and a- are the segments of a, 
made by the perpendicular to it from the opposite angle A, (Of. Chap. IV., 
Ex. 11.) The solution of the triangle is thus shown to be equivalent to the 
solutions of these right-angled triangles. 

(2) In Case IV., Art 67, may be found directly from 
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the given parts A^ B, Cy in a form adapted to logarithmic 
computation : thus — 

cos (7» - cos^ cos B + sin^ sin B cos c 

 cos B (- cos -4 + sin -4 tan B cose). 

Let cot » tan B cos e. 

Hence 

oosC?=cosJ5(-co8i< +sin-4cotfl)=cosjBsin(-4-fl)co5eoO; 

cos B sin 8 , , - o 

or -=,= . , , — Tj:; therefore, &c. 

cos G sm (-4-6) 

It is obvious that the subsidiary angle 9 is in this case a 
segment of the angle A made by the perpendicular from 
A on the opposite side. (Cf. Chap. IV., Ex. 17.) 

Examples. 

1. Having given a, 6, A^ adapt the fonnula 

^o\,a sin h s cot^ sin C + cos 3 cos 
to logaritlimic computation for the angle (7. 

AnB, tan a : tan d = cos 9 : cos (C— 9.) 

2. What is the geometrical interpretation of in Ex. 1 ? 

[Cf. Art. 44 (2).] 

3. Given, as before, a^h^ A\ show how to find in a logarithmic form. 

Ans, cos a : cos 6 = cos (0 — 0) : cos 9, where tan = tan ^ cos ^. 

[Cf. Art. 26 (1).] 

4. Prove the result given in Ex. 3 geometrically. 

6. Having given AyB^a\ construct geometrically the subsidiary angles 
required — (1) to calculate C\ (2) to calculate e. 

Am, Draw a perpendicular from C to e, and talce— (1) the segment 
of C adjacent to a ; (2) the segment of e adjacent to a. 
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PKEFACE 



TO THE SECOND PART 



A S the subject-matter of the Second Part, consisting 
"^-^ largely of Spherical Geometry, differs widely 
from that of the first, it seems necessary to state the con- 
siderations which induced us to introduce it into a work 
on Spherical Trigonometry. 

In the first place. Spherical Geometry is very closely 
allied to Spherical Trigonometry, and in some places the 
two subjects so overlap that separation becomes impossible. 
Again, the former subject can only be approached through 
the latter, and it therefore forms a fitting sequel to a work 
on that subject; unless, indeed, it might rank of such 
importance as to demand separate treatment, and a 
separate volume for itself. Owing to the comparative 
neglect into which it has fallen, this latter appears to us 
to be out of the question at present; and hoping to rescue 
it, to some extent, we have taken such notice of it as 
appears in the later chapters of the present treatise. We 
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have been further urged to this by the absence, as far as 
we are aware, of any book entering into the subject, or 
even broaching upon it, except the late Professor Mul- 
cahy^s elegant treatise on Modem Q-eometry, where some 
of the more elementary principles are introduced. To 
this work we wish to acknowledge our obligations in so 
far as that from it we drew some of our first ideas on the 
subject. 

For the sake of compression we have confined ourselves 
to giving in the text only such theorems as we con- 
sidered of fundamental importance, and we have placed 
as examples many elegant and important propositions,, 
analogues of well-known results in Plane Geometry. In 
most cases the proofs will be found identical with the 
recognised methods used to prove the corresponding 
theorems in piano; but in many instances the proofs, as 
well as the results, are original, yet we trust we have in 
no case introduced originality, except with the object of 
gaining simplicity. The results are in some places so 
closely allied to those of Plane Geometry, that their 
further development has been left to the student. This 
is notably so in the case of Anharmonic Section and 
Spherical Involution. 

Dismissing the subject of Spherical Geometry, the other 
chapters of this part (which belong to Spherical Trigono- 
metry) have been written with the same aim as those of 
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Fart I., viz., that each should be as complete as possible 
in itseli. To this end we have introduced into Ohap. VI., 
which treats of the circles related to a triangle, a section 
on the angular distances of the pole of the Gircumcircle 
from the poles of the In- and Ex-circles, and also a sec- 
tion embracing the general properties of Dr. Hart's 
Circle* These sections, however, and such other material 
throughout the work as appeared too difficult for the 
beginner, have been placed in small type, and may be 
judiciously omitted on first reading. 

In Chap. VII., which treats of Areas, an attempt has 
been made to reduce to general headings what has gene- 
rally appeared in a straggling shape. Some novelty has 
also been introduced into it, e, g, a geometrical representa- 
tion of the Spherical Excess, and a section on Maximum 
Areas, as well as an introductory section. Chapter VIII. 
is devoted entirely to the properties of the Chordal Tri- 
angle, and the most meagre perusal will render it obvious 
why it does not appear earlier in the work. Chapters IX. 
and X. are the result of an attempt to reduce to general 
headings pome propositions apparently of an outlying and 
miscellaneous character. They have been considerably 
developed, and the principles in them are so important as 
not only to justify their insertion, but also to amply repay 
any time or trouble spent upon them. 

The principles of Spherical and Stereographic Projec- 
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tion are of such importance, that we have deemed it advis- 
able to devote an entire chapter to their development 
and illustration, and when the student has made himself 
familiar with them, he will find himself possessed of 
methods of great power and discovery. With respect to 
the Stereographic Projection, we are largely indebted to 
" Des Methodes en Gfeometrie," par Paul Serret. 

Another method (analytical) of attacking and investi- 
gating the properties of Spherical Figures we have used 
considerably, and we had hoped to introduce a short 
notice of it into this part, but want of space has com- 
pelled us to omit it, at least for the present. 

In conclusion, we desire to thank Mr. C. B. M^Vieker 
for several useful suggestions, and for the interest he 
exhibited in the proofs of the later chapters. We re- 
gret, however, that we have not been able to obtain some 
other valuable assistance from our mathematical friends. 

WM. J. MCCLELLAND. 
THOMAS PEESTON. 

Teinitt College, Dublin, 
August f 1886. 
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CHAPTER VI. 

ON THE CIRCLES RELATED TO A TRIANGLE. 

Section I. 

The In-Circles and Ex-Circles. 

77. Four small circles can be described each touching 
the sides of a given triangle. The existence of these 
circles has been referred to in Art. 18, and the demon- 
strations there were seen to be precisely the same as for 
the corresponding circles in piano. When the points of 
contact with the sides lie between the vertices, the circle 
is termed the Imcribedy or In-circle ; and its pole is the 
intersection of the internal bisectors of the angles of the 
given triangle. When the points of contact are in triads 
on one side, and on the other two produced (fig. 31), the 
circles are said to be escribed to the triangle ; and the 
poles of the escribed, or Ex-circles^ are at the intersections 
of the bisectors of the external angles. It is therefore 
manifest that the three ex-circles of any triangle are the 
in-circles of its colunar, or associated triangles. 

The angular radii of the in-circle and ex-circles are 
usually denoted by the letters r, n, rg, rg, or, r, r^, n, r^. 

In fig. 31 the six bisectors of the angles of the triangle 
ABC pass in triads through the four points 0, Oi, O2, O3 ; 
these points being respectively the poles of the in-circle 
and ex-circles, 
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MoreoTer, Oi is the pole of the circle escrihed to the 
side a, and also the pole of the in-drde of the colimar 
triangle on the same side ; and a similar remark applies 
to the points O2 and O^ 




Fig. 31. 

Examples. 

1. The tangents from A, B^ (7 to the in-circle are « — 0, t^b, a-c. 

2. From A to the ex-circlesi 9, « — 0, « - 6, &c. 

3. To the four circles from any vertex, », « — a, » - i, « - r. 

4. The point is the orthocentre* of the triangle O1O3O3. 



« Hence» generally, the perpendiculars of a spherical triangle meet in a 
point (cf. Arts. 21 and 64). 



Examples. 3 

5. The common tangents (direct) to the ez-circleSy taken in pairs, are 

6. The transverse common tangents to the ex-circles are equal to the 
sides of the given triangle. 

7. The direct common tangents to the in-circle and each of the ex-circles 
are, respectively, a, b, e; the transverse conmion tangents are i{b - c); 

8. Prove the following : — 

cos«+cos(«— a) + cos(« — 6)+cos (« — «)»4cos ^a cos^^ cob^c, 

9. cos (« — 6) + cos (« — (?) - cos (« — a) — cos « = 4 cos } a sin J & sin ^ (;. 

10. sin(«— a) + sin(9 — &) + sin(9-0) — 8in9s=4sin }a sin^d 8in|(;. 

11. sin » + sin (a — i) + sin (» — <j) -sin{« — a) =4sin Ja coB^b cos^^. 

12. sin(»— ft)sin(» — c) + sin(»— c)sin(« — a) 4-8in(«— a) sin(»-A) 

+ sin « sin (« - a) + sin « sin (» - i) + sin » sin (a - c) 

= sin ^ sin <; + sin c sin a + sin sin ^. 

[In Exs. 12 and 13 resolve each term on the left-hand side into a differ- 
ence of two cosines; therefore, &c.] 

13. sin (a — ^) sin (« — c) + sin (* — c) sin (» — «) — sin (« — a) sin (« — b) 

+ sin « sin («-») + sin « sin (» — i) — sin « sin (» — c) 

= sin i sin c + sin <? sin a — sin a sin b. 

14. sin* 8 + sin* (» — a) + sin' {8 — b) + sin* (« — c) = 2 (1 - cos a cos b cos<j). 

[For 2 sin* »= 1 - cos 2«, &c.] 

16. sin* 8 + sin* (» — «) — sin* {8 — b) — sin* (» - c) = 2 cos a sin b sin c. 

(Cf. Ex. 9.) 

16a. cos* 8 + cos* (« - a) + cos* {8-b) + cos* (« - c) = 2 (1 + cos a cos * cos c). 
cos* 8 + cos* (» - a) — cos* (« — i) — cos^ (a — <;) =3 — 2 cos a sin * sin c. 

^^ ^^ ^^ cosri cosr2 cosra 

16. cos 00\ : cos OO2 : cos OOz = 



cos (» —a) ' cos (a - ^) * cos (a — <?)* 

[For cos OOi = cos OC oos Oi(? = cos r cos n cos (a - *) cos (a - c), &c.] 

17. The sides of the triangle OiOkOz bisect externally the vertical angles 
of the colunars of ABC. 

B 2 
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18. tan OiOz tan OiB^toROiA tan OOi = tan OiOs tan OiC 

(Cf . p. 144, Ex. 3.) 
cobOi cobOz cobOz _ 

sin^^ Bin^^ sm^C 
[From the tnangLeBCOi, cosOi + sin Jf 8m}C = c08}^c08^ Cco8a,&c.] 

78. The In-drde. — To find the angular radium of the 
in-circle of a triangle. 

By the preceding Article, and p. 33 (4), if Z denote the 
point of contact with the £dde e (fig. 31), we have 

tan r = tan ^ ^ sin AZ = tan | ^ sin (« - a) 

« tan i -B sin (« - J) = tan J (7 sin (« - c). (1) 

(Alt. 44 (4).) 

Again, tan ^ ^ sin (« - a) is readily transformed into a 
symmetric function of the sides by substituting the value 
of tan^^ given in Art. 33 (7). 

Hence tan r = -; — . (2) 

6in« ^ ' 

Similarly, by substituting the value of sin (s - a\ given 
in Art. 33, Ex. 6, we have 

sin i 5 sin i C . 

tan r = t-- sin a. (3) 

cos ^A ^ ^ 

Hence, by Art. 36 (12), 

N 

*^^ ^ = 23 ri Td r-?Y» (4) 

2 cos i -4 cos 5 ^ cos i ^ ^ 

an equation which is equivalent to the following : — 

cot r = 2j^ [cos S + cos (S- -4) + cos {8-B) + cos [8 - C)']. 

(5) 

(Art. 77, Ex. 8.) 
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79. The Ex-circles. — To find the angular radii of the 
ex-circles of a triangle. 

Since the circle escribed to the side a is the in-circle of 
the colunar triangle, the parts of which are a^ ir-b, ir - c^ 
Ay IT -By IT- Cy thc problcm becomes identical with that 
of Art. 78 ; and the value of ra is got by substituting for 
by Cy By Cy thcip supplcuients in the five equations given in 
that Article. 

We thus arrive at the following results : — 

tan ra = tan ^ A An s (1) 

n 



sin (« - a) 



(2) 



COS i B COS i C . ,o\ 

* ^ - Bin a (3) 



oos^A 

N 



2 cosi -4 sin i J? sin i C 



(4) 



cot ra =^-^ [-cosS-cos(i8-^) + cos(iS- J?) + cos(S- (7)]. 

(5) 

(See Art. 77, Ex. 9.) 

The student may also verify these equations by methods 
similar to those employed in Art. 78 for the in-circle. 

80. The colunar triangles on the sides b and c have 
each two parts, b and By c and (7, equal to parts of the 
primitive, while their remaining parts are the supple- 
ments in the former case of a, Cy Ay (7, and in the latter, 

of ay by Ay B. 

The values of the radii rj and r^. aye therefore found in 
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the way shown for ra\ or they may be obtained from the 
values of r^ by appropriate interchanges of letters. 

Thus 



and 



tan r» = -; — 7 rr, &o., 

sm (« - 0) 

tan re = -; — z :, Ac. 

sm (« - c) 



Examples. 

1. ProYe the following : — 

cotri : cotra : cotrs : cot r = ain (« - «) iwi(» — b) : sin {t — e) : 8in#. 

2. tan r tan ri tan r% tan rs = n'. 
cot r tan r\ tan ra tan ra = sin' «. 
tanr cot ri tan ra tanrs = sin* (» — a), 
tanr tann cotrg tanra = sin' (« — ft), 
tan r tan r\ tan ra cot rs = sin' (» — «). 

3. cot r sin « = cot } ^ cot ^ f cot \ C. 

4iVsin5 

4. tan r\ + tan ra + tan rj - tan r = — 



sin u^ sin f sin (7* 



4iV 
[For 2 (tan ri) - tan r = -: — . . p . ^ > multiplied by 
•■ ^ sin ^ sm ^ sm (7 

(sinJ^cosJ5co8jC+. . + . . . - sin J ui sin J -B sin J (7)]. 

2C0S/S' 4 8in^d( sin^ft sin}^ 
6. cot ri + cot r8 + cotri- cot r = v~ ^ ^ * 

(Of. Art. 77, Ex. 10.) 

sin sin ft sin e 

6. tanri : tanrj : tanrs = ;— :; : 7- ^ : z—. 7t* 

l+cos^ 1+cos-B 1+cosC 

. tanri + tan ra + tanrs -tanr 2N^tMi8 

7. 



cot ri + cot ra + cot ra — cot r sin u^ sin ^ sin C7 

= J (1 + cosa + cogft + cos«). 

[By Exs. 4 and 6. See also the value of tan iS on combining the results 
in p. 67, Ex. 4, and p. 74, Ex. «8.] 
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8. What are the oorresponding theoremB in piano of Exa. 4 and 6 f 

Ans. n + ra + rs — r = 4-B. 

1111^ 

- + - + = 0. 

ri n rs r 

A .-,,,..,.,, 2 (1 ^ cos a cos * cos e) 

9. cot' fi + cot' rj + cot' rs + cot* r =s — ^ i. 

-Q 1 1 1 I 2 cos a sin 6 sin 

sin'r sin'ri sin'ra sin'rs «* * 

(Cf. Art. 77, Exs. 14 and 16.) 

11. cot ra cot r$ + cot rs cot ri ± cot n cot rs + cot r (cot ri + cot rs ± cot rs) 

sin & sin + sin sin a ± sin a sin 6 



«2 



(Art. 77, Exs. 12 and 13.) 



12. tanrs tanrs + tanrs tannttann tanr2 + tanr(tanri + tanr2± tanrs) 

= sin d sin <; + sin <) sin a ± sin a sin d. 

[Since tan ri tan rs = sin « sin (« — e), and tan r tan ri = sin (« - ^) sin (« - e), 
therefore, &c.] 



Section II. 
The Circumcircks. 



81. The Circmncircle. — The small oirole passing 
through the vertices of a spherical triangle is oalled the 
circumscribing or circumcircle of the triangle. It is like- 
wise the ciroiimoirole of the given ohordal triangle, and its 
pole is the intersection with the sphere of the line joining 
the centres of the sphere and circle. 

By reasoning analogous to Euo. IV. v., the pole of 
the circumcircle may be obtained by bisecting the sides 
at right angles by arcs of great circles. These arcs concur 
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at a point H (fig. 32), the pole of the drcmncircle of the 
triangle ABC [Art. 19 (10)], and AH ^BH^CH^Ry 
the angular radius of the circle. 




Fig. 32. - ^ 

82, If a point be equidistant from three given great 
circles, it is obviously equidistant from the poles of those 
circles ; and if r denote the common angular distance in 
either case, 90 - r is the common angular distance in the 
other. 

In the former case the point may be regarded as one of 
the four poles of the in-circles of the triangle and its three 
colunars formed by the great circles; in the latter it is 
one of the poles of the four circumcircles to the polar tri- 
angle and its three colunars. Hence — 

1°. The pole of the in-circle of any triangle is the pole of 
the circumcircle to the polar triangle. 
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2°, The radius of the irt'Circk of a triangle is the com- 
pUment of the radius of the circumcirck to the polar tri- 
angle. 

And, more generally — 

The radii of the in-oirole and three ex-circles of a 
triangle are the complements of the oircumradii of the 
polar and its associated triangles. 

Hence it follows, that if the radius of the in-cirole be 
given in terms of certain known parts (e.g. a, S, c) of a 
triangle, the radius of the ciroumcircle of the polar tri- 
angle (and therefore of any triangle) is also given as a 
function of the corresponding parts (e.g. Ay By C) of that 
triangle. 

Thus the equation of Art. 78 (2), 

tan r = -; — , 

sm« 

transforms directly into 
cot jB = — 



sin 



7r-(A 



2 

for the polar triangle. Hence we have generally for any 
triangle 

tan -B = :r=-, 

N 

Similarly, the remaining values for tan r given in 
Art. 78 may be transformed into analogous results, 
which hold generally for the radius of the circumcircle 
of any triangle. 

Also, from the values given in Art. 79 for the angular 
radii of the ex-circles may be deduced corresponding 
values for the ciroumradii of the associated triangles. 
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On aooount of their great importanoe, and the frequent 
use made afterwards of the different forms of the value of 
tan B, they are made the subject of discussion in the next 
Article. 

Examples on Fig. 32. 

1. Prove that the angles BCS, CAM, and ABH, aze reepectiTely equal 
to 8- A, 8- B, andS-C. 

2. HaTing given of a triangle the baae e and 8^ C, find the locos of the 

vertex. 

[The pole of the circnmciiele is fixed ; therefore, &c.] 

Analogue f» piano is, " given the base and Tertical ang^," &c. 

3. Having given one side and the sum of the angles ; find the locns of 
the vertex of the oolnnar triangle on the given side. 

[Let 28' denote the sum of the angles of the oolnnar triangle ; then, since 
8 + 8* = w-\- C, ibe problem redoces to that of Ex. 2]. 

4. The point (fig. 10) is the pole of the drcnmcircle of the oolnnar 
triangle on the base AB. 

5. The triangle formed by joining the middle points of the sides is sup- 
plemental to the one whose vertices are the poles of the dicumcircles of the 
associated triangles. 

6. If 8, 8i, 829 83 denote the sums of the angles of a triangle and its 
three colunais ; prove that 

8+8i + 82-\-8i = Zir, 

7. The circumcircles of the colunar triangles intersect the circnmcirde 
of the primitive at angles supplemental to those of the given triangle. 

8. Prove that if Hi, H2, Hz denote the poles of the circumcircles of the 
colunar triangles, 

4. TTTT ' 1 8in-4 

tan MMi sm*a = — — ■— — ——. — -- — — , 

with similar expressions for tan HS2 and tan RHz. 
[For if X be the middle point of the side 0, 

tan HX = tan (8 - A)^\ a, and tan H\X — - tan i5 sin J «. 
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TT X ^^ . , tan (5- -4) - tan 5 

Hence tan EEi = sin J « - . . „, — - — ^ — r^ — -rr = «c., 

l + sin'* Ja tani»tan(5^-^) 

by Art. 36]. 

9. tan HHi : tan HH2 : tasiSMi 

s=cos^a BiTi{8'-A) : cos} 6 sin (5—^) : cos} sin {8—C). 

10. The angles subtended at J7 by the sides of the triangle ^ilTaJTs are 
the supplements of the angles of the chordal triangle. 

[For the angles BMC, CSA^ ABB are double the angles of the chordal 
triangle. See Chap. yni.]. 

83. To find the angular radius of the circumcircle of a 
triangle. 

From fig. 32, 

tan AZ ,^ ^. 

Henoe 

P_ tan I a _ tanift tan^c .-. 

" oo8(S-^) " cos{8-B) "" 00s {8 -Cy ^^ 

(Cf. p. 76, Ex. 36.) 

Again, 

tan^a 

cos {8 - A) 

may be transformed into a symmetric function of the 
angles, by substituting for tan ^ a its value given in 
Art. 36 (11) ; therefore 

i^B = -S^. . (2) 

(Cf. Art. 82.) 

Now, 

^^ ^ ' = - cot i 6 cot i C. 

OOSO 

(Art. 36, Ex. 6.) 
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Hence, by Bubstituting in (1) this value of oos {8 - A)^ 
we get 

008 iS 

(Cf. p. 76, Ex. 36.) 

Also (by p. 75, Ex. 31), 

cos {8- A) = ^ J . 1 , . 1 ; 

2 cos fa Bmf emi c 

therefore, from (1), 

_ 2 sinia sinift sinic ,.. 

tan R = ^— ; (4) 

n 

or, by Art. 77, Ex. 10, 

tan -R = s~ [si^ («-a) + 8in («- J) + sin («-c)-sins]. (5) 

84. Clrcmucircle of Colonar Triangles. — To 

find the angular radii of the circumdrcles of the three colunar 
triangles. 

Let jRi, i^s. Hi be the angular radii of the oircumoirdes 
of the colunar triangles on the sides a^byCy respectively ; 
then, since Bi is the circumradius of a triangle of parts 
a^ TT - 6, TT - (J ; -4, w- By ir- Cy we have, from Art. 83, 

-^ tan^a . . 

*^''^''-^^- ^^) 

tan i2. = £2^(«pi). (2) 

, _. tan J a cot ^ ft cot i (J ,q\ 

tan-ffi= r-^ -pr . [o) 

cos {8 - A) 

, _ 2sin Ja cos JS cosic ... 

taniti = . (4) 

n 
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tan Ri *^ [sins -sin (s-a) + sin (s-6) + sin (5-c)]. (5) 

(See Art. 77, Ex. 11.) 

Also, 



and 



^ tan 4 b cos (S^B) ^ 

tan iZa = V =  — ^ " = *c-> 

cosS N 

^ tan i c cos (S - (7) ^ 
tan Bj = V = 5[7 = «<5. 

cos/S i\r 



Examples. 
1 . Prove the following ; — 

tan J?i : tan J22 : tan JBs = cos (-S^ - A) : cob [8 - B) : cos {8 - C). 

3. cot H cot jBi cot jRa cot JBs = -2V^. 

tan E cot iZi cot J2a cot 2^3 = cos' 8. 
cot i? tani^i cot JJa cot -Ba = cos' {8 — -4), 

&c.) &c. 

3. («) tan iZi + tan jBa = cot r + cot rs. 

{$) tan J?i + tan jBa + tan jBb - tan J? = 2 cot r. 

4. tan i2 + cot r == tan iZi + cot n « &c. 

= J (cot r + cot Ti + cot ra + cot rs). 

«« «■« «^.o^ 2 (1 4- cos -4 cos 5 cos C) 

5. (o) tan»iJ + tan2 22i + tan2 2?a + tan2jB3= -^--^- ^jrj ^. 

2(1 — cos a cos A cos c) 
08) cot'r + cot'n + cot'ra + cot'ra^ -^ -. 

(Art. 77, Ex. 16 a.) 

^'^ cot* r + cot' ri + cot' ra + cot' ra , ' 

/ V , • « . « « . o ^ . • « 2 cos ^ sin -B sin (7 
p. (a) tan'i2 + tan'i?i-tan'J23-tan'2?3 = - ^^=5 . 

2 cos a sin J sine 
{&) cot' r + cot' r\ - cot' ra - cot' ra =  » . 

tan* jg + tang Jgi - tan' jga - tan' .Ra cos^ 

cot' r + cot' r\ — cot' ra — cot' ra cos a * 

{Vide Art. 77, Ex. 16 a, and Art. 36, Ex. 2.) 



(7) 
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tan£ 

7. r — —=tBaL\b\tak\€. (Cfl Art. 36, Ex. 6.) 
tKJkJBii 

8. In an equilateral trianglft, tan R = 2 tan r. 

9. Coogtmct an egnilateiral triangle in a gJTen mnall cireLe, 

[By Art. 83(1), eot | ^ = >/3 ooe 12 ; therefore, ftc. Ortlias:— 

■in 4 « = sin J2 sin W* = --- sin RA 

10. Ccnutmct an equilateral triangle about a giyen small circle. 
[From Ex. 9, or otherwise, we have at once 

tan } a = VS sin r, &c.] 



Section III. 

Angular distances of the pole of the circumdrck from the 
poles of the in-circle and ex-circles of a triangle. 

85. Lemma. — It wiU be necessary, before proceeding to the discussion of 
the problems in this section, to prove two propositions which we shall 
have occasion to make use of hereafter. 

(1). (cotr + tani^)2 = -—(8ina + 8inft+sin£j)»-l. 

(2). (cotri-tanJ?)2=~- (8in* + 8in<?-sina)«-l. 

To prove (1) :— By Art. 78 (2), and Art. 83 (4), 

cot r + tan5 = sin^(g+^ + g) + 2sin}asini5sin^g 

n 

_ Bin|a8in^38in^g H-sinj^gco8^^0O8^g+... + ... 

n 

sin^gcoBJK^ — <?) + cos ^ gain JK^ + g) 

ft 
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Hence, on squaring and multiplying numecator and denominator of the 
right-hand side of the equation by 4, we get 

(cotr + tanJ?)* = 



(1 -COB •)(H-coB t- g) -f 2 Bin g (sin ^ -f sin g) + (1 -f cob a)(l - cos ^ + g ) 

which on reduction becomes, by the aid of Art. 30, 

(cot r + tan J?)» + 1 = j-j (sina + sin 4 + sin g)» ; 

sin a sin JL 

or, since = — r=— , (Art. 36, Ex. 2.) 

n N 

(cot r + tan -B)» + 1 = t^ (sin -4 + sin -B + sin (7)*. 

To proye (2) :— By Art. 79 (2) and Art. 83 (4), 

« sinj(* + g — a)-28in*a siniftsin Jg 
cot n - tan J? = — ^ 2 1 L_ 

n 

• 

= etc., etc., as in (1). 
Similarly, (cot rj - tan JB)* = —= (sin + sina-sin&)'— 1, 

and (cot rs - tanjB)' = — (sin a -f sin 6 — sin «)* - 1. 

Exercise. 
Prove the relation — 



v/l + (cotn-tan JB)» + v^l + (coir2-lani?)« + \/l + (cot rj - tan i?)^ 

= \/l + (cotr + tan5)*. 

86. Expression for the angular distance between the poles 
of the circumcircle and in-circle in terms of the radii of 
the circles. 

Let H and be the poles (fig. 33) of the circumcircle and in-circles of 
the triangle ABC\ OZ and HZ* secondaries to the side AB. 
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Now AZ= » - a and AZ* = J c ; therefore ZZ' = \(a- b). Let 8 de- 
note the angular distance SO ; then (p. 103, Ex. 14), 



Also, 



cos 8 = sin HZ* sin 0Z-\- cos HZ' cos OZ cos J (a - h). 



OZ^r; coaffZ"^ 



cos J2 
cos^<; 



, and sin SZ* = sin J? sin (5 — C). 




Fig. 38. 
Therefore, by substitution, 

» • 7> • • / o -rr\ . T> COB i {a — b) 
cos $ — sin iS sin r sm (S— C) + cos R cos r ^-^ ^ i 

or» by Delambre's Analogies, p. 98 (3), 

» • T> • • /o />\ . 71 sini(^+^) 

cos 5 = sin 22 sm r sm (8 - C) + cos i2 cos r , ^ 

^ ' cos J C 

^ . (- cos iS' sin (iS - C) 2 cos i ^ cos A 5 sin ^ (^ + ^) ) 
r=cosi2smr| ^ ^+ 1 ^ 1^ ^j, 

[Art. 83 (2) and Art. 78 (4).] 



which reduces to 



cos 8 ~ cos i2 sin r 



r- 



sin -4 + sin -B + sin C 



2N 



)■ 
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Hence, by Art. 85 (1), 

cos* 8 = C08» J2 sin'r {(cotr + tan5)« + 1} 
= C08« J? sin^r + cob* {E - r).* 

87. Expressions for the angular distances between the poles 
of the circum' and excircles in terms of the radii of the 
circles. 

Let Oi be the pole of the ezcircle to the side e (fig. 33), and let ffOz = 83. 
The secondaries, SZ' and OzZ"j will meet at P the pole of AB ; and since 
AZ"' = 8-b, ZZ!' = J (a - *) ; then, in the triangle TKOz, 

cos 8s <B cos (90 + rs) sin RZ^ + sin (90 + ti) cos KZ cos J (a - A) ; 
or, by substitutions similar to those made in the preceding Article, 

cosJ(a— J) 



cos 83 = — sin ra sin jB sin (6' - C^ + cos rs cos 22 



cos ^ (7 



s= cos R sin rs 



rco8^j8in_(6^-C) 2 sin ^^ sin^^ sin^(^ + Jg) ) 



Therefore, by reduction, we get 

. cos^sinrs , , . . ^ . _, 
cos 83 = — 7-t^ — (sin -4 + sin -B - sin C) ; 

or, by Art. 86 (2), 

cos* 83 = cos* J2 8in*rs {(cotrs- tan-R)* + 1} 

= cos* J2 sin* rs + cos* (J? + rs). 

Similarly, cos* 82 = cos* JK sin* ri + cos* {fi + rj), 

and cos* 81 = cos* H sin* r\ + cos* (5 + ri). 

* This relation (since it is independent of the parts of the triangle) affirms 
that when two circles are so related that a triangle can be inscribed in one 
and circumscribed to the other, an infinite number of such triangles can 
be constructed. It may therefore be easily deduced from the particular case 
in which one side of the triangle passes through the pole of the circum- 
circle. 



18 



On the Cireks related to a Triangle. 



1. ProTethat 



Examples. 



(1) 8in«5 =Bm«(i2-r) - cos» J? sin' r. 

(2) sin* ai = 8m« (J2 + n) - cos' £ sin' n. 

(3) 8m2 52 = 8iii2(22 + ra)-cos«iJ8m«rsi, 

(4) sin* 88 = sin* \b + n) - cos* J2 sin* ra. 

2. Wliat theorems in piano are analogous to those of Arts. 86 and 87 P 

-4««. 2>* =J2*-2JKr. 

i>i* = J2* + 2 i2ri, etc., etc. 
cos 9 sina + sin^ + sint; 



3. Prove the formula 



sinrsin^ 48in^asin^&8ini<;* 



Section IV. 
Dr. Hart's* Circle. 

88. On the sphere, as on a plane surface, a circle may be described touch- 




Fig. 34. 



* Now Sir A. S. Hart, Vice-Proyost, Trinity College, Dublin. 
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ing the inscribed and three escribed circles of a triangle. The spherical 
properties of this circle have been described by Dr. Hart and Dr. Salmon in 
the Quarterly Journal of Mathematies, vol. tI., p. 67 : an independent proof 
of its existence and a few of its properties are here given. 
Let If (fig. 34) be the pole of the supposed circle of radius p ; then the arc 

NO^p-r, NOi = f» + ri, NO^ '^ p + rt, N(h = p + rs. 

Now since in the triangle NOiOz a point A is taken in the base, 

cos (p + rs) sin ^(?3 + cos (p + n) sin A(h = cos ^i\r sin 0%0z 

(by Art. 40.) 
Similarly for the triangle JJfOi, and the point in the base, 

cosu^iVsin OOi + COB (p + n) sin^O = cos {p — r) sin AOi. 

Hence, by eliminating cos AN from these equations, 

cos (/> + ri) anAO sin OiOs + cos (/> + ra) sin A(h sin OOi 

+ coa{p + rs) sinAOt sin OOi = cos (p - r) sin AOi sin OzOs, 

This equation transforms directly into 

, sin AO sin O2O3 , » sin £0 sin OzOi 

cos(p + ri) . .^ . ^^ +co8(/>-fr2) . _. • ^ ,, 

, sin (7(? sin OiOz 
+ cos (/» + rs) =c08 ip-r), 

sm CO3 sm O1O2 ' 

by dividing it by 2n of the triangle Oi O2 Oz, and remembering that 

sin AO2 : sin Oi O2 : : sin CO : sin OOi, etc., etc. 
Hence 

cos (p + n) sin r cos (p + r2) sin f cos (p + rs) sin r 

: 1 : 1 : = COS (p - r), 

smri 8mr2 smrs "^ '' 

or 

cos p (cot r\ + cot r2 + cot riB — cot r) = 4 sin p ; 
but 

cot n + cot r2 + cot ra - cot r = 2 tan JB ; (Art. 79, Ex. 6.) 
therefore 

2 tan R = Ai tan p ; 
or 

tan p = } tan R. 

This shows the existence of a circle touching the in- cmd three excircles of 
a triangle, since we get a real value for the radius p.* 



• The above method of showing the existence of a circle touching the 
in- and excircles of a spherical triangle suggests an analogous deduction of 
the corresponding theorem in piano, 

C 2 
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89 . AB»l*8^««a Tlie«reBi in Plams. — ^The fonnula tan p = ^ tan B 
becomes on a plane p = } J?, or the radius of the **nine^oinU^' circle of a 
triangle it one-halfthe radius of the cireumcircle. 

90. To find the angular distances of the pole of Dr. Hart's 
Circle from the vertices of the given triangle. 

From the triangle NO2 O3 (fig. 34), by aid of Art. 40, we hare 

cos (p + r2) sm AOz + cos (p + r^) sin Ad2 = cos -^JVsin O2 (h. (1) 

Also by Art. 55 (1), it follows that 

2» 
sin r2 sin AOz + sin rs sin AO2 = -: — sin O2 O3, (2) 

sina 

[See Art. 36, Ex. 2 (a).] 
and sin^(>3 : sin^^^ = sinr2 : sinr^. (3) 

Dividing (1) by (2), and substituting the ratios given in (3) ; therefore 

COB (p + ri) sin rj + cos (p + ra) sin r2 _ sina cos AN" 
2 sin r2 sin rs ~" 2» 

Performing the diyisioii on the left-hand side of this equation, we have 

ft cos p 
COS AN = —. — - [cot r2 + cot rs - 2 tan p] 



sina 
cos'p 



[sin («-&) + sin («-(?) — 2 sin J a sin I ^ sin } 0.] 



Hence 



sm a 

[Arts. 79 and 83 (4).] 



cosJftcosJ<; 
co8-4iV = — = — :; — =— cos p, 
cos^a 



with similar values for cos BN and cos CN. 

Example, 
cos AJf : cos BN : cos Clfss sec^ J a : sec* J b : sec' J c. 



i 
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91. The tangents ^i, fj, ^3, from the vertices of a triangle 
to Dr. Harfs Circle are given hy the equations 

a be 

cos t\ cos - = cos - cos - ; 
2 2 2 

b c a 

cos tz cos ^ = cos - cos - ; 
2 2 2 

a b 

cos tz cos - = cos - cos - ; 
2 2 2 

where a, by e axe the sides of the triangle. 

For cos AN = cos p cos h. 



_, COB AN COS i b cos i tf 

Hence cos h = — = — - — ^— . 

cos p cos ^ a 



(Art. 90.) 



92. To find the angular distances of the points of inter- 
section of the circle with the sides from the vertices of the 
triangle. 

Let \ and fi be the distances on the side e from the vertex A ; then the 
equation 

cos AN sin (<? - A.) + cos BN sin A. = cos p sin <?, (1) 

expanded as a quadratic for tan \ X, will have for its roots the values of 
tan \ \ and tan \ ft. (Cf. Art. 43.) 

Suppose t = tan -, the equation (1) readily transforms into 

sin e (cos AN + cos p)t^ ■{■ 2 (cos AN cos c — cos BN) t 

- (cos AN— cos p) sin c = ; 
the roots of which, on reduction, are 

— cos AN COB + cos BN-\; (cos ^iV- cos BN) 



t = 



sin c (cos AN + cos p) 

— cos AN(l + cos c)-\-2 cos BN cos AN (1 — cos c) 

i 1 or ^ ; 

sin c (cos AN + cos />) sin c (cos ^iV+ cos />) 
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or by patting in the values of cos AN and cos BN given in Art. 90, 
we have 

cos \a — cos \ b cos \ e 



tan J X = 



tan i/K = 



cos \b ^\e 
cos \b taji\e 



(2) 



COS i a + COB } 6 cos ^ r ' 



93. To find the intercepts made by Dr. Harfa Circle on 
the sides of the given triangle. 

From Art. 92 (2), we have directly the value of tan ^ (\ - /&) in terms of 
a, b, c. 

Otherwise thus : — 




h&t ABC be the given triangle (fig. 36), i\rthe pole of Br. Hart's Circle, 
a a perpendicular on AB from N", NX = NY = p, the angular radius of the 
circle, and XY the intercept made by the circle on the side e. 

Then, by Art. 90, 

M ^T COS ^b COB he K 

COB AN^ i ^- COBp= r-T— , 

COS § a cos' ^ a 

where ir= cos } a cos ^ d cos J « cos p, with similar values for cos BN axid 
COS CN 

Also, by p. 38, Ex. 3, 

sin* e co£i* a - C08*-4iV+ cos* ^BiT- 2 cos-4JVco8 5iVcos c ; 
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or, by substituting the values of cos AN and cos BN giyen aboye, 

sin2<jcos2o = jn —71--+ — m-"\T STT > 

Loos* f a cos* J ft cos' J a cos* J ft J 

which gives, by reduction, 

cos'i a cos' J ft cos' J c cos' p (cos' J a - cos' J ft)' . „ 
i' a = 7-T TT-T + sm' e cosr p ; 



sin' C COS 



COS* J a COS* J ft 
dividing this equation by sin' c cos' p, and transposing the last term. 



cos' 



a __ (cos'jg-cos'^ft)' ^ 



but 



Hence 



cos' a 



cos' p 4 cos' J a cos' J ft sin' J tf ' 

- 1 = sec' iXT- 1 = tan' JZF. 
cos* p 

2 COS f a COS ^ ft Sin ^ 6 



94. Analog^oas Theorem in Piano. 

_,. ^ _ __ cos ft '-' COS eK 

Since tanJZr=- r , . . , ; 

^ 4cosf acosf ftsinf <; 

in a plane triangle the intercepts made by the *' nine-points " circle on the 
sides a, b, e oi & triangle are, respectively, 

fta-c8 <52-«2 «2_J2 



2a ' 2ft ' 2c ' 

95. To find the angles of intersection of Dr. Harfs Circk 
with the sides of the given triangle. 

From fig. 35, the angle of intersection of the circle with the side e is 
obviously the complement of NXY or of NTX. 

Let e = NXY; 

then tan^ZFe tanp COS0. 

Substituting the values of tan } XT (Art. 93) and tan p (Art. 88) in tins 
equation, we have 

cos ft /-^ cos a n 



4cos^aco8ift sin J <;' sin ^ a sin J ft sin^t; 



= cos9. 
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_. 2« (cos b ^coBa) cos b^ cob a . _ 

Hence -; — . .,, ^ = .emC= cos 0, 

8masm6(l— cos(;} 1 - cos fc 

which reduces easily hy the aid of Ex. 33, p. 76, to the foim 

cos = sin (-4 - -B) ; 

or — the angU between Dr, Sarfe Circle and a aide of the triangle is equal to 
the difference of the angles of the triangle adjacent to that side ; and the same 
result is known to hold between the << nine-points" circle and the sides of a 
plane triangle. 

Example. 

The sines of the angular distances of the pole of Dr. Hart's Circle from 
the sides of the given triangle are proportional to 

cos {B - C)f cos {G - A), cos {A - S). 

Notes. — Expressions have been obtained in Art. 92 for the values of the 
angular distances from the vertices of the given triangle of the points of in- 
tersection of Dr. Hart's Circle with the sides. These formulae may also be 
proved from the equations 



and 



cos i a - cos i i cos i c 

tanJxtanjM- f fr ?-, 1) 

cos J a + cos J cos ^ c 

2 2 cos } ^ + cos ^ <; cos J <» 



these equations being obtained by the use of Arts. 43 and 91. 

Or thus : by Art. 93— 

^ \ — u, cos a — cos 6 .„. 

tan — = ; (3) 

2 4 cos ^ cos § ^ sin i 

and, as before, 

, , _ cos ^ - cos ^ & cos ^ , , . 

taniA.tan4/A = f fr f-; (4) 

cos ia -i- COS i b COB i e 

and the solutions of either set of simultaneous equations (1) and (2), and 
(3) and (4), for tan J A. and tan J /u, are here left as Exercises for the 
Student. 
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Also, by using the theorem of Art. 43, and writing down the values of 
X and fi abeady obtained, and the corresponding values of \' and fi made 
by the circle on the side b measured from A, we find that 

tan J A, tan ^ e = tan J \' tan J b, (6) 

and 

tan ^ fi' tan ^ e = tan ^ /a tan ^ b. (6) 

From (5) it follows, as in piano, that *' ^^^ extremities of any tide and a 
pair of corresponding intersections of Br. Hart*s Circle on the other two sides 
are concyelic.** 

Again, from (6) we have in piano fi' : fi = b : c, or "a chord of the 
'nine-points* circle is parallel to the base,^ 



»» 



Miscellaneous Examples. 

1. Prove that 

cot r + cot ri + cot r^ + cot ra = 2 tan Jf, 

cot r — cot r\ + cot r^ + cot rs = 2 tan Bi, 

&c. &c. 

(Cf. Art. 80, Ex. 6.) 

2. The angular radius of the incircle being 45°; prove that the triangle 

formed by joining its points of contact with the sides is in all respects, save 

position, the polar triangle. 

[Apply Art. 82, (1) and (2).] 

3. Prove that 

(o) tan It + tan JSi + tan B2 + tan Itz = 2 cot r 
(0) tan E — tan Bi + tan J?2 + tan J?3 = 2 cot ri, 

&c., &c. 

4. Prove that 

tan ^ ^ sin (« ~ a) = tan ^ A tan ^ B tan ^ C7 sin. « 

N 

2 cos J -4 cos J 5 cos J G' 

{Qtceen's Univ. Exam. Papers.) 

5. In any triangle, 

tan r _ cos {S - A) cos {8 - B) cos {8 - C) 
tan R 2 cos \ A cos \ B cos ^ C ' 

and write down the analogous result in piano. 

r 
Ans. — = 4 sin J -4 sin J j5 sin J C7. 
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*6. Having given the base {e)y and the sum of the base angles of a tri- 
angle ; prove that the length of the arc of the great circle perpendicular to 
the base at its middle point, and intercepted by the bisectors of the vertical 
angle, is of constant value. 

[Let the arc meet the internal and external bisectors of the vertical angle 
in M and iV, and the base in P; then, by Art. 65 (2), we have 

2 cos J (a - J) tan ifP= tan rs - tan r, (1) 

and 

2co8 J (a + J) tanJVP = tanri + tanr2. (2) 

Hence, since tan MN = tan ( JfP + NJP), by substituting the values given 
in (1) and (2), we get, with the aid of Gauss' formulae, 

__._ 2sinjtf 

7. Prove the following : — 

cot (« - b) cot («—«) + cot (a — e) cot (» — «) + cot [s -^ a) cot {8 — b) = cosec* r. 

r-n o , sin' « , sin » 

[For coseo' r = 1 + — ^ = 1 + — 



«* sin (« — a) sin (« — d) sin (« - e) 



__ BiTL8 — a + 8 — b + 8 — e 

— 1 + ./ \»/ T\ ' / \ f etc., etc. J 
sm (» — a) sm (« — d) sm (« — c) 

8. cot {s — b) cot (« — c) — cot 8 cot («-*) — cot 8 cot (« — c) = cosec^ ru 
cot (* — e) cot («-«) — cot « cot (« — <?)- cot « cot («-«) = cosec* r2, 

etc., etc. 

[Similar to Ex. 7.] 

cot (« — a) cot (« — b) cot (» — c) 2 cot s 
sm'ri sin^ra sin'rs . sm*r 

= 3 cot (« - «) cot (« — i) cot (« - e). 



a b e , 

* Analogous theorem in piano : — -; — 7 = -: — = = -7-7; = diameter of the 
° sm^ sin^ smC; 

circumcircle. 
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10. oosec^ r\ + cosec' rj + cosec* rs - coseo^ r = 

- 2 cot « {cot (» - a) + cot (« - i) + cot (« - c) } . 

[Apply Ez8. 7 and 8.] 

1 1 1 1 -22taii(3-g)taii(a-^) 

sin^r am' ri 8m'r2 sinVs tan«taii(«-a)tan(«— i)taii(a— c)* 

[From Ex. 7, 

tan(«-a) tan(«-^) tan(«--c) cosec* r = tan (» — «) + tan («- i) + tan («- c) ; 

and by Ex. 8, 

tan« tan(«-6) tan {s—e) coeec^ri = tan »-tan(» — i) - tan (a-c), 

with similar values for cosec' rs and cosec^ rs ; therefore, &c.] 

^iV'costf 

12. cot JB — cot -fii - cotiZb - cot J?3 = . 

n 

[For cot-B-cotUi — . ..-...= cotjR { 1 - tan -R (cot J2i + ... + ...)} 
which, by Art. 84, Ex. 7, 

J<5ot S cos 8 
i tanjc-...-. . .)= — -. r-r r- = ctc, ctc.] 
cosfacos^^cosftf •* 

13. If 9 be the angular distance between the poles of the incircle and 
circumcircle of a triangle, r and i? their angular radii ; prove that 

sec^ JB seo^ r sin' J = tan'iJ - 2 tani? tan r. 

(London Univ. Exam, Papers,) 

[Apply Art, 87, Ex. (1).] 

14. In a plane triangle, the distances of the centre of the incircle from 
the centres of the excircles are— 

a b c 



COB \ Jl cos J jff' cos J C ' 
and the distances of the centres of the excircles from each other are — 



a 



8inJ-4' sinJ-B' sin } (7 ' 

state and prove the analogous results on the sphere. 

(London XJniv, Exam, Fapers.) 
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CHAPTER VII. 

AREAS. 

Section I. 

Area and Volume of a Sphere. 

96. It has been assumed in Art. 8 that the area of 
a sphere of radius r is 47rr*. As the areas of spherical 
figures are of prime importance in the practical appli- 
cations of Spherical Trigonometry, we shall devote the 
present Chapter to their determination, and to the develop- 
ment of formulae expressing the areas, or functions of the 
areas, of figures as functions of their parts. The demon- 
strations given are those generally adopted in text-books 
on the subject, but in many oases simple and direct geo- 
metrical deductions are also appended. 

Definitions: — (1) A plane cutting a sphere divides 
it into two parts, having circular bases (Art. 9). These 
parts we propose to call circular segments of the sphere; 
and in speaking of the segment which any plane cuts ofiE 
we shall, unless otherwise stated, refer to the smaller seg- 
ment. The more general term, segment of a sphere, we 
reserve for a portion of a sphere cut off by any surface 
other than a plane. 

(2) The cone joining the centre of a sphere to any 
figure on its surface contains a portion of the sphere which 
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we call a sector. If the figure be a small circle, the cone 
will be a right circular cone, and we term the sector a 
circular sector, 

Reference to Fig. 1 will show how a circular segment 
and a circular sector may be generated. The segment 
cut off by the small circle CC is generated by the revo- 
lution of the segment CAC of the great circle CBC 
round the axis AD ; and the sector cut out by the cone 
joining to the circle CC" is generated by the revolution 
of the sector OCA of the great circle ACB round the axis 
OA. 

97. Area of a Circular Sesment of a Sphere. — 

Let PAB be a great circle of radius r passing through P, 
the pole of the segment cut off by the small circle AB. 




Fig. 36. 



Let M and N be two points very near to each other on 
the circle PAB ; MX and NY perpendiculars on OP ; and 
MD a perpendicular on NY, Now, if the arc PB be 
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made to revolve round PO, it will trace out the surface of 
the segment, and the arc MN will trace out a circular 
band of it. The width of this band being MN^ and its 
length 27r MX {MX = NY approx.), its area is 2w 
MX . MN. But MN being very small, may be re- 
garded as straight ; and from the similar triangles MND 
and MOX wq have 

MN:MD^OMiMX\ 
therefore 

MN .MX = OM.MD = r .XY. 

Hence the area of the band described by MN is 

27rr.XF; 

and the sum of the areas of aU the bands in the surface 
of the segment — that is, the area of the segment — is 

27rr . PC/; 

but TO ^r^Oa ^ r (1 - cos a), 

where a is the angle POA^ or the spherical radius of the 
segment. 

Therefore the area of the segment is 

27rr* (1 - cos a) = 47rr* sin'* i a = tt (chord APy*. 

Examples. 

1. The area of a hemisphere is 2nr', and the area of a sphere is 4irr^. 

2. The area of a segment of spherical radius a is to the area of the 
sphere from which it is cut as yersin a is to 2. 

.3. The area of a sphere is equal to that of the circumscribing cylinder. 
* Hence the area of the segment is equal to the area of a circle of radius AF. 
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98. Tolnme of a Sphere. — Consider a small cone 
having its vertex at the centre of the sphere, and its base 
a small element of the surface. The volume of this cone 
is foimd by multiplying the area of its base by one-third 
of its height ; the height being equal to the radius of the 
sphere. Now we may conceive the sphere to be made up 
of an infinite number of such cones, and, by adding them 
together, we find — 

Volume of sphere = -J- r (area of sphere) 

Cor. 1. — The volume of a spherical sector 

= ^ r (area of sector). 

Cor. 2. — The volume of a circular sector of spherical 

radius a 

= f 7rr^ (1 - cos a). 

99. Tolame of a Circular Segment of a Sphere. — 

Join the contour of the base of the segment to the centre 

of the sphere. The joining lines will form a cone, which 

with segment will constitute a circular sector. Hence we 

have — 

Volume of sector = f wr^ (1 - cos a). 

Volume of cone = -^ (area of base) (height) 

= -J- {irr^ sin* a) (r cosa) = -y 7rr^ sin* a cos a ; 

therefore volume of segment = sector - cone 

= -^ (4sin*^a-sin*acosa)=4^7rr'sin*ia(l-cos*io cosa) 

« 4^ Trr^ sin* i a (1 + 2 cos' i a). 
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Section II. 

Areas of Triangles. 

100. Problem, — To find the area of a spherical triangle^ 
having given the three angles. 

Let ABC (fig. 37) be a spherical triangle, and let the 
sides BA and CA meet the side BC again in B^ and C\ 



Fig. 37. 

It is evident that the triangle ABIC is equal in every 
respect to the triangle A'BCy which is the colunar of 
ABC on the side BC. For A'C =ir-AC = ACy and 
A'B = TT - AB = Affy and the angles at A and -4' are 
equal. 

• Hence ABC + AB^C = lune ACA'B = 2^r^; (Art. 8.) 
also ABC + AB^C = lune ABCff = 25r^; 

and ABC + ^5C" = lune CBC'A = 2 Cr*. 
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By addition, we get 

2 ABC + area of hemisphere = 2r' (-4 + jB + C), 
or ABC + Trr* = r* (^ + -B + C) ; 

therefore 

Area of ABC ^ {A^- B + C - 1^)7^ = Er", 

where E is the spherical excess ; that is, the excess of the 
sum of the angles of ABC over the sum of the angles of 
a plane triangle. {See concluding paragraph of Art. 29). 
Cor. — The areas of the colunar triangles are — 

or (2A-E)f^, (25-^) r\ (2C-J5)r*. 

Note. — ^The equality of the areas of the triangfles A^C and J!BC is 
evident, from the consideration that one is diametrically opposite to the 
other ; and hence, to every element of one will correspond an equal element 
of the other. Also the triangles subtend equal solid angles at the centre of 
the sphere. These triangles, although not capable of direct superposition, 
can be divided into triangles which are capable of superposition, by joining 
the poles of their circumcircles to the vertices of the triangles. 

101. Problem. — Oiven the base and area of a spherical 
triangle^ to find the locus of its vertex (Lexell). 

In this case, since we are given the area we know the 
sum of the angles, or 8. Hence, referring to Art. 20, 
Ex. 6, it follows that the locus of the vertex is a circle, of 
which (fig. 10) is the pole. The point is the pole 
of the circumcircle of the colunar triangle on the base 
AB. In piano it is removed to infinity, and the locus 
becomes a right line parallel to the given base. >^ 

Again, since is the pole of the circumcircle of the 
colunar on AB\ and since OAB (= tt - 5) is given, is 

D 



1 
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fixed, and the vertex C of the colonar describes a small 
circle passing through A and B\ but since C is diametri* 
cally opposite to C\ it follows that C describes a small 
circle passing through the points diametrically opposite 
to A and B. (Cf. Art. 82, Bx. 8.) 

Exam pled. 

1. II E\, E2, £i denote the spherical excesses of the eolunars on a, b, e, 
respectirely, show that 

and therefore the sum of the areas of any triangle and its colnnan is half 
the area of the sphere. 

*2. Show that the area of a spherical triangle is to that of half the surface 
of the sphere on which it is described as the spherical excess is to four right 
angles. 

(a) Af Bf C are three angular points of a cube inscribed in a sphere, no 
two of the points being on ihe same edge of the cube; show that the area of 
the spherical triangle ABC ia one-fourth of the area of the sphere. 

[The chordal triangle is equilateral, and its side 

«= a/-^-* Hence sin ^ a == jJ-, and -4 = — ; therefore, &c. 

(Art. 27, Ex. 8.) The angle between two sides, being the angle between 
the planes joining the centre to the diagonals of two faces meeting at corner^ 
is easily seen by symmetry to be 120°.] 

3. Find the area of an equilateral triangle, each side being 60'' on a 
sphere of 6 inches radius. 

[By Art. 27, Ex. 8, sec ^ s: 3 ; 

therefore A = 70^ 31' 43f". B^SV 35' lOf" = 113711". 

• 113711 
Hence Area = -----, 36 « 19*845 sq. inches.] 

206200 

4. The area of a triangle, each of the sides of which is a quadrant, ia 
one-eighth of the surface of the sphere. 

— «_X_I -ir^ I -- .-■— - — ,, .-11 III m~ ' 
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*5. If the sum of one pair of opposite angles of a yariable spherical 
quadrilateral inscribed in a small circle is constant, the area remains con- 
stant. [Cf. Art. 19 (4).] 

102. In Chapter IV. we have seen that when any three 
parts of a spherical triangle are given, the triangle can be 
completely solved. We may therefore find the area from 
the formula, Area = Et^, when the angles of the triangle 
not included in the data have been first determined. 

We proceed to show in the following Articles how to 
calculate the area, having given — 

(1) The three sides ; 

(2) Two sides and the included angle, 

without resorting to the direct calculation of the value of 
each of the angles. 

103. Problem. — To find the area of a spherical triangle, 
having given the three sides. The object here is to express 
jE in terms of the sides. 

I. Cai^noli's Methods — 

sin i -B = sin i (-4 + JB + (7 - tt) 
e Bmi{A + B) cos i (C - fr) + cos J (u4 + -B) sin ^{C-tt) 
«= sin i (-4 + -B) sin i C - cos i{A + £) cos i C 

sin i (7 cos i C r i , ,x i/ i\'t rk, iyA\ 

«= — , [cos iia-b)- cos i (a + bj] (Art. 64) 

cos Tf c 

sin ^« sin i 6 sin (7 sin^a sinib 2n 



cos ^ c cos i c sin a sin b 

n 



2 cos ^ a cos i b cos i c 
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Examples. 

1. Giyen a = 46° 24', b = 67** 14', e = SV 12'; find the area of the 
triangle, the radius of the sphere being r. 



n 



therefore 
therefore 

2. Given 

3. Giyen 

4. Given 



log sin ^ ^ = log r -. T-i ^. 

2 cos ^ a cos J d cos ^0 

X sin i ^ = 9-4518482 ; 

^ = 32' 63' = 118380"; 

118380 



Area = 



r2. 
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a = 108° 14', b = 76° 29', e = 56° 37'. 

Am. E = 48° 32' 34-6". 
a = 57° 17', b = 20° 39', e = 76° 22'. 

Aru. J? = 6° 11' 24-6". 
a = 63° 54', b = 47° 18', e - 53° 26'. 

Ana, E = 24° 29' 49}". 



II. lihnlller's Method. — Lhuilier obtained the fol- 
lowing expression for tan ^ U : — 

&ml{A + B+ C-w) 



tan J^ = 



cos i (^ + £ + - tt) 

sin J (^ + 5) - sin i (tt - C) 

COS i {A + £) + cos i (tt - C) 

sin ^ (-4 + jB) - COS J C 
cos J (-4 + JB) + sin i C7 

cos i (fl - 6) - cos Jc cos J C 
cos i (a 4 6) + cos i c ' sin i (7 



(Art. 64.) 



sin ijs-b) sin j {s - a) j sin g . sin (g - g) 
cos i s cos i (« - c) V sin [s - a) sin (s - 6) 

v^ tan is tan i (s - «) tan 5 (s - J) tan ^ (s- - c). 
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104. C^eometrlcal Metiiods. — Eeferring to Art. 20, 
we see that if X, Pi Z be the middle points of the sides 
of a triangle, AL a perpendicular from A on XT; then 
(fig. 38) AD = ^{Tr-c), LD^iir-y where y = XT, 
and LAD = tt - S = i (tt - J5). 

Therefore, since 

cos i AD » cot 2) cot LAD, 



we have 



sin I c = cot 2) tan i E. (1) 




Fig. 38. 

This equation shows that if DP be taken equal to ^ c^ 
and a perpendicular PQ be drawn to AD at P ; then 

PQ = iK (2) 

Again, since 

sin DL - sin ^2) sin LAD, 
we have 

cos 7 = cos i c cos i JE; 
and, therefore, 

2>Q = y. (3) 

Thus the sides of the triangle PQD are J c, i ^, and 7, 

respectively. 
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Therefore, from it we find 

. , „ . . TV . sm-4i Bony^CN 

Ein t-E ^smy smD ^ em y r~ = ' — i 

' cos i <? COS t c 

sin iaeiaib sinC n 



cos^c 2oos|aoos^6co8io* 

Cor. — Sinoe 

cos DQ = cos PQ . cos PD^ 
we have 

cos I jS cos I (? = cos 7 = cos I a cos 1 6 + sin ^ a sm ^ i cos C 

105. Problem. — To find the area of a spherical triangle^ 
having given two sides and the incltAded angle. 

From the triangle PQJ) (fig. 38), we have 

cos y = cos J (J cos i ^, 

and, by the foregoing, 

sin ^ a sin ^ 6 sin (7 = cos I c sin ^ £; 

therefore, by division, we find 

. ^ 1 jp sin ^g sin 1 6 sing 

COS 5 a COS ^6 + smta6ui^6 cos C ' 

the denominator in this expression being equal to cos 7. 

Again, since 

LAD = i (ir - E), 
we have 

and 

tan^ii = tan^D qosLAD = tan^Fcosi-4F; 

that is, 

cot i c sin i JB = tan i 6 sin (^ - i -B) ; 

therefore 

sin {A-^E) 



sin ijB 



= cot 5 6 cot \ c. (2) 
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When two sides and the included angle are given, E may 
be caloulated by means of either of the formulae (1) or (2) 
of this Article. They are not, however, in a shape suit- 
able for logarithmic computation, and the use of a sub- 
sidiary angle becomes necessary. (See Art. 76.) 

Remark. — If we denote the spherical excesses of the 
oolunar triangles on the sides a^ 6, c^ by J?i, E^y E^j re- 
spectively, we have 

Ei^iA-E, E^^2B'E, JE, = 2C-^, 

and the equation (2) becomes 

sin^^i 



sin^J^ 



= cot i 6 cot i c. (3) 



1. 
2. 



Examples. 

sin J -ffi __ sin J ^2 _^ sin ^^s sin^^ 

tan \a "^ tan ^ b tan | e tan \ a tan \ b tan \ $ 

sin } ^1 sin } ^3 sin | J% _ sin J ^ 
tanJ^i "" tan^s ~ tanJ2s tanJK 



106. The formula for sin i ^ deduced in Art. 104 leads 
to the expression obtained in Art. 97 for the area of a 
circular segment of a sphere. Consider a small triangle 
formed by drawing two great circles through the pole P 
of the segment, very close to each other, meeting the 
circular base of the segment in a very small arc AB. 
The area of the triangle PAB is very nearly the same 
as if AB were an arc of a great oirde, and, by taking 
AB very small, the difference is infinitely diminished. 

Hence, 

. , _ sin i a sin i 6 . >^ . , , . ^^ 

sm i j& = i sm C7 = sm* i o x sm C7; 

cos i c 
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or, since E and C are very small, we have 

^ = 2 sin' i a . C. 

Supposing the area of the segment to be made up of an 
infinite number of such triangles, we have its area equal 
to their sum ; that is, 

2 JEr* - 2r* sin» ^a2ir 
= 27rr* (1 - cos a). 

Examples. 

. 1. What is the analogoua fonnula in piano — 

(ly To Cagnoli's theorem ; 
(2) To Lhiiilier's theorem ? 

Am. (1) A = i be wa. A = '^ 8{8 — a) {s ^ b) (8 - e) ; 
(2) A = V»(»-a)(a-*)(#-f). 

2. If (7 be a right angle ; prove that 

Em^aan^b 



Bmi£=^ 



008^0 



i„ cos ^a cos ^^ 
cos ic 

3. Find the area of a spherical triangle in terms of the arcs a, /S, y 
joining the middle points of its sides. (See fig. 38.) 

[From the triangle, FQD, sin^^ = sin7 sini); but sin 7> = sin ZX 
sin ZXT, since ZD = 90° ; therefore, if o + iS + 7 = 2<r, we have 



8inJ^=sini3sin78UiX = 2 V sin o- sin (o- - o) sin (<r — /3) sin (<r - 7)]. 

4. If aa, bfi, ey denote the angles between a and a, b and 0, e and 7, 

respectively; prove that 

A . A . . A 

sin a sin oa = sin jS sin jSd s sin 7 sin 7(; 

= 2n of triangle XYZ= sin J J5. 
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Approximate Formulab. 

107. If the sides of a spherical triangle be very small com^ 
pared with the radius of the sphere on which it is described^ 
its area is approximatelt/ equal to the area of a plane triangle 
having sides of the same length. 

This may have been already anticipated by the student 
from the results proved in Art. 29. For we have proved 
there that 

where A is the area of a plane triangle whose sides are 
equal in length to those of the spherical triangle ; and 
A\ B'y (7 its angles. 
Therefore 

r* 
or £lr^= A, since ^' + jB' + C' = ir. 

This result may be obtained directly from Lhuilier's for- 
mula for tan ^ ^, as in the closer approximation of the 
following Article, or from Cagnoli's or other formula 
for^. 

108. If r, the radius of a sphere^ be very large compared 
mth the lengths a, fi, y of the sides of a triangle de-scribed 
upon it; to show that if A be the area of a plane triangle^ 
having sides a, /3, 7, the area of the spherical triangle is 
approximately 



1 + 



24/^ 
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We have 

tan J -B = y^tau i a tan i (« -a) tan i (s- 6) tan i (s - c). 

But Ja = — g^; 

therefore, if we write a + /3 + 7 = 2<t, we will have 
« = - « a very small quantity. 

And 



tan ^« 



^ 8 "^ • • • 8r^ 

1 + 



(^-2i?)(^"iJ) = ^(^ 



2rV* 24*^ A" ' Sr*; 2rV* ' 12r'" 
therefore 



<T — a*^ 



12/^/' 



Henoe, 

109. Roy's Role. — The area of a spherical triangle on 
the Earth's surface being knoumy to establish a formula for 
computing the spherical excess. 

Let A be the area of the triangle ; then we have the 
equation 

JSr'^'A; 



Redmtion of an Angle to the Horizon. 43 

but if n be the number of seconds in the spherical ezoesSi 
we have 

206265 ' 
therefore 



206265' 



Now, the length of a degree on the Earth's surface is 
found to be 365155 feet: thus, 



'^^ = 365156. 



180 



Substituting this value of r in the former equation, we 

find 

log n = log -4 - 9-3267737, 

where A is expressed in square feet. 

This formula is called General Eoy's rule, as it was 
used by him in the Trigonometrical Survey of the British 
Isles. He gave it in the following form: — ^^ From the 
logarithm of the area of the triangle^ taken as a plane one^ 
infeety subtract the constant logarithm 9*3267737; and the 
remainder is the logarithm of the excess above 180°, in 
seconds^ nearlyJ^ 

110. Reduction of an Angle to the Horizon. — 

Given the latitudes and the angular distance between two 
placeSf to find the difference of their longitudes if their 
latitudes be very small. (Of. Art. 27, Ex. 10 ; and Ex. 14, 
p. 103.) 

Let Zbe the pole (fig. 39), a and b the pl6U)es ; Aa and 
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Bb are the latitudes X and X' of the places, and AB is their 
difference of longitude. If ab = 8, we have 




cos AB = cos Z = 



Fig. 39. 

008 8 - sin X sin X' 
cos X cos X' 



(1) 



This gives the exact value of AB. An approximate value 
may be obtained by assuming it equal to S + a;, where x is 
essentially small. 

Hence, by (1), cos (S + a?) = ^ ~ J- (X' -f X'') 

or (cos 8 - a? sin 8) [1-i (X* + X'*)] = cosS-XX'; 
therefore 

a? sin 8 = XX' - i (X' + X'*) cos 8, nearly ; 

2XX'- (X» + X'») (cos» i 8 - sin' i 8) 



and 



X = 



2 sin 8 



= i [(X + XO' tani8-(X-X0' coti8]. 

If AOB be the plane of the horizon, a and b two objects, 
the angular distance between which is measured by an 
observer at 0, the above correction, a?, applied to 8, wlil 
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give the horizontal angle AB. This process may be 
used in surveying, and is called, reducing an angk to the 
horizon. 



Section III. 
Areas of Polygons — Maximum Areas. 

111. Area of a Polygon. — Having given the sum of 
the angks of a spherical polygon^ to find its area. 

Let 2 denote the sum of the angles of the polygon, and 
n the number of its sides. Take any point within the 
polygon, and join it to all the angular points ; the polygon 
is thus divided into n triangles, and its area is equal to the 
sum of the areas of the triangles 

= (S + 27r - wit) r» = IS - (/^ - 2) tt) r" = ^r', 

where -B, the Spherical Excess of the polygon, denotes the 
excess of the sum of the angles of a spherical polygon 
over that of a plane polygon of the same number of sides. 
Cor. 1. — ^The area of a spherical quadrilateral is 

Cor. 2. — If a quadrilateral be inscribed in a small 

circle, A-\- C = B + D; and hence the area of a cyclic 

quadrilateral is 

2(^ + 0-7r)r'. 

112. Area of a ^aadrilateral. — The corollaries of 
the foregoing Article determine the area of a spherical 
quadrilateral, when the sum of its angles is given ; and of 
a cyclic spherical quadrilateral, when the sum of a pair of 
opposite angles is given. 
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If, howeveTy the sides a^ b, c^ d, and diagonals S, S^ of 
any quadrilateral be known, its area may be determined 
from the equation 

. , (BinJSsinja'+cos'Jacos J«— cos JJco8}<f)(8in jSsinJS'— cos Jacos J^cosJJcoe J<f) 

4 cos ^a COS ^d COB ^0 cos }<2 

where E is the spherical excess of the quadrilateral. 

A simple proof of this equation is given in Chap. XIII., 
Sec. II. 

Cor, 1. — When the quadrilateral is cyclic, we have 

sin ^ S sin ^ 5^ = sin ^ ti; sin ^ c -f sin ^ ( sin i (if, 

and the above formula becomes 

. ,, „ sin|(«-fl)sini(«-i) sinj(«-c)sinj(«-rf) 
* cos t a cos i h cos i c cos f a 

where 2« = « + 6 + c + c?. 

Cor. 2. — When the quadrilateral is circumscribed to one 
circle and inscribed in another, we have the additional re- 
lation a-\-c = b + df and hence, 

sin'^ J^ « tan ^a tan ib tan^c tanid. 

Maximvm Areas. 

113. problem. — Saving given two sides of a spherical 
triangkj to determine when its area is a maximum. 

Let AB and AC (fig. 88) be the given sides ; then the 
triangle LAD gives 

cos LAD ^ tan AL cot AD^ 
or 

sin J J? = tan AL tan i c. 

Now, when A * 0°, we have also AL «= 0° and Jf « 0"^ ; and, 
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as A increases from zero, AL increases, and sin ^ £ in- 
creases ; but obviously the greatest value AL can have is 
i b ; and in this case, since LAB «= S, we have 

A = S^B+C, 

and sin i JE = tan J b tan ^ c. 

Now E may have any value between (f and 27r, and 
sin i -E cannot be greater than unity. Hence we have 
the following cases: — 

Case I. — b + c < tt. 

In this case, tan i (6 + c) is always, positive, and there- 
fore tan i b tan ^ o is less than unity. Hence, sin ^ J? is 
always less than unity, and reaches its maximum value, 
tan i b tan J c, when AL - i 6 ; or when 

A^B^C. 

Hence the area of the triangle is a maximum, when the 
angle between the given sides is equal to the sum of the 
other two. 

Cor. 1. — In this case, the pole of the circumcircle is at 
the middle point of the side BC; B and C are thus diame- 
trically opposite points on it ; the chordal triangle is there" 
fore right-angled at A^ and its area is also a maximum* 

Cor. 2. — The area of the colunar on BC is one-fourth 
the area of the sphere, or irr*. 

Cor. 3. — ^As A increases beyond the value which gives 
the maximum area, the area of ABC diminishes to zero 
when A = w, and the colunar on BC is half the area of 
the sphere. 

_ , - - — — -- -- ---- — — — - - ■_  - ^ ...... ^^^— 

 See further, Chap. viii«, on the Chordal Triangle. 
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Case II. — b + c = ir. 

In this case, tan ^ h tan i c = 1, and E increases as AL 
increases, up to its maximum value, i (, in which case 
sin i J? = 1 ; 

or E=^n=-A-^B^C. 

(See Art. 24.) 

Thus the area increases as A increases, up to its extreme 
limit, ABCy being throughout equal to the colunar on BCy 
each finally being one-fourth the area of the sphere. 

CaSB III. h + C> TT. 

In this case, tan ^ h tan ^c v& greater than imity ; and 
since sin ^ -B cannot be greater than unity, AL can never 
be so great as J 6, but will reach the value given by the 
equation 

tan AL tan i c = 1, or AL = ^ (tt - c). 

AL will then diminish (^ E at the same time increasing 

beyond ^ tt), until it again becomes zero, when ^ jB = tt ; 

that is, when the area of the triangle is half the area of 

the sphere. 

It is thus clear that the area of the triangle ABC has 

no real maximum value when 6 + c > tt, but increases 

until the triangle loses its form, and becomes a great 

circle or hemisphere. However, the colunar triangle on 

BC satisfies the condition of Case I. and is of maximum 

area, when 

^ = (7r-5) + (7r-C). 

Cor, — The area of ABC in this case is 7rr^, and increases 
from this value to 27rr*. 
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Examples. 

1. Deduce the above results from the equation 

sin J -E = sin J J?i tan J b tan J c. 

2. When two sides of a triangle are given, and its area a maximum, the 
arcs joining their middle points to the middle point of the base are per- 
pendicular to them, and each meets the opposite side in the pole of the 
other. 

3. If the area of a spherical triangle is one-fourth the area of the sphere, 
the middle points of its sides are the poles of the circumciroles of its co- 
lunars, and the arcs joining the middle points of its sides are quadrants. 

114. If a string of given length be laid in any manner 
on the surface of a sphere, and its extremities joined by 
an arc of a great circle, the area of the figure thus formed 
is a maximum when the string is in the form of a semi- 
circle. 




Fig. 40. 



Fig. 41:. 



Fig. 42. 



Join A and B (fig. 40), the extremities of the string, to any 
point C on it. By supposing AC and BC to remain 
constant in length, and the areas AMC and BNC to be 
rigidly attached to them, we can increase the area of the 
triangle ABC\ and therefore of the whole figure, by 
making C ^ A^- By and therefore the curve AMCNB 

£ 
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must be such that the triangle formed by joining A and B 
to any point G on it will satisfy the condition 0=^A-^B\ 
that is, it must be a semicircle, of which the middle point 
of AB is the pole. 

Cor. — If the ends of the string be united, the area of 
the figure it forms on a sphere is a maximum when it is a 
small circle, for each half of it must be a semicircle. 

115. Theorem. — If the aides of a polygon be given, its 
area is a maximum when its vertices lie on a circle. 

For suppose the polygon to be inscribed in a circle 
(fig. 41), and let it be distorted (fig. 42) so as to take 
another shape, the portions of the area between the sides 
and the circumcircle remaining rigidly attached to them ; 
then the new figure will have the same perimeter as the 
original, and will therefore be of less area (Art. 114, Cor.) ; 
but the portions on the sides are the same in both ; there- 
fore the new polygon is less in area than the original. 

Cor. — When the sides of a quadrilateral are given, its 
area is a maximum when the sum of one pair of opposite 
angles is equal to the sum of the other pair. 



Miscellaneous Exannples. 
1. Prove that 

, _ 1 + cos a + cos J + cos <? cos' J a + cos* i J + cos' i « - 1 
4 cos A a cos i b cos he 2 cos i a cos i b cos A e 



ic 2 cos ^ a cos ^ b cos ^ 

[cos 7 = cos J c cos i -& (fig. 38). Cf. Art. 106 ; and p. 67, Ez. 4.] 

2. Prove that 

sin J 8 sin J (« — a) sin i {s - b) sin J (» — <?) 



cos J a cos J COS J tf 



[Apply Ex. 1.] 
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3. Prove that 

2 1 jp__ cos ^ 8 C08 i{8 — a) cos J (« — *) COS J (» — <?) 

COS J a cos J ^ cos J c 

4. From Examples 2 and 3 deduce Lhuilier^a Theorem, 

6. Deduce Lhuilier''8 Theorem, from Ex. 1, and the formula 

, _ 1 - cos J ^ sin i -E 

tan t J? = — .  1, , or = ^ 



sinj^ ' 1 + cos J J?* 

6. Show that 

8in(C-J£)=--r 



2 ein ^ a sin ^ & cos } 

[Apply Art. 103 to colunar; and cf. p. 76, Ex. 31.] 
7. Show that 

,^ , -r^ 1+costf — cosa — cos* , „ 

COB (C-iE)= -— r^ ^^-- r- = C0S J^3 

4 sm ^ a sin J d cos fc 

COB* J tf — cos' J a - cos' J * + 1 
2 sin i a sin J 3 COS ^ 

[Cf. Ex. I. This relation is ohyioueAy identical with that of Ex. 1, 
applied to the colunar triangle on the side e. See also p. 75, Ex. 29.] 

S, Prove the relations 

^ ' ^ Sin f a sin i ^ COS i 

^ ' " ^ ' ' Sin ^ a Sin ^ d COS ^ 

[These relations can he derived &om Examples 2 and 3, applied to the 
<X)luiiar on c."] 

9. Prove that if J^i, ^, ^ be the spherical excesses of the colunar tzi« 
angles on the sides a, b, e, respectively, 

tan^(<-^)tan^(g-g) 

tan^ t iii = — 7 — 7 — 7 — TT r — ^> 

* tan ^ < tan i(» — a) 

with similar expressions for JSz and ^s* 

E2 
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10. Hence, show that 

cot J^ tan J ^1 tan J ^2 tan J ^ = cot^ J «, 

tan J-B cot J^i tan J ^2 tan J ^8 = tan* J (« - a), 

tan iEto.n\Ei cot J J?2 tan J j&3 = tan« J (« - *), 

tan J ^ tan J i?i tan J ^2 cot J ^3 ■= tan* J {» - c). 

(Cf . form with Art. 80, Ex. 2.) 
•11. Prove that 



vein 4 -B sin i ^1 sin 4 J^ sini ^3 
lUf s= ^ ^ ^ 5 — . 

2 sin ^ .<^ sin ^ j8 sin ^ C 



^ XL Dili ^ j8 Sin ^ 
[Supplemental to CagnoWs Theorem. See also Exam, Taper xii., Ex. 2.] 

12. If the sum of the angles of a triangle be four right angles ; prove 
that 

cos' Ja + cos' \h-V cos' } c = 1. 

[Apply Ex. 1.] 

13. If two sides of a triangle, a and d, be supplementary, prove that the 
spherical excess is equal to the included angle G\ and if E' denote the 
spherical excess of the polar triangle, prove that' 

sin } ^' = sin cos } (7. 

{Scienee and Art Exam.) 

[A + B = f, \ij Art. 24 ; therefore E = C. Also, J^' = ir - <?, and 
cos ^ = - cos' a + sin' a cos C, and cos ^ <; 3= sin } E'."] 

l\. Show that 



. „ , V Vsin ^ ^ sin I ^1 sin 4 ^2 sin 4 i?3 

Bin' iE= ^—T-r- — 1 1 T -Ti — -* 

cot J a cot ^b cotie 

[Apply Art. 105 (2).] 

15. Two spherical triangles have equal vertical angles, and are such that 
the products of the tangents of the halves of the sides about the equal angles 
are equal to one another ; prove that the areas of the triangles are the same. 

(See Art. 106.) 
What does this theorem degenerate to on a plane ? 

{Eue.f VI. XV.) 

* Hence the area of the polar triangle in terms of the angles of the primi- 
tive triangle. 
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16. Througli one of the vertices of a triangle draw an arc of a great 
circle, bisecting its area. 

[Let the arc be drawn through the vertex (7, meeting the base in a 
point C\ Apply Art. 105 (2) to the triangles ACC And-] BCC The arc 
CC divides the base into segments, the sines of the halves of which are in 
the ratio cos J a : cos } b"}. 

17. Through a given point on a side of a spherical triangle draw an arc 
of a great circle, cutting off a given part of the triangle. 

[Art. 105 (2) gives the point where the arc meets another side ; there- 
fore, &c.]. 

18. If a, jB, 7 be the radii of three small circles, which touch each other 
at A*B'C ; and if -4, 5, C be the poles of the circles, show that the 

area A'B^C = (-4 cos o + 3 cos iS + Ccos y - irjr^. 

[The area of AB'C* is to the area of the segment on which it is situated 
as ^ : 2ir ; therefore 

^5'r = ^r* (1 - cos a). 

Similarly, 

BC*A' = 3r2 (1 - cos iS), and CA'B* = Cr^ (1 - cos y) ; 
therefore, &c.]. 

19. If two sides of a spherical triangle be given, and its area a maxi- 
mum, the arcs drawn perpendicular to the sides at their middle points pass 
through the middle point of the base. 

[For the middle point of the base is the pole of the circumcircle.] 

20. If the area of a spherical triangle be one-fourth of the area of the 
sphere, the arcs joining the middle points of its sides are quadrants. 

(Lonchn Univer»ity,) 
The triangle DPQ (fig. 38), shows that 



D 



_ cos y cos i3 cos o n 

cos i ^ s= ; — = T~i — \ — • 

COS i cos J d COS ^ a J 



21. If the area of a spherical triangle be one-fourth the area of the 
sphere, show that the bisector of a side is the supplement of half that side. 

[The middle points of its sides are the circumcentres of the colunar tri- 
angles, since in each of them we have, by the given condition, the vertical 
angle equal to the sum of the base angles.] 
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22. Given the base and area, show that the arc joining the middle points 
of the sides is constant ; and if it is a quadrant, then the area of the tri- 
angle is irt^* (See fig. 38.) 

23. What relation connects the area of a triangle with the sum of the 
sides of its polar triangle? 

24. Two circles of angular radii, a and fi, intersect orthogonally on a 
sphere of radius r ; find in any manner the area common to the two. 

(London University.) 

[Let A and B be the angles subtended at the poles of the circles by their 
common chord, M and N their common points, S the distance between 
their poles; then, if ^ be the common area, we have 

sect(»r AMN + sector BMN = quadrilateral AMBN + x ; 

therefore 

a? + (-4 + jB-ir)r2 = ^r2 (1 -cosa) + ^r»(l -eo8)3); 

or « = (it — -4 cos o — ^ cos )3) r*. 

A J B are determined from the equations 

sin a = sin 8 sin } ^, sin )9 = sin S sin | ^, cos 8 = cos a cos i9.] 

25. Find the surface of en equilateral and equiangular polygon, and the 
yalue of each of the angles when its area is half the surface of the sphere. 

(Cambridge Exam. Papers.) 

26. If ^ be the spherical excess of a triangle ; prove that 

\E = tan J a tan J i sin C - J (tan J a tan J J)' sin 2 C + &c. 

^— , , « tan i a tan ^ i sin C 

[We have tan \>E = , . ^ \ . n n 5 

"■ ^ 1+tan Ja tan J* cos C 

X sin a 
and if we have tan x = 



1 + A. cos a 
then a: = nir + A sin o - J X* sin 2o + J A.' sin 3a - 

See Todhunter's Plane Trig., Art 298.] 
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CHAPTER VIIL 

THE CHORDAL TRIANGLE. 

116. Frequent reference has already been made to the 
chordal triangle, or the triangle formed by the choj'ds of 
the sides of a spherical triangle. We shall now point out 
some of the relations which exist between the parts of a 
spherical triangle and its chordal triangle. 

We shall denote the angles of the chordal triangle by 
-4', -B', C, its sides by d^ b\ c'\ and if r be the radius of 
the sphere, we have 

a'= 2r sin^a, H = 2r sin ^6, c' = 2r sin^c. 

117. Problem. — Saving given the sides of a spherical 
triangle, to determine the angles of the chordal triangle. 

By Plane Trigonometry, 

a*=6'»+c"-26'c'cos^'. 
Dividing both sides of this equation by 4r*, we find 
sin'^a = sin'^J + sin'^c - 2 sin ^6 sin^c (iosA\ 

Hence 

., 1 + cos a - cos b - cos c 

cos A' = A ' iL ' i 9 

4 sm-^b sm ^c 

or, 

with similar values for cos B" and cos C\ 

Referring to the third of the Miscellaneous Examples of 
Chap. III., it will be seen that this expression for cos A' is 
identical with that for the cosine of the arc joining the 
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middle points of the sides of the colunar triangle on the 
side a, and we may conclude, therefore, that the angles of 
the chordal triangle are respectively equal to the arcs 
joining the middle points of the sides of the colunars on 
the sides opposite to them — a relation which may be 
proved geometrically, as follows : — 

118. The angles of the chordal triangle are, respectively, 
equal to the arcs Joining the middle points of the sides of the 
colunar triangles. 

Let ABC (fig. 43) be a spherical triangle, the centre 
of the sphere, and C" the point diametrically opposite to 
C\ M andN the middle points of C'A ajid C'£. Then 




N 

Fig. 43. 

OM is parallel to AC, since they are both perpendicular to 
AC\ Similarly, ON is parallel to BC. Therefore the 
angle MONox the arc MNia equal to the angle C of the 
chordal triangle. 

Eeferring to Fig. 10, Art. 20, it will be seen that is 
the pole of the oircumcircle of the colunar on AB, and that 

A0B = LM^2XY] 

that is, the angle which any side of a triangle sub- 
tends at the pole of its circumcircle is double of the arc 
joining the middle points of the sides of the corresponding 
colunar, or (by the foregoing) double of the corresponding 
angle of the chordal triangle. 
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This may be proved independently, as follows : — 

119. The angle subtended by a side of a triangle at the 
pole of its circumcircle is double of the corresponding angle of 
the chordal triangle. 

Let H be the pole of the circumcircle ; then the planes 
of the great circles AM and BH are each perpendicular 
to the plane of the circumcircle ; and therefore the angle 
between them is equal to the angle which the side AB 
of the chordal triangle subtends at the centre of the cir- 
cumcircle ; that is, is double of the corresponding angle of 
the chordal triangle. 

Cor, 1. — When C = A + B, the chordal triangle is 
right-angled at C, For AB passes through the pole of 
the circumcircle, and therefore subtends an angle n at it. 
Hence C = J tt, as is obvious, since A and B are diametri- 
cally opposite points on the circumcircle. 

Cor. 2.— 

cos A' = cos i a sin (S - A), 

cos-B' = cos i b sin {8- B\ 

cos C = cos i c sin {8- C). 

[These values follow at once by dropping perpendicu- 
lars from H on the sides of the triangle.] 

120. Problem. — Saving given two sides and the included 
angle of a spherical triangle^ to find the corresponding angle 
of the chordal triangle. 

Since C" is equal to the arc JOT, joining the middle 
points of the sides of the colunar, we have at once 

cos C = sin J flj sin i ft + cos i a cos ^ b cos C ; 
with similar values for cos A' and cos JS'. 
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No difl&eulty will be found in identifying these values 
of cos -4', cos Sy cos C^ with those given in Art. 117. 

121. If the sides of a spherical triangle be small compared , 
with the radius of the sphere^ to find the excess of an angle of 
the spherical triangle over the corresponding angle of the 
chordal triangle. 

Let denote the excess ; then 

cos A' = cos (-4 - 0) « cos -4 + sin -4, nearly. 

But by Art. 120, 

cos A' = sin' i ( J + c) - sin' \{h-c) 

+ [1 - sin' \[h-^c) - sin' \{h- c)] cos A. 
Therefore 

Q %mA= sin' J (ft + c) (1 - cos A) - sin' j (ft - c) (1 + cos A) ; 
from which we find 

= tan i A sin' J (ft + c) - cot J -4 sin' j (ft - c). 

This expression gives the circular measure of the excess 

as a function of two sides and the included angle. The 

value in seconds is obtained by dividing by the circular 

measure of one second. 

Cor.— 

© sin ^ =» cos i a sin {8-A)- cos A. 

[For cos -4' = cos -4 + 6 sin -4 = cos i a sin {8-A). 

(Art. 119, Chr. 2).] 

Examples. 

1. If Aiy B\, d; Azt B2f C2 ; A3, Bz, Cz ; be the angles of the chordal 
triangles of the colunars, prove that 

cos .^1= cos ^ a sin /S', cos-Bi =sin Jft sin (-8' — C7), cosCi= sinJcsin(i5-J5), 

oos^2 = 8in^asin(^- C), cos ^2 = cos} 6 sin i$, cos (72 = sin J^ sin (iS'—^), 

cos ^3 =? sin ^a sin (iS^ - B), cos ^3 = sin J ^ sin (^ - A), cos C3 = cos }(; sin S. 
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2. Prove that 

sin (^^ - JT) _ sin (^ - .g) 
sin C" sin C 

(London Univ. Exam. Papers.) 

3. Using the notation of Ex. 1, show that 

cos Ai : cot ^2 : cos Cs = cos ^a: coa^b : cos J«. 

4. If one of the arcs joining the middle points of the sides of a triangle is 
a quadrant, the others are quadrants ; and hence, if the chordal triangle of 
one of the colunars is right-angled, the chordal triangles of the other colu- 
nars are right-angled, and the middle points of the sides of the original 
triangle are the poles of the circumcircles of the colunars. 

6. Show, by Ex. 4, that if one of the colunar triangles is the greatest 
that can be constructed with its two sides, the other colunars are also of 
maximum area. 

6. If C= -4 + B, prove that 

cos C= — tan ^a tan ^b. 
[The chordal triangle is right-angled at C] 

7. If two sides a, 6 of a triangle be given and the area a maximum, show 
that the arc joining the middle points of the sides is given by the equation 

cos a + cos^ 

cos 7 = r — . 

cos^a cos ^6 

8. In the same case, show that the third side, c, is found from the equation 

2 cos* Jc = cos a + cos b. 

9. Show that the sum of the three arcs joining the middle points of the 
sides of the colunars is equal to two right angles, the sides of the original 
triangle being regarded as the bases of the colunars. 

[They are equal to A', B\ C\ respectively.] 

10. Prove that 

cos* Ja sin* i» + sin^i* sin2(/S- C) + sin* Jc sin* {8- B) 

+ 2 cos \a sin J* sin \c sin /S sin (5 - ^) sin (fi" - (7) = 1. 

[See Ex. 1, and remember that 

1 - cos?-4' - eo6*-B' - cos* C" - 2 cos A' corB^ cos C" = 0]. 
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11. Prove that 

(Educational Times.) 

12. Prove that 

8in«(5'-^)cQ8« Ja + 8m2(5--B) cos^ Jft + 8in«(5'-t7) cos* J<j 

+ 2cosJa cos^i cos ^0 an {8— A) aiL(S-B) sin {8- C) « 1. 

13. Prove that 
(o) 8m|d cos ^'+8111 1^0 cos ^= sin J^t;. (Art 117.) 
{$) sinja cos^d sm{8— 3) + 8X11.^5 cos}asm(5— ^) =sm^«. 

14. What is the analogue in piano to Ex. 13 (/3) ? 

Ans, e = b cos A'\- a cos B. 

15. Having given the base and the arc joining the middle points of the 
colunar on the base, the circumcircle is fixed. 

[For the vertical angle of the chordal triangle is given.] 

16. Prove the equation 

sinjd ?m\eBm(S—A)'\- cos}& cos^^ sin6'= cosja. 
[sin \e cos Bz + cos J J cos Cz = cos J« (Ex. 1).] 

17. Prove the relation 

8 coe^' cosiJ' cos <7'= ^^(^±^Z^^(^t4=.^) ^^(^±^r^). 

sin^ sm^ sin G 

18. If -4 + -B + (7= 2ir, prove that 

(a) cos' Ja + cos* J J + cos* Jc = 1 . 

(i3) cos (7= - cot Ja cot J*. (Cf. Ex. 6.) 

19. Solve the equations 

sin h cos sin Z + sin c cos ^ sin F= sin a, 

sin« cosasinX+sina cose sin Z = smb, 
sin a cos d sin F + sin ^ cos fl( sin Z = sin e. 
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[Let 2a, 21, 2c be the sides of a spherical triangle, then 

. ^ 1 + cos 2a — cos 2b - cos 2c 

smZ= 7-:— 1—^ » 

4 sin sm c 

with similar values for Y and Z.] 

20. Show, hy applying Art. 119, Cor. 2, to the colunar triangle, that 

cos a cosjB cos 7 . ^ 

__ = _- = _ = QUlS, 

cos^a cos ^6 cosf<; 

where a, iS, 7 are the arcs joining the middle points of the sides. 

21. "What is the geometrical interpretation of Ex. 17 ? 

Ana. If one angle of a spherical triangle be equal to the sum 
of the other two, the chordal triangle is right-angled. 
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CHAPTER IX. 

CONCURRENT ARCS AND CONCYCLIC POINTS. 

122. Con«litloii that Three Arcs through the 
ITertlees of a Triangle should he Concurrent. 

If three arcSy 0-4, OB, OCy drawn from a point to the 
vertices of a triangle, meet the opposite sides in points A\ JB', C\ 
and divide them into segments aiya%; bi,h%; Ci,Cj, respectively, 
we have the relation 

sin ai Bin bi sin Ci 



sin Oa * sin 6} ' sin ^2 



= 1; 



and conversely — if points A, S, C divide the sides of a 
triangle into segments connected by the above relation, the arcs 
AA'j BBty CG' will meet in a point* 



Fig. 44. 

Let AA', Bff, CC (fig. 44) meet at and divide the 
sides into segments, as marked in figure. 

* N.B. — In ajl cases in which we speak of any numher of arcs passing 
through a point, it is to be understood that they pass through the diametri- 
cally opposite point also. 
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The triangles BA'O and CA^O give us 

sin «! sin A' = sin jBO sin 2, 
and sin Oa sin A' = sin CO sin a?. 

PT,, . sin tti sin 50 sin s 

Therefore 

Similarly, 

and . - . o^j , . 

sm C2 sin BO 8iny 

Multiplying these three results together, we obtain the 
relation in question. 

Again, conversely, if this relation holds among the seg- 
ments of the sides, the ares AA\ BB% CC will pass 
through a point. For, if possible, let -4', -B', O" be three 
points dividing the sides into segments, which satisfy the 
above relation, and suppose the arc CO not to pass through 
C". Then, since AA^ BB\ CC are concurrent, we have 

sin fli sin 61 sin Cx 



sin^a 


sin CO sin x 


sin by 


sin CO sin y 


sin bi 


sin -40 sins;' 


sin Cx 


sin -40 sin a? 



sin a% * sin 62 * sin Cs 
Also, by hypothesis, 

sin^i sin&i sin^O 



= 1. 



= 1. 



sin (h ' sin b^ ' sin BC 
Therefore 

sinci _ sin -40" 

sin C2 sin 50"' 

which is absurd, since the arc AB is less than 180°. 

123. If the arcs AA', BB, CO' divide the angles 
-4, 5, into segments -4i, -42; Bx,B%\ Oi, O2; opposite the 
corresponding segments of the sides, th«n we have 

sin fli sin c sin -4i p ^ 

~ — ^ "- — r~^ — T> ^^'9 «c,> 
sm ch sm 6 sm A-i 
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and therefore 

sin Ai sin Bi smCi 

sin ^2 ' sin ^2 ' sin O2 

And just as before, it holds conversely, that if this relation 
exists among the segments into which three arcs divide 
the angles of a triangle, then these arcs, produced if neces- 
sary, will pass through a point. This then may also be 
regarded as a criterion of the concurrency of three arcs. 

Hence we have the following theorem : — If three arcs 
passing through the vertices of a triangle he concurrent^ three 
arcs eqvxiUy inclined to the bisectors of the tingles of the triangle 
will also he concurrents 

For, if the former triad divide the angles into segments 
-4i, A2 ; J?i, £2 ; C'l, C2 ; the latter triad will divide them 
into segments A29 Ai ; -B2, Bi ; (72, Ci ; and, therefore, if 
the former triad meet in a point, so also will the latter. 

If this latter triad make segments a/, Oa', hi, 62', Ci\ Cg', 
on the sides, we have, as at the beginning of this Article, 

sin a/ sin c . sin A2 ^y sin A2 sin 02 . sin c 
sin ^2^ sin h . sin Ai sin Ai sin ai . sin h' 

Therefore 



Similarly, 



and 



sin ai sin «2 sin^ c 

sin 02' sin ai ' sin* h' 

sin hi sin 62 sin* a 

sin 62' sin hi ' sin* c ' 

sin Ci sin C2 sin* h 

sin c^ sin Ci ' sin* a' J 



} 



These expressions also show that if one triad be con- 
current, the other triad will also be concurrent. 
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Examples. 

1. Prove that the following arcs are concurrent : — 

(a) The medians or bisectors of sides. 
(j3) The sjrmmedians. 

[_. , ^ , sinai , . J . /«v L ainai' sin'c „ "1 
In (a) we have -; = 1, &c. ; and in {&) we have -; ; = -rrr.'i &c. 
^ ' sin oj sinrta sin^ft J 

2. Show that— 

(a) The three internal bisectors of the angles ; 

(3) Two external and one internal ; 

are concurrent. 

[sin Ai : siu'^a : : sin : sin b^ or apply Art. 123.] 

3. The perpendiculars of a spherical triangle are concurrent. 

<See Art. 64). 
r sin ei sin h cos ^ „ 1 

t^sin €2 BXRa cos B J 

4. Show the concurrency of the arcs joining the vertices of a triaugle to — 

(o) The points of contact of the sides with the in-circle ; 
(j3) The points of contact of the sides with each of the ex-circles ; 
[«j = ii, h% = ci, €2 = ai. Therefore, &c.]. 

5. Prove that the three arcs drawn through the vertices of a triangle, bi- 

tiecting its area, are concurrent. 

..„■ - sin 1 tf 1 cos \c . . . - , - 

rwe have —. — z — = r-,> »c. ; hence, 11 we calculate sm <^l, sm «2» «c., 

^ sm J a2 cos ^b 

we find the criterion satisfied. For a simple geometrical proof see Art. 157.] 

124. Condition that Three Points on the Sides 
of a Triangle should be Coneyelic. — If a great circle 
meet the sides of a triangle in points A\ B\ C\ dividing them 
into segments «i, 0% ; fti, 62 ; Ci, C2, we have the relation 

sin ^1 sin by sin Ci 



sin a^ sin h^ ' sin C2 



= -1; 



.» 



* The negative sign is taken, because any arc drawn across the sides of a 
triangle must cut either one of thr^e of the sides externally. 

F 
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and conversely — If three points he taken on the sides of a 
triangle^ and if this relation holds among the segments into 
which they divide the sides, then the points will lie on the same 
great circle. 




Fig. 45. 

Let X, /I, V be the perpendiculars from ABC on the 
great circle ASC\ Then, if -4C" = Ci, and C'B = Cj, as 
before, we have 

sin ax sin /ti 



Similarly, 



and 



Therefore 



sin 0% sin v 

sin (i sin v 

sin hi sin A' 

sin Cx sin A 

sin Ci sin yi 

sin Ux sin hx sin Cx 



sin ai ' sin ^3 ' sin Ci 



= -1. 



The converse — viz., if the segments fli, Oj; Ji, J2 ; Ci, Cj are 
connected by the above relation, the points -4', jB', C" lie 
on the same great circle — follows exactly as in the fore- 
going Article, by supposing them not to lie on the same 
great circle. 



1 1 



\ 



/ 
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Remark. — The relation of Art. 55 (1) connecting the 
mutual distances of three points with the perpendiculars 
from them on any fixed great circle may also be used with 
advantage to determine if three points lie on the same 
great circle. 

125. Tfccorcin. — If three great circles^ drawn from the 
vertices of a triangle^ pass through a point 0, and meet the 
opposite sides in points A\ JB', C% the sides qf the triangle 
A\ 5', C will meet the corresponding sides of the triangle 
ABC in points tchich lie on a great circle^ 




Fig. 46. 

Since AA\ Bff^ CC^ (fig. 46) are concurrent, we have 

sin tti sin bi sin Ct 



sin ^2 * sin bi ' sin Cj 



= 1; 



and if A^ff meet AB in a point C", we have, since -B', A\ C 
are on the same great circle, 

sin a I sin fti sin-4C" - 
sin ^2 ' sin b^ ' sin BC^ 

p2 
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sIn-4C" sin (?i \ 



Hence 



sin jBC" ~ sin c,' 



c. M 1 sin £-4" sin fli 



and 



sin CJS" _ sin 6i 
sin-^^jB'' sin K 



« / 



TK # Bin^C^^ sin BA'' sin C^^ 

^^^^^""^ iri^:BO^'-sb^Cl^'riS:Zr""-^^ 

and hence the points A\ -B", C" Ke on a great circle. 

Cor. — If A' and £' be the middle points of the sides a 
and J, then C will be the middle point of the side c. But 
it has been proved that the arc joining the middle points 
of two sides meets the third side at 90° from its middle 
point (Art. 20) ; hence, if 0'(7" and A^A'^ are quadrants, 
then ^-B" will also be a quadrant. 

Therefore, since -4", B^\ C" are concyclic, by considering 
the quadrilateral C'A!C"A\ it follows that, if two diagonals^ 
AA!^ and C'C'\ of a quadrilateral he quadrants^ the third 
diagonal^ SB!\ toill also he a quadrant. 

Examples. 

1. The arcs joining the middle points of the sides of a triangle meet the 
opposite sides in points which lie on a great circle, having the pole of the 
circumcircle for its pole. 

[See fig (10) and note that the points E and -B are 90^^ distant from Z.] 

2. The great circles joining the feet of the perpendiculars of a triangle, in 
pairs, meet the opposite sides in points which lie on a great circle. 

3. The great circles joining in pairs the points pf contact of the in-circle, 

or of any one of the ex -circles, with the sides, meet the opposite sides in ., 

points which lie on a great circle. I 



I 



Examples, 69 

4. The arcs joining in pairs the points where the bisectors of the angles 
of a triangle meet the opposite sides, intersect the opposite sides in points 
which lie on a great circle. 

6. The medians of a triangle intersect at ; prove that 

sin OA : sin Oa' : : 2co6^a : 1 ; 
sin OB : sin 0S> : : 2 cos } ^ : 1 ; 
sin OC : sin OC : : 2cos^0 : 1. 

[Consider the triangle ACC and the transversal BB' drawn across it, 
and apply the relation of Art. 124.] 

6. If arcs AA\ BB\ CO* be drawn through the vertices of a triangle 
passing through a point 0, and cutting the opposite sides in A\ B't C\ 
prove that 



(.) % 



sin OA' cos OA 
(^' ^ tan OA' + tan OA 



mi A A' 
t&nOA' 



= 1. 



= 1. 



^ , .^-» sin OA . cos OA* 



W ^ 



tan 0^ + tan OA' 



= 2. 



7. II a triangle be inscribed in a fixed small circle, and if two of its sides 
touch two fixed spherical curves, its third side will envelop a third spherical 
curve, such that the vertices of the triangle connect concurrently with the 
points of contact of the opposite sides with their envelopes. 

[Take a consecutive position of the triangle, and it will be seen that the 
segments of the sides, made by the points of contact, satisfy the relation of 
Art. 122.] 
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CHAPTER X. 

DIRECTION ANGLES AND DIRECTION COSINES. 

126. Trl-quadrantal Triangle. — If each side of a 
spherical triangle be a quadrant, each vertex will be the 
pole of the opposite side, and each angle a right angle. 
Such a triangle we shall refer to as being Tri-quadrantaL 
It may be observed that the radii from the centre of the 
sphere to the vertices of a tri-quadrantal triangle are mutu- 
ally perpendicular to each other, the angle between two 
radii being equal to the arc joining their extremities ; so 
also the planes of the great circles forming the triangle 
are mutually perpendicular. 

127. DIrectloii Cosines. — The angular distances 
of a point on the surface of a sphere, from the vertices of 
a fixed tri-quadrantal triangle on it, are called the Direc- 
tion Angles of the point, and the cosines of these angles are 
called the Direction Cosines of the point. Thus, if P (fig. 47) 
be any point on the surface of a sphere, ABO a fixed tri- 
quadrantal triangle, the arcs PA, PB, PC are the direc- 
tion angles of P. These we shall denote by o, /3, 7, 
respectively. It is obvious that a, j3, 7 are the angles 
which the radius to P makes with the radii to A, P, C, and 
if any two of these be known, the direction of the radius to 
P is determined ; thus> any one of the direction cosines 
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of a point is determined by the other two, and therefore 
a relation exists among them. This relation we proceed 
to determine. 






Fig. 47. 

128. Relation connecting the Direction Co- 
sines of a Point. — The sum of the squares of the direction 
cosines of any point is equal to unity. 

Let a, /3, 7 be the direction angles of any point P 

(fig. 47). Since the triangle APC is quadrantal, we 

have 

cos a = sin y cos ACP, 

and cos /3 = sin 7 cos £CP (from triangle BCP)* 

But ACP and BCP are complementary ; hence, 
squaring and adding the above equations, we have 

cob' a + cos*]3 = sin' 7. 
Therefore cos' a + cos' /3 + cos' 7 » 1.* 

* This relation merely asserts that the square of the diagonal of a rectan- 
gular paraUelopiped is equal to the sum of the squares of its three edges ; 
the diagonal in this case heing the radius to P, and the edges the perpendi- 
culars from P on the planes of the sides of the triangle ABC, The ex- 
pression given in Art. 129 for cos 8 may be easily deduced from the same 
principle. 
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Cor. — ^If x^ y, z be the perpendioalars from any point 
on the sides of a tri-quadrantal triangle ; then 

sin^a? -I- sin'y + sin'2 = 1. 

129. Angular Distance between two Points. — 

Having given the directum angles of two points^ to find the 
angular distance between them. 

Let a, /3, 7 ; a\ /3', y be the direction angles of two 
points P, P" (fig. 48), and S the angular distance between 




Fig. 48. 

them. From the triangle PAP' we have 

cos 8 = cos a cos a + sin a sin a cos PAP'. (1) 

But cos PAr = cos {PAD - rAB) . 

Now cos /3 •= sin a cos PABy cos /3' = sin a cos P'AB ; 
also cos 7 = sin a sin PAB, since PAB - 90° - PAC; 
and cos7' = sina sin P'^5,sinceP'^J?=90°-F^C. 
From these equations we find 

•n jry COS 3 COS 3' + COS 7 OOS 7' 
ITjO-IT : ; j; \ 



COS 

sm a sm a 



which, when substituted in (1), gives us 

COS 8 « COS a cos a + cos j3 cos /3' + cos 7 cos 7'. (2) 
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In this equation 8 is the angle between the radii to P 
and if^, and a, /3, 7 ; </, /3', 7' the angles these radii make with 
the radii to -4, .B, C. Hence the above equation gives the 
angle between any two lines in terms of the angles they make 
tdth three fixed rectangular axes. 

Cor. — If rr, y, 2 ; x\ /, z' be the perpendiculars from any 
two points on the sides of a tri-quadrantal triangle, 8, the 
angular distance between them is given by the equation 

cos 8 = sin a? sin a?' + siny sin y' + sin s sin z\ 

Example. 

If the angular distances of a point, F, from the vertices A, B, C, of a 
tri-quadrantal triangle be |, 1), (, and if the direction angles of P, A, B, C, 
referred to any other tri-quadrantal triangle, be a,fi,y; au 3i, 71 ; aa, $2, yi ; 
03, /33, 73, respectively ; prove that 

cos I = cos a cos oi + cos jS cos (3\ + cos 7 cos 71 . 
cos 77 = cos a cos 02 + cos /3 cos ^ + cos 7 cos 72. 
cos (= cos a cos OS + cos /3 cos /Ss + cos 7 cos 73. 

cos a = cos I cos ai + COS 1} cos as + cos ^ cos 03. 
cos i8 = cos { cos $1 + cos Tf cos $2 + cos ( COSjSs. 

COS 7 = COS { cos 71 + COS 1J COS 72 + COS f COS 73. 

These equations enable us to determine the direction angles of any point 
with reference to one triangle when its direction angles, with reference to 
the other, are known, the relative position of one triangle with respect to 
the other being also known. 

130. !Expre88ioii for sin 8. — To find the sine of the 
angle between any two lines in terms of the angles they make 
with three fixed rectangular axes. 

By the foregoing Article we have 

cos* 8 = 2 cos' a cos* a + 22 cos j3 cos /3' cos 7 cos 7'. 
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TTaing the relation 

008* a'+ 008*^+ 008*7'= ^f 

this transforms into 

C08'S= SC08»a(l-008'3'-008»7') 

+ 2S 008^ 008/3' OOSy OO87' 

= CO8'a + 0OS*/3 + 0OS'7- IS (0O8 /3 008 7'- 008 /3' 008 7)* 
= 1-2 (008)3 008 7'- COS 3' COS 7)*. 

Therefore 

sin* 8 = S (cos /3 cos 7'- cos 3' COS7)*. 

This expression may also be obtained directly from the 
identical relation 



{be'" Vcy + {cc^- c'ay + (aft'- c(bf 
= («* + ft* + c*) (a'* + 6'* + c'O - (aa'+ 66'+ cc')* ; 

obtained by squaring the array 

a b c 
d V c 



ft* 



131* Direction Cosines of the Pole of the Are 
Joining two Points. — Let ai, )3i, 71, 02, ^29 72 be the 

direction angles of two points; a, /3, 7 the direction angles 
of the pole of the arc joining them. Then since the arcs 
joining afiy to the other points aye each 90°, we have, by 
Art. 129, 

cosa costti + cos/3 cosj3i + C0S7 COS71 = ; 
and 

cos a cos az + COS /3 COS/Sz + cos 7 COS 72 = 0. 
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Hence 



ooso 



cos/3 



cos jii cos ji - COS ji cos /32 



cos 71 cos a2 — cos oi cos 72 

cos 7 
COS oi COS 1^2 - COS jii cos 02 



-i 



cos* a + cos'^ /3 + cos* 7 



S (cos j3i COS72 - COS71 cos j32)* sin S' 
where 8 is the angular distance between the given points. 

Therefore 

cos o sin 8 - cos /3i cos 72 - cos 71 cos/32, 
cos /3 sin 8 = cos 71 cos 02 *- cos ai cos 72, 
cos 7 sin S = cos ai cos /32 - cos /3i cos a2. 

132. Relation among the (iix Arcs of Connection 
of Four Points on a ilpliere. — Let the direction angles 
of the points 1, 2, 3, 4, be oi, j3i, 71 ; 02, j32, 72, &c. Then 
if we perform the multiplication 



cosai cosiSi cos 71 

C08a2 cosi82 cos 72 

cos 03 cosjS; cos 73 

cosa4 cosi34 cos 74 



cos ai cos fii cos 71 
cos a2 cos p2 cos 72 
COS 03 cos/33 cos 73 



, ^, ,, ^ COS 04 COSJ84 COS 74 

the product will obviously be zero, since each of these 
determinants is zero ; and observing that 



cos'' 



a + cos' /3 + COS* 7 = 1> 



and cos oi cos 02 + cos J3i cos (iz + cos 71 cos 72 = cos 12, 
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where 12 represents the arc joining the points 1 and 2, 
we have 



cos 12 COS 13 cos 14 



cos 21 



cos 23 cos 24 



cos 31 COS 32 



cos 34 



COS 41 cos 42 cos 43 



= 0. 



whioh is the required relation in a determinant form. 

It is clear from what has been said in Art. 129, that this 
is the relation connecting the angles whioh four lines in 
space make with three fixed rectangular axes, the lines 
being parallel to the radii to the points 1, 2, 3, 4. This 
relation may be obtained directly, though not in a deter- 
minant form, by taking the point 4 inside the triangle 
formed by the points 1, 2, 3, and observing that if the 
connectors of 1, 2, 3 subtend angles .4, £9 C at 4, then 
-4 + -B + C = 27r, and 

1 - cos'-4 - cos'5 - cos'O + 2 cos -4 cos 5 cos C = 0. 

Substituting in this equation the values of cos^, &c., in 
terms of the arcs joining the points, and reducing, we 
obtain 

+ 2abaP - 2abc - 2a(3y - 2bya - 2caj3 = 1, 

where a, 6^ c ; a, j3, y are taken, for the sake of brevity, to 
represent the cosines of the six arcs in question. 



Examples. 
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Examples. 

I. To find a relation connecting the sides of a triangle with the perpen- 
diculars Xy y, «, let fall on them from any point on the sphere. 

[If a, ^i y he the angular distances of any point P on the sphere from the 
vertices of a triangle ABCy the foregoing determinant becomes 



1 COS0 cosd cos a 

cos(; 1 cos a cosiS 

cos b cos a 1 cos 7 

cos a cosjS cos 7 1 



0. 



= 0, 



This applied to the polar triangle, the sides of which are ir - -4, ir - 5, 
IT - C7, becomes 

-- 1 cos C7 cos ^ sin a; 

cos C — 1 cos -4 sin y 

cos^ cos^ —1 sins 

sin i; sin y sin 2 — 1 

since the cosine of the angular distance of any point from a vertex of the 
polar triangle is equal to the sine of the perpendicular from that point on 
the corresponding side of the original triangle. 

The coefficient of sin^ x in this determinant is sin^^, and the coefficient of 
siny sins is 2 (cos ^ + cos^ cos C) =3 2sin^ sin (7 coses. 

Hence, on expanding the determinant, we find 



T^Biv^A sin^ X + 22sin^ sin Cco^a siny sins = —) 



— 1 COSC COSjff 

cos C — 1 cos^ 
cos^ cos^ —1 



AIP. 



Dividing across by iV^, and noting that 

sin A sin a 



N 



n 



, &c., 



we obtain 

2g sin^ a sin* a; + 25 sin 5 sin c cos a sin y sin « = 4«*, 

which reduces in piano to 

nx -{- b^ ■]- cz = 2a.] 
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2. Find the angular radius of the circle catting three small circles ortho- 
gonally in terms of their angular radii, ri, rs, rs, and the angular distances, 
a, by e, between their poles. 

[Let a, jS, 7 be the angular distances of the pole of the orthogonal circle 
from the poles of the given circles. Then, if p be the unknown radius, 

coea = cosp cosri, cos/S :» cosp cosr2, cos 7 = cos f> cos ra. 

Therefore 

1 006 6 cos & cos a 1 COBC eoab 

cose 1 cosa cos^ 

cosd cosa 1 cos 7 

cosa C08/3 cos 7 1 

which determines aecp, as riequired]. 

3. Show that the arcs joining n points, 1, 2, 3, . . . n, on a sphere, are 
connected by the determinant relation 

1 cos 12 COS 13 . . cos In 



= = 



COBC COS 6 cosri 

cosc 1 cosa cosr2 

COS 6 cosa 1 cosrs 

cosri cosra cosra sec^p 



cos 21 1 
cos 31 cos 32 



cos 23 



cos 2m 



cos '6n 



= 0, 



cos fsl COS »2 cosn3 

where 12, &c., denote the arcs joining the points 1, 2, &c. 

[This relation is obtained in exactly the same manner as the relation 
among the connectors of four points was obtained in the foregoing Article.] 

4. If be any point on the sphere, and tti, »3, tta the functions of the 
sides of the triangles £00, CO A, AOB, corresponding to the function » of 
the triangle ABC, show that 

«' = Hi* + III' + *«3* + 2«aiia cos a + 2n3»i cos b + 2»itt3 cos e. 

[We have, sin a sin a; = 2fti, sin 6 sin y = 2n2, sin sin 2 = 2na ; there- 
fore, &c. by Ex. 1.] 

133. Expression for cos S witb reference to any 

Triangle. — In this Article we propose to find an expres- 
sion for the ang^ular distances S^ between two points P, P", 
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in terms of the angular distances of those points from the 
vertices of any given triangle ABO and the sides of that 
triangle. 

Let the direction angles of Ay B^ C, the vertices of the 
given triangle, be ai, j3i, yi ; a,, ^2 72 ; as, /Ss, 73 ; and £, »j, ^ ; 
£', vi\ Vy those of the two arbitrary points P, P', respec- 
tively. Then, by multiplication of determinants, we have 



cosai cos/9i cos 71 

C08a2 cosiSs cos 72 

COB 03 COSiSs COS 73 

C08{' cosV cosf 



cosai C06)3i COB 71 

C0Sa2 008/32 COS 72 

COS as cosjSs cos 7s 

COS I COS 1} COS ^ 



1 GOS<; COS 6 oosa 

COS0 1 COS a cos/3 

cosd COS a 1 cos 7 

cos a' co&ff cos 7' oosS 



0, 



where a, /3, 7 ; a , /3', 7' are the angular distances of the 
points in question from the vertices of the given triangle 
ABC. Expanding this determinant, we find 



4»' cos 8 = 



1 cos € COS b COS a 
cose 1 cos a cos/S 
cofid cos a 1 cos 7 
cos a 008/3' cos 7 
= :S cos a cos a sin^a + :S (cos /3 cos 7' + cos /3' cos 7) sin J sin u cos -4.* 



* This expression for cos 8 may also be obtained from the equation 
(P = x^ + y^ + z^ + 2yz cos « + 2 cosac cos i + 2 xy cos<?, 

which gives the diagonal e^ of a parallelepiped in terms of its edges, x^ y^ z, 
and their mutual inclinations, a, b, e. (See Chap. XY.) 
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This equation gives the angle between two lines in 
terms of the angles which they make with three fixed 
oblique axes (radii to Ay By C)y and the angles a, by Cy 
between those axes. It obviously reduces to the deter- 
minant relation of Art. 132, when the two points co- 
incide, for then 8 « 0, and cos 8 = 1. 



Examples. 

1. Express the cosine of the angular distance between the poles of the 
in-ciicle and circumcircle of a triangle in terms of the sides of the triangle, 
and also in terms of the angular radii of the circles. (Cf . Art. 86.) 

2. If 01, 02, $3 ... On ; Bi, Bi, . . . 9n he the angular distances of 
two points, P, Pj from n fixed points, 1, 2, 3, ... n on the surface of a 
sphere, show that 



] 


[ 


cos 


12 


COS 


13 . . 


. COS 


In 


COS 


Bi 


cos 


21 


1 


[ 


COS 


23 . . 


. . COS 


2» 


COS 


Bi 


cos 


«i 


cos 


«2 


COS 


w3 . 


. . ] 


I 


COS 


Bn 


COS 


Bi' 


COS 


Bi' 


COS 


^3' . 


. . COS 


Bn' 


( 


) 



= 0. 



[Let ai, jSi, 71 ; a2» /Ss, 72; . . . on, i9n, 7n, he the direction angles of the 
fixed points ; |, 1;, f ; f , 17', C> those of P and P', and proceed as in the fore- 
going Article, noticing that the coefficient of cos FF" vanishes by Art. 132, 
Ex. 3 ; and therefore zero may be substituted instead of cos PP', as above.] 

134. Problem. — If A\y Aiy A^, . . . An be any number 
of fixed points on the surface of a spherCy to find the loom of a 
point 0, such that 

li cos OAi -h /a cos OAi + h COB OAz +... + /„ cos OAn =* const. 



Problem. 81 

Let a, j3, 7 be the direction angles of 0; oi, /3i, yi, 
oa, /32, 72, &o., the direction angles of -4i, -^g, &o., with 
respect to a tri-quadrantal triangle ABC; we have 

/i cos OAi = A (cos a cos ai + cos (i cos j3i + cos y cos 71), 

4 cos OA2 = 4 (cos a cos as + COS j3 cos jSa + COS 7 COS 72). 



In COS OAn = ii (cos a COS a» + COS /3 COS /3n + COS7 C0S7«). 

Therefore, by addition, 

2/1 cos OAi = cos a2/i cos d + cos /32/i cos j3i + cos 72/1 cos 71 

= X cos a + Jf cos /3 + iV cos 7 = ^, (1) 

where X, M, If are known quantities, being 2/l cos ai 
2/1 COS /3i, 2/1 cos 71, respectively. 

Now, if we find a point P, such that its direction co- 
sines are 

^, g, g (where 6P = Z'^ + J/»+iV^); 
then, by Art. 129, 

oo80P = ^ (Zcoso + Jfcosj3 + iVcos7). 

Therefore, by (1), 

2/1 008 0^1 = G cos OP = K. 

This determines cos OP, f and & being given quantities; 
and as P is a fixed point, the locus of is a small circle 

PART n. 6 
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round P as pole, the angular radius of the circle being 
given by the equation 

cos OP = TT. 

Cor, 1. — If K=Oy the locus of O is a great circle. 
Cor. 2. — Supposing O to coincide with -4, By C succes- 
sively, we have 

2/i cos AAi = Ly 

S/i cos £Ai = My 

Si cos CAi = N. 

[This follows at once from (1)] 

Cor. 3. — The point P is such that the sum of the cosines 
of its angular distances from Aiy Aiy A^y &c., is a maxi- 
mum. 

[For in this ease cos OP is unity, since coincides with 
P, and therefore S/i cosP-4i = O. The diametrically 
opposite point gives a minimum value of sum of cosines.] 

Hence, generally — If the cob-ines of the angular distances 
of a point P from any number of fixed points are connected 
by a linear relationy the point is constrained to move on a circle. 
And, in particular — If the cosines of the angular distances 
of a point from the vertices of a triangle are connected by a 
linear relationy the loots of the point is a circle. Or, what is 
the same thing — If the sines of the angular distances of a 
point from the sides of a fixed triangle [or from any number 
of fixed arcs) are connected by a linear relationy the locus of 
the point is a circle; the sides of the triangle (or fixed arcs) 
in this case being the polars of the fixed points in the pre- 
ceding. 



Exampks. 
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Example. 

If a circle cut three given small circles at equal angles (a), the locus of 
its pole is a great circle. 

Let 81, 82* S3 be the angular distances of the poles of the fixed circles from 
the pole of the variable circle ; ri, r2, rs the angular radii of the former, 
■and p that of the latter. Then 

cos 5i = cos p cos i'l 4- sin p sin ri cos a; 

^so cos 82 = cos p cos r2 + sin /> sin rz cos a, 

and cos $3 = cos p cos rs + sin p sin rs cos a. 

Eliminating cos p and sin p cos a, we obtain 

cos 81 cos $2 cos $3 

cos r\ cos r2 cos rs = ; 

sin r\ sin rz sin rz 

•or cos 81 sin (1*2 — rs) + cos 82 sin {rz — r\) + cos 83 sin (ri - ri) = 0, which is 
a linear relation connecting cos 81, cos 82, cos 83, in which the absolute term 
is zero, and therefore the pole describes a great circle {Cor, 1). 

Miscellaneous Examples. 

1. If 01)8171, 02/3272, 03)8373 be the direction angles of the vertices of a 
triangle ABC^ prove that 

cos 01 cos ^1 cos 71 

cos at cosi92 cos 72 = 2n, 

cos 03 cos )83 cos 73 

[Square this determinant, and apply the relations 

cos oi cos 02 + cos /3i cos ^ + cos 71 cos 72 = cos 12 =3 cos Cf &c., 
and we obtain the determinant of footnote. Art. 30.] 

2. If ^^Cbe a tri-quadrantal triangle, prove that, using the notation of 
the previous Example, 

cos oi cos /3i cos 71 

008 02 cosi82 cos 72 = !• 

cos 03 cos jSs COfl 73 

G2 
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3. In the same case prore that 

coe ai — 1 cos /3i cos 71 

 

cos as cos /Si— 1 cos 72 =0. v 

cos 03 cos/Ss cos 79— 1 



[If A denote this determinant, and A' the detenninant of Ex. 2, we have 
A = AA', which, hy the multiplication of the deteiminants, reduces to — A ; 
therefore, ftcj 

4. Apply the relation of Art. 132 to determine the radius of a sphere cir* 
cumscrihing a given tetrahedron in terms of its edges. 

[The edge joining the points 1, 2 is equal to 2R sin| (12). But cos 12 « I 

- 2 sin^ j^ (12) ; therefore, &c.] 

5. If Alt A2, A^^ &c., he fixed points, of which the direction angles are- 
ai/Siyi, 01/9272, &c., and if he a point haying direction angles a, /3,7, show 
that 

2/iC06'0^i=:^cos'a + J?cos'/3 + t7 cos^ 7 + 2J^cos jS cos 7 

+ 2(7 cos 7 cos a -I- 2Jf cos a oos /S,. 
where 

A = 7^1 cos* ai, 1> = 2 h cos^ /9i, C^ X h cos' 71, F=Xh cos /Bi 00S71, &c. 

[We haye h cos' OAi &= /^ (cos acosai + cos/Soos/Bi + 0067COS 71)'. 
Writing down the other terms, and adding, we find the ahoye.] 

6. In the same case, if and (/ he any two fixed points, show that 

2/1 cos OAi cos (/Ai = AX\'+JBfifi + Chr' + i^ (fiy' + fi'y) + G (yX'+ r'A) 

+ J(A/»'+X», 

where Xfiv, h'fiv' are the direction cosines of and O". 

7. By properly choodng the triangle of reference, the results of Examples 
6 and 7 reduce respectiyely to 

A\^ + Bfi* + CW>, 
and Aw' + B/i/i + Civ'. 

8. If a sphere he descrihed round a regular polyhedron, proye that the 
sum of the cosines of the arcs joining any poiat on the sphere to the 
yertices of the polyhedron is zero. 
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9. A and B are fixed points on a sphere; P any point on the surface; show 
that a fixed point C can always be found in AB, or AB produced, such that 

/ cos AF + m cos BP = n cos CP, 

where /, m, n are constants. (Cf. Art. 40.) 

10. If a, $, y, 8 be the arcs joining a point P to four fixed points on a 
sphere, find the locus of P when 

cos a + cos iS + cos 7 + cos 5 = const., 

.and determine when the locus becomes impossible. 

{London Univ. Exam, Papers.) 

11. If A, fi, y denote the perpendiculars from the vertices of any tri- 
•quadrantal triangle on a transversal to the sides ; prove the relation 

sin' A + sin' fi + sin' i' = 1 ; 

«nd hence show (see Art. 130) that 

sin' 5 = 2 (cos fi cos y — cos jS' cos 7)'. 

[Let PP' (fig. 48) be the transversal, and let it meet the sides of the 
triangle in the points X, T, and Z, Then sinx = sin ^ZsinZ and 
«in fi = sin BZ sin Z, Squaring, and adding these equations, 

sin' X + sin' /i = sin' Z = cos' v ; 
therefore sin' A. + sin' fi + sin' i' = 1. 

Again, applying the relation given in Misc. Ex. 24, of Chap. iii. to the 
-quadrilateral ABPP' (fig. 48), 

cos d cos j3' — cos a cos jS = sin 8 sin AB cos Z = sin 5 sin v. 
Hence 

2 (cos a cos fi' - cos a cos iS)' = sin' 8 (sin' A + sin' fi + sin' y) = sin' 8.] 
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CHAPTER XI. 

THEORY OF ANHARMONIC AND HARMONIC SECTION. 

135. Anharmonlc Ratio. — When four points^ 
-4, By Cy D, lie on a great circle they are connected hy 
the relation 

sin £C Bin AD + sin CA sin BD + sin AB sin CD = 0. 

Let the left member of this equation be divided in 
turn by each of its three terms, and it will be seen 
that there are thus six fractions formed, in pairs, the 
reciprocals of one another. Thus if A, fc, v denote one 

triad, the remaining triad may be denoted by ^, -, -. 

Moreover, it will be seen, by writing at length the 
equations after each process of division, that X, /a, v are 
further connected by the equations 

1 1 1^1 

A fl V 

Therefore, if any one of the six ratios be given, all the 
others are completely determined. 

Definitions. — Such a system of points is called a 
Spherical Bow; and the system of arcs of great circles 
joining -4, -B, C, D to any point on the sphere is a 
Spherical Pencily or a Pencil. Each arc of the pencil ia 
termed a Ray. 

The functions A, )u, v, t-, — , - are the six Anharmonic 

A fX V 

Ratios of the row of points Ay B,Cy D; but on account of 
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one of them completely determining the remaining five, 
we shall in future deal with one as the Anharmonic Ratio 
of the row. 

T , sin jB(7sin^2> , ,, , - l- £ 

-Let -; — TR—- — 7T7\ represent the anharmonic ratio of 
sm AB sm CD ^ 

the row of points A, B^ C, D, then similarly the func- 

^. sin^OCsin^OD . j. . j. x xi. 

tion -; — . „-, . — ttttt: naay be taken to represent the an- 
sm AOB Bux COD ^ ^ 

harmonic ratio of the pencil formed by joining to the 

points. 

The student will notice that the anharmonic ratio of a 
spherical row is equal to that of the plane pencil formed 
by joining the points to the centre of the sphere.* 

We shall usually denote the pencil joining any point O 
to any other four points, A^B^C, D, by O.ABCD, and the 
row by {ABCD). 

136. Harmonic Section. — If the anharmonic ratio 
of a row (or pencil) be equal to unity, the row (or pencil) 
is said to be harmonic. 



* The six anliarmonic ratios may be further expressed as the trigono- 
metrical functions of an angle, thus : — Upon the segments ^(7 and BD, as 
diameters, describe small circles, and join the poles M and iVof these circles 
to either point of intersection 0. Apply the relations of Art. 36, (5), (6), (7) 

X XV 1 ,,^ -.T o 1 >^ sin i BC sin ^ -4i) _ - ^ . , 

to the angle MOH. e.a, cos^ i = . : ^ , . ; ■^^ . Hence, foratnangle 

sm J CA sm J BB 

of sides double those of MON, and vertical angle 0, the anharmonic ratios 

will be found to be 

sin^ J a, cos' J ^, - tan» J 0, cosec« J 0, sec'* i ^, - cot' J 0. 

(See Cremona's Projective Geometry ^ Art. 72 (V.) ; 
Casey's Conies^ p. 66, Ex. 32.) 
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In this ease we obviously have 

sin^jB _ sill AD ^ 
sin 5(7 ■" sin DC ' 

that is, the ratio of the sines of the segments into which 
B divides AC is the same as the ratio of the sines of the 
segments into which D divides it. JB dividing ^(7 in- 
ternally, and D dividing it externally, we shall say that tchen 
two pointSy B and D, divide an arc AC harmonically ^ they 
cut the arc internally and externally in the same ratio of sines. 

137. Tbeorem. — The anharmonic ratio of a spherical 
pencil is the same as the anharmonic ratio of the four points 
in which any transversal great circle meets it. 

Let a great circle meet a pencil drawn from (fig. 49) 




Bod 

Fig. 49. 

in points A, B, C, D ; then if p be the perpendicular 
from on ADy we have, from the triangle AOBy 

sin OA sin OB sin A OB = sin AB sin p. (1) 

Similarly, sin OC sin OD sin COD = sin CD sin p. (2) 

Also sin OB sin OC sin BOC = sin BC sin p ; (3) 

and sin OA sin OD sin ^ 02) = sin AD sin p. (4) 

Dividing the product of (3) and (4) by the product of 
(1) and (2), we find 

sin BOC sin A OD _ sin BC sin AD 
sill AOB sin COD ~ sin^i^ sin CD 
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Hence the anharmonic ratio of the four points in which any 
transversal great circle meets a fixed pencil of four arcs is 
constant, and equal to the anharmonic ratio of the pencil. 

Cor. 1. — A harmonio pencil outs any great circle in a 
harmonic row. 

Cor 2. — If two pencils intersect in four points on a 
great circle, their anharmonic ratios are equal. 

Cor. 3. — If the angles contained by corresponding rays 
of two pencils be equal, the anharmonic ratios of the 
pencils are equal. 

Hemark. — By the application of the above method we 
may establish the following more general Theorem : — If 
in a figure on a sphere we have a function consisting of the 
product of the sines of one set of arcs divided hy the product 
of the sines of another set of arcs, each arc of one set being 
part of the same great circle with one of the other set, and the 
whole system of extremities of arcs being the same for both 
sets ; then the function will remain unaltered in value, if in 
place of the arcs we substitute the angles they subtend at any 
point on the sphere. 

Cor. 4. — If from any point on the sphere perpendiculars 
be drawn to the rays of a given pencil, they form a pencil 
equianharmonic with the given one. 

[For the perpendiculars pass through the poles of the 
rays of the given pencil, but the poles are concyclic, and 
form a row equianharmonic with the given pencil.] 

138. When three points of a spherical row are given j 
along with its anharmonic ratio, the fourth point is deter- 
mined if its relative position be also known {that is between 
which successive pair of points it lies). For the problem is 
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reducible to the following : — Given the sum or difference 
of two angles, and the ratio of their sines ; find the angles. 
Since the ratio of sines is known, we know the ratio 
tan (half sum) : tan (half difference), which, with the 
given sum or difference, determines the angles. 

In the same manner it follows, that if three rays of a 
spherical pencil he given^ the fourth is determined if the an^ 
harmonic ratio of the pencil and the relative position of the 
fourth ray be knoicn. 

Cor. 1. — Three rays of a harmonic pencil (or points of 
a harmonic row) determine it (the relative position of the 
fourth being known). 

Cor, 2, — If two pencils have a common vertex and 
equal anharmonic ratios, and be such that three rays of 
one are the production of three rays of the other ; then 
the fourth ray of the former will be the production of the 
fourth ray of the latter (or coincide with it). 

139. — Tbeorem. — If two equianharmonic pencils have a 
common ray^ the intersections of the remaining three correspond- 
ing pairs are concyclic. 




A 
Fig. 50. 

Let Off (fig. 50) be the common ray, and suppose By C, 
D to be the intersections of the corresponding rays. Let 
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BD meet OC and C/C in (7' and C", respectively. Then,. 

by hypothesis, 

{ABC'D) = (ABCT'D). 

But by the foregoing Article this is impossible, unless C 
coincides with C'\ Therefore DB passes through C. 

Cor. — If Ay ByC] A\ B\ C\ be two triads of points on 
two great circles intersecting at 0, and if the anharmonie 
ratio of the rows (OABO), and {OA'B'C) be equal, the 
arcs AA\ BB'y C(f will be concurrent. [For, join ta 
the intersection of A A' and BB ; then the arc from this 
point to C must pass through C if the condition of the 
problem holds.] 

We apply this result to the following theorem. 

140. Triangles in Perspective, or Copolar Tri* 
angles. — If two spherical tnangles be such that the arcs 
joining corresponding vertices meet in a point* the intersec- 
tions of corresponding sides mil lie on a great circk.f 

Let ABC and A'B'C (fig. 51) be the triangles, the 




Fig. 61. 



* Called the centre of perspective, or pole of the triangles. 

t Galled the axis of perspectiye, or axis of homology of the triangles. 
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point of intersection of arcs joining corresponding vertices, 
P the intersection oi BC and B^C\ 

Then . PCMB = A . PCMB, 

and O.PCMB = O.PCTNff = A'.PCTNB^. 

Therefore A . P(7^'5 = ^' . PCTABT. 

The ray -4-4' is common to both these pencils, and there- 
fore the intersections of their corresponding rays, -4P, -4'P ; 
ACy A'C\ AB, A!Sy lie on a great circle; therefore, &c. 

Cor, — If two triangles be such that the intersections of 
corresponding sides are concyclic ; then the arcs joining 
corresponding vertices will be concurrent. 

141. The student may observe that the proof of the 
proposition of the foregoing Article is identical with that 
given for plane triangles in perspective, and this remark 
may be applied to much that has gone before. Hence the 
following propositions will present no diflBculty once the 
corresponding theorems in piano have been mastered (see 
Casey's Sequel^ Book VI.). 

(1) When three triangles are two hy two in perspective ^ 
and have the same axis of perspective, their three centres of 
perspective are concyclic. 

(2) When three triangles are two hy two in perspective, 
and have the same centre of perspective, their three axes of 
perspective are concurrent. 

142. Harmonic Properties of a lipherieal Tri- 
angle. — In the fig. of Art. 125, we have three arcs, AA\ 
BS, CC\ drawn through the vertices of a spherical triangle. 
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and interseoting in a point 0, and we found there that the 
arcs A'B'y BC^ (fA meet the opposite sides in points A!\ 
B\ C', which divide them externally in the same ratio of 
sines, as -4', jB', (7 divide them internally. Hence the 
rows 

(BCAA\ [CABB'), [ABCC) 

are each harmonic, and therefore also the pencils 
A.BCAA\ B. CABB'y CABCTC'^ 

are each harmonic. 

143. Harmonic Properties of a Complete iiaa» 
drilateral. — The same figure is easily seen to be a com- 
plete quadrilateral, of which AA\ BBj CC are the three 
diagonals. 

Hence, since C .ACfBC" is harmonic, it follows that a 
pair of opposite sides of a complete quadrilateral form a 
harmonic pencil with the third diagonal, and the arc join- 
ing their intersection to the intersectioix of the other twa 
diagonals. Also — The ttpo diagonals of a complete quadri-- 
lateral form a harmonic pencil with the arcs joining their in'- 
tersection to the extremities of the third, 

144. If ABCD be a harmonic rowy 

tan ABy tan ^(7, tan AD, 

or the tangents of the arcs measured from A, are in harmani- 
cal progression. 

For 

sin BC sin AD » sin AB sin CD ; 

or 

sin {AC- AB) sin AD = sin AB sin {AD -AC). 
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Dividing across by 

sin AB sin AG sin ADy 
we get 

cot AB " cot AC = oot AO - Qot AD. 

Therefore 

cot AB + cot AD ^2 cot AC ; 

that is, the cotangents of the arcs are in arithmetical pro- 
gression, and hence their tangents are in harmonic. 

145. If[ABCD) he a harmonic row^ and if either of the 
mean arcs AC or BD be bisected; the tangents of the arcSy 
measured from the point of bisection to the other points of 
section of the great circle^ are in geometric progression. 

For, let M be the middle point of AC. Then 

miAB _ sin^D 
sin BC " ^n~CD' 
Therefore 

sin AB - sin BC sin AD - sin CD 



or. 



sin AB + sin BC sin AD + sin CD ' 



tan i {AB - BC) is.n j (AD -- CD) 
tan i {AB + BC) " tan i {AD+ CD) ' 



or. 



Therefore 



tan BM ^ tan CM 
tan CM " tan DM 



tan BM tan DM = tan' CM. 



Otherwise thus — ^Let (ABCD) be a harmonic row on a great circle. Draw 
A tangent to it at A, and produce the radii to B, C, 2), to meet the tangent in 
B\ Cy jy. Then the pencil . ABCD is a harmonic pencil, and therefore 
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{AB'C'D') is a harmonic row, being the centre of the sphere. If we take 
the radius of the sphere as unity, we will have Ab'j AG\ Alf equal to 
tan AB, tan ^(7, tan AJ)^ respectively ; hut since AB'CI/ is a harmonic 
row, AB'j A C\ AD' are in harmonic progression ; therefore tai> AB^ tan ACy 
tan AJD are in harmonic progression. 

Again, if Jf be the middle point of A C, and if a tangent be drawn at it 
to meet the pencil . ABCB in A!' B^' C" JD" ; then this latter row wiQ be 
harmonic, and M will be the middle point oi A"C" . Therefore 

B"M.J)"M=(C"M)^; 
or 

tan BM. tan DM = tan* CM, 



Examples. 

1. The internal and external bisectors of an angle of a triangle form a 
harmoDic pencil with the sides containing the an^le ; and, conversely, if a 
pair of rays of a harmonic pencil are at right angles, they will bisect in- 
ternally and externally the angle between the other two rays. 

2. Hence show that the arc joining the middle points of any pair of sides 
of a triangle meets the third side at 90*" from its middle point. 

[The radii to the extremities of smy side, its middle point, and the point 
where the arc in question meets it, form a plane harmonic pencil, and one 
pair bisects internally and externally the angle between the other pair.] 

Note. — By referring to fig. 46, we see that if ^' and C be the middle points 
of the sides. A' A" and C C will be quadrants; but in this case B* will be the 
middle point oi AC\ and therefore B'B" will also be a quadrant. Hence, 
by considering the quadrilateral C'A'C'A'*, we find that if two diagonals, 
A' A" and C'(j\ of a quadrilateral he quadrants^ the third diagonaly B'B" 
will also be a quadrant. 

3. Given in magnitude and position the bases AB and A'B' of two tii- 
«nglefi ; if the vertex of each moves on the base of the other, the arc joining 
the intersections of corresponding sides passes through a fixed point. 

[Let AB and A'B' be the fixed bases, 0, the intersection of AB* and A'B, 
is a fixed point. Then we have 

. CA'MA = A', FBCA, 
0,CBNB' =B^.PBCA, 
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Therefore O.CA'MA = O.CBNB'; 

and as three of the rays of one of these pencils are the productions of three 
of the rays of the other, the fourth rays, OM and ON, must he parts of the 
same great circle. Therefore MON is a great circle. That is, ifZf passes 
through a fixed point 0. 




Similarly, the are joining the intersections of non-corresponding sides 
passes through a fixed point, viz., the intersection of AA' and BBf,'\ 

[Note. — This is a particular case of Pascal's Theorem.] 

4. Hence show that if a quadrilateral he divided into two others hy an 
are of a great circle drawn across it, the arc joining the intersection of the 
diagonals of one of these quadrilaterals to the intersection of the diagonals 
of the other passes through the Intersection of the diagonals of the original 
quadrilateral. 

6. If the vertices of a variahle triangle moye on three fixed great circles^ 
and if two of the sides pass through two fixed points, concyclic with the 
intersection of the great circles on which the opposite vertices move, show 
that the third side also passes through a fixed point.* 

[In the fig. of Ex. 3 consider all the arcs fixed except A*C, B^Cy 0C% and 
JOT. Then the triangle MNC obviously satisfies the problem.] 

6. If the sides of a variable triangle pass through three fixed points, and 
if two of the vertices move on two great circles, the intersection of which 
lies on the great circle joining the points through which the opposite side» 
pass, the locus of the third vertex is a great circle.* 

(See fig. of Ex. 3.) 
* One of two. 
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7. If the sides of a variable triangle pass through three fixed concyclic 
points, and if two of the vertices move on two given great circlesi the locus 
of the third vertex will be a great circle* passing through the intersection 
of the given circles. 

Take any three positionis of the triangle, then it is easily seen that we 
have three pencils, one from each of the fixed points, having a common ray, 
and equal anharmonic ratios. These pencils intersect on the two given 
circles and on the locus of the third vertex, which, by Art. 139, is a great 
circle, as in question.] 

8. If the three vertices of a triangle move on three concurrent great 
circles, and if two of the sides pass through two given points, the third side 
will pass through* a fixed point concyclic with the given ones. ' 

9. Given in position a pair of opposite sides of a quadrilateral, and the 
point of intersection of the other paii' ; find the locus of the intersection of 
the diagonals. 

Ana, A great circle — the harmonic conjugate of the third 
diagonal with respect to the pair of given sides. 

10. If from the extremities of the base of a spherical triangle arcs be 
drawn so as to intersect on the perpendicular to the base from the opposite 
vertex, the arcs joining the foot of the perpendicular to their interaections 
with the opposite sides are equally inclined to the sides. 

[Referring to fig. 46, Art. 125, the pencil C. B"CB'A is harmonic ; and 
if the pair of rays (f C and C'A are at right angles, the rays C'B' and C'B" 
will bisect the angle between them internally and externally.] 

Hence the pedal triangle of a epherieal triangle is suck that its sides are 
eqtMlly inclined to the sides of the original triangle;f and therefore, as in 
piano f its perimeter is less than the perimeter of any other triangle which ean 
be inscribed in the given one. 

11. If a great circle revolve round a fixed point 0, and cut two given 
great circles in points A and JB, find the locus of a point P on the revolving 
circle such that i 

cot OA + cot OB = 2cot OP, 

Ans. A great circle passing through their intersection 
and the harmonic conjugate, with respect to 
them, of the arc joining to their intersection. 

* One of two. 

t See also fig. 34, where ABCia the pedal triangle of OiO^Oz, 

PABT II. H 
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12. If a great circle revolve round a fixed point 0, and cut any number 
of fixed great circles in points Ai^ A2, A3, . . . find the locus of a point P 
on the revolving circle such that 

cot OP^ cot OAi + cot OA2 + cot OA3 4- . . ., &c. 

[By successive applications of £x. 11, the locus is easily seen to be a 
great circle.] 

13. Describe a triangle having its vertices on three given great circles, 
and its sides passing through three given points. 

(See Exs. 7 and 8.) 

14. In a given spherical polygon inscribe another of the same number of 
sides, so that each side may pass through a given point. 



Spherical Involution. 

146. Those who have read plane geometry will be 
aware that if from a fixed point 0, on a right line, 
lengths OA, 0A'\ OB, OB", &o., be measured off in pairs 
such that 

OA . 0A'= OB . OBT^ 00. 0C'= &c. = ic' ; 

when fc is some constant quantity, then the systeni of 
points will be so related that the anharmonic ratio of any 
four of them will be equal to the anharmonic ratio of 
their four conjugates {A being conjugate to A\ B to B'y 
&o.). Such a system of points is said to be in involution, 
and from this point of view spherical involution will pre- 
sent no diflSculty. 

Definition. — If three pairs of points, A, A^; B, B"; 
(7, C, on a great circle, be such that the anharmonic 
ratio of any four (not being two pairs of conjugate 
points) is the same as that of their four conjugates (the 
relative order of the two sets being the same), then every 
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set of four will possess a similar property. Three such 
pairs of points are said to be in Spherical Involution. 




147. If a, a'; h, b\ &o. (fig. 53), be a system of points in 
involution on a right line, and if Of be taken equal to k 
(where k' = Oa. Oa')j the point /, being its own conju- 
gate, is called a Focus, or Double Point, and is called 
the Centre of the involution. Now if OAB be a great 
circle on a sphere, the plane of the circle coinciding with 
the plane of the paper, Oa a tangent to it at 0, the pencil 
joining 8, the centre of sphere, to a, a\ b, b\ &c., is in 
involution, since the anharmonio ratio of any four of its 
rays is the same as that of their four conjugates. Again, 
the anharmonio ratio of any four of the rays of this pencil 
is the same as that of the four points in which they inter- 
fleet the great circle.* Therefore the points -4, ^'; B, B\ 
&c., in which this pencil meets the great circle, are sudi 

* If Af S, Cy J) be these points of section, both ratios are equal to 

nin BC sin. AD 



sin AB sin CD' 



H2 
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that the anharmonic ratio of any four of them is equal to 
that of their four conjugates ; that is, they form a system 
in involution. 

The ray 8f to the focus / is called a Double Rai/y or 
Focal Ray. It obviously meets the great circle in a point 
Fy which is its own conjugate, which is therefore called a 
Focm^ or Double Pointy of the spherical involution. So, 
also, as in piano ^ the point is termed the Centre of the 
spherical involution. 

To the system of points a, 6, &c., corresponds a similar 
system on the opposite side of 0, having a focus/' such 
that Of'= Of=K. Similarly, on the sphere to the system 
A, Bf Cy &c., will correspond a similar system, which are 
the reflections of them with respect to the diameter 08y 
having a focus F4, such that OFi = OF. Thus on the 
sphere there are four fociy viz., Fy Fi, and their diametri- 
cally opposite points, F^yF^, and four centres of involution, 
viz., 0, Oa, O3, Oiy the points bisecting the angular dis- 
tances between the foci. 

The pencil of great circles joining any point on the 
sphere to a system of points in involution forms a pencil 
in involutiony since obviously it is such that the anharmonio 
ratio of any four of its rays is equal to that of their four 
conjugates (Art. 137). 

If the radius of the sphere be unity, we have 

Oa = tan OAy Ob = tan OBy &o. ; 
and hence, in a spherical involution, 

tan OA tan 0A'= tan OB tan 0B'= &c. = tau- OF. 
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1. The point conjugate to the centre of an involution is 90** distant 
from it. 

2. Any great circle drawn across a pencil in involution is cut in a system 
of points in involution. (Art. 137.) 

3. Any pair of conjugate points such as Ay A' are harmonic conjugates 
with respect to any pair of foci not diametrically opposite. 

4. Three pairs of points having a common pair of haimonic conjugates 
form a system in involution. 

[Ex. 3 and 4 follow at once from the corresponding properties on the 
line.] 

5. The six arcs drawn from any point on the surface of the sphere to the 
intersections of the sides of a spherical quadrilateral form a pencil in in- 
volution. 




Fig. 54. 

[Let P (fig. 64) be the point, ABCDEF the quadrilateral. Then 

P. BACF^A . BPCFr^ A . EPCD. 
Hence P. BACF^ P. jDCAE\ therefore, &c.] 

6. Any great circle drawn across the sides and diagonals of a spherical 
|uadrilateral is cut in involution. 
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CHAPTEE XII. 

THE SMALL CIRCLE. 

Section I. 
Introductory. 

148. Theorem. — // a spherical polygon of any even 
number of sides he inscribed on a small circle^ and if from 
any point on the circle perpendiculars piy i?2, . . . P2n be 
drawn to the sides ai, as, . . . (hny respectively^ then 

sin^i sin/?3 . . . sinj^Qn^i cos J ^ig cos ^ r/4 . . . oosiaa„ ^ 

that is, the continued product of the sines of the even per- 
pendiculars bears a constant ratio to the continued product 
of sines of the odd perpendiculars, as moves round the 

o 




Fig. 55. 

circle. Denote the angles which the sides ^i, ««> &c., sub- 
tend at by Oi, O2, &c. The triangle BOC gives 

sin 02? sin OC sin O2 = sin a2 sin^>2. (1) 
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But if R be the ciroumradius of any triangle, we have, by 
Art; 83 (4), 

2 tan R cos ^ a cos J b cos J c = sin a -^ 8in-4. 

Therefore (1) becomes 

sin OB sin OC = 2 tan R cos J 05 cos i OC cos 5 <h sin j^j ; 

or, 2 sin i 0-B sin i OC = tan JB cos i «« sin jOj. 

Similarly, 2 sin ^ OD sin J 0J5 = tan R cos i a* sin p^, 

&c. = &c. 

Writing down the corresponding equations for the odd 
sides and perpendiculars, and noting that the continued 
product of the left-hand members is the same for each set, 
we find 

8in/?2sinj04 . . . sinjt>2„ cosirticos^^s • • . co8jflr2n-i 



sinpisinj^a . . . sinjt>2n-i cosioacos^rti . . . cosjflr-m 

Coi\ 1. — If the polygon be regular, the product of the 
sines of one set of perpendiculars is equal to the product 
of the sines of the other. 

Cor. 2. — If a spherical quadrilateral be inscribed in a 

circle, 

sin/?2 sin jt?4 _ cos i cfi cos ^ ch 

sin 2h sin pz cos J a% cos 5 a^ 

Cor. 3, — If we suppose two opposite sides, 02, «4, of the 
quadrilateral to coincide, the other sides, «„ As, become 
tangents to the circle, the coincident sides being their 
chord of contact, c, and 

sin«i8inj98 01 

— V-; — ^ = cos' i c. 

8m*J»a 
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HencBy if two tangent great circles be drawn to a small 
circlcy the ratio of the product of the sines of the perpen- 
diculars from any point of the circle on the tangents^ to the 
sqtmre of the sine of the perpendicular on their chord of con- 
tacty is constant^ and equal to the square of the cosine of half 
the chord of contact. 

Cor, 4. — By supposing two consecutive vertices of the 
polygon to coincide, we obtain a theorem for a polygon of 
an odd number of sides. 

Cor. 5. — If we suppose a hexagon reduced to a triangle 
by the coincidence of its vertices in pairs, we have 

product of sines of perps. on taneents at vertices . , , , 

' ; jT-. 5 —, = cos * a COS * ft cos * tf ; 

product of sines of perps. on sides 

and for a polygon of n sides this ratio is equal to 

cos ^ ai cos ^ Oa cos ^ ^s . . • cos ^ On* 

Cor. 6. — In planOy we have 

PiP^Pi . . . i?tn-i =P%P^ . . . P2n- 

149. All the results of the foregoing Article may be 
deduced from Cor. 3 ; and, as it is of considerable import- 
ance, we append the following simple proof of it : — Let 
tangents be drawn at the vertices, -4, -B, of a triangle to 
the circumoirole, and let the perpendiculars from C on the 
tangents, and their chord of contact, o, be jt>i, i?2,i?, respec- 
tively. Then, if H be the pole of the circumcircle, we 
have 

sin ^2 _ cos CBH _ cos {S-A) 

sinjt? sin^ sin -B 



Similarly, 



Therefore 
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sinjOi co8(S--B) 



sin JO sin^ 



sin px sin »2 cos (S - -4) cos (8-B) , , 

— ^ — — = ^^-^ — T—^^ = cos' i c. 

sirrp sin^.siUjD 

Remark, — By drawing tangents at the vertices of a 
quadrilateral inscribed in a small circle Cor, 2 easily 
follows ; and similarly we may obtain the other results 
in Art. 148. 

Definition. — The anharmonio ratio of tlie pencil join- 
ing any* Yariable]]f point on a small circle to four fixed 
points on it is] called the Anharmonic Batio of the four 
points. 

150. Theorem. — The anharmonic ratio of four fixed 
points on a small circle is comtant. 

o 




Fig. 66. 

Let -4, jB, (7, 2) be the fixed points ; any variable 
point onjthe circle. Then the triangles BOG and AOD 

give us 

sin OB sin OC sin BOO = sin BC sin ^2, 
and 

sin OA sin OD sin AOD = Bin AD sin J34, 

where p-i and pi are the perpendiculars from on the 



1 

\ 
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sides BC and AD. If pi and p^ be the perpendiculars on 
the remaining side, we will have, by writing down, for 
the triangle AOB and DOC^ the expressions correspond- 
ing to the above, 



(1) 



sin BOC Bin A OD sin BC sin AD sin Pi sin pi 
BiaAOB sin COD sin-4£ sin CD sin^i sin j^s 

But by Art. 148, 

sin j!73 sin pi cos i -45 cos i CD 
siapi Binpz cos i BC cos i -42>* 

Therefore, by substituting in (1) and reducing, 

sin^OPsin J[QD __ sin jBCBinj AD 
sin AOB sin COD ~ smj AB siu i 6'i> ' 

that is, the anharmonic ratio of four fixed points on a small 
circle is constant. 

Cor. — In the same manner we have, generally, using 
the notation of Art. 148, 

sin Qa sin Oi . . . sin dn sin ^ a, sin ^ ^4 . . . sin ^ Oin 



sin Oi sin O3 . . . sin O^n-i sin ^aiBm^az . . . sin ^ Oan-i 



Examples. 

1. Ikiseata Theorem on the Sphei'e. If a spherical hexagon he inscrihed in 

a small circle, the intersections of the opposite sides, viz., 1 and 4, 2 and 5, 

3 and 6, are concyclic. 

[Proof, as in piano."] 

2. Show, from Ex. 1, that if a pentagon he inscrihed in a small circle, 
and a tangent he drawn at one angle to meet the opposite side, and if the 
sides containing that angle he produced to meet the remaining pair of sides, 
the three points of section so formed lie on a great circle. 



1 

i: 
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3. If a quadrilateral be inscribed in a small circle, tangents at the ex- 
tremities of either diagonal intersect on the third diagonal. 

"[A particular case of Ex. 1.] 

4. The tangents to a small circle at the veitices of an inscribed tiiangle- 
meet the opposite sides in three points, which are concyclic. 

6. The sixty great circles corresponding to the sixty Pascal*s lines, in- 
planOy which result from taking six points in any order, as the vertices of a 
hexagon inscribed in a circle, consist of twenty concurrent triads. 

6. If two triangles, ABC, A'B'C, be inscribed in a small circle, any two- 
sides, AB and A'B', are divided equianharmonically by the remaining. 

four. 

[For CA'BAB' = C'.A'BAB'; therefore, &c.] 

7. If three great circles be ditiwn from a point cutting a given small 
circle, show that the pencil joining any point on the small circle to the six 
points of section is in involution. 

8. A great circle dmwn to meet a small circle, and the sides of a quadri- 
lateral inscribed in it, is cut in involution. 

(a) The points where the transversal meets the diagonals belong to the 
involution. 

9. If the angular points of a quadrilateral inscribed in a small circle 
form a harmonic system of points, prove that the product of the sines of 
the halves of the diagonals is equal to twice the product of the sines of the 
halves of a pair of opposite sides. 

10. If 8 be the angular distance of a fixed point, 0, from the pole of a 
small circle of spherical radius, o, prove that the angular distance, p, of any 
variable point on the circle from 0, is connected with the perpendicular, p^ 
from 0, on the tangent to the circle at the variable point, by the equation 

cos p + sin^ tan a = cos t, 

where ^ is the tangent from the fixed point to the circle. 

A . . A 

[cos 5 = cos p cos a + sin p sin a cos pa. But sin^ = sm p cos pa ; 

therefore cos 8 = cos p cos a + sin a sin p, &c.] 
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Section IL 
TJieory of Poles and Polars. 

151. Definitions. — If on any spherical radius of a 
ismall circle two points be taken, such that the product of 
the tangents of their angular distances from the pole of 
the circle is equal to the square of the tangent of its 
tmgular radius, then a great circle, perpendicular to the 
radius through either point, is called the Pokir of the 
other, with respect to the circle, and each point is termed 
the Pole of the perpendicular through the other.* 




Fig. 67. 

Thus if P (fig. 67) be the pole of a small circle of spherical 
radius, r, and if and ff be two points on a great circle, 
through P, such that 

tan PO tan Pff = tan^ r, (1) 

then the great circle TTy through (/, perpendicular to 
OP, is the polar of O, and is the pole of TT\ with 

* The terms *' pole" and ** polar" thus applied need not give rise to any 
amhiguity of expression, notwithstanding that they have been defined in 
a different sense in Art. 4. In that Article the point and circle are pole 
and polar, with respect to one another; here they are pole and polar, with 
respect to the small circle. 
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respect to the small circle ; similarly, 0', and a great circle 
' through 0, perpendicular to OPy are pole and polar. 
The great circle OP is termed the Polar Axis of 0, and 
the foot of the perpendicular from P, on any great circle^ 
is called the Polar Centre of that circle, with respect to 
any small circle described with P as pole. 

Two points, so situated that each is on the polar of the 
other, are called Conjugate Points, Thus the polar of a 
point is the locus of the entire system of its conjugates,, 
and the polar centre of any chord of a circle is at its 
middle point. 

In general, if three points be situated on a great circle 
in any manner, with respect to one another, any one of 
them may be defined as the pole of the perpendicular to- 
the great circle through either of the others, with respect 
to a small circle (real or imaginary) described round the 
third as pole. The radius of the circle being given by 
equation (1) will be real or imaginary, according as 
tan PO tan PC is positive or negative ; and this in turn 
depends on the magnitudes of PO and PtX, and also on 
the relative positions of and (/, with respect to P — two- 
arcs being affected with opposite signs if measured in 
opposite directions. 

Before entering into the two cases thus presented, we 
shall first show that the polar of a point, with respect to- 
a circle, passes through the points of contact of the 
tangents from the point to the circle. Join Tio and P 
(fig. 57). Then smce tan PO tan Pff = tan* PT, it follows 
that the angle PTO is right; and therefore OT touches 
the circle at T. Hence the polar of a point j with respect to- 
a small drckj may he regarded as the spheiical chord of con^ 



N 
J 
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tact qf the tangents from the point to the circle. From this 
point of view the student may easily investigate the rela- 
tive positions of and 0', with respect to P, as PO and 
JP(y vary in magnitude, the circle remaining real. 

The following Examples will be found to contain the 
)most important cases :— 



Examples. 

1. If and 0' are on the same side of P, the circle will he real when. PO 
and PO' are each less than, or each greater than, a quadrant ; and imaginary 
when either is less than a quadrant, the other heing greater. 

2. If and 0' are on opposite sides of -P, the circle will be real when 
either PO or PO' is less than a quadrant, the other being greater ; and 
imaginary when they are each less than, or each greater than, a quadrant. 

3. In Ex. 1, the points and 0' being on the same side of P and PO and 
PO' , each greater than a quadrant, and Cf are both outside the circle, and 
are diametrically opposite to the case in which PO and PO' are each less than 
a quadrant, in which case one is inside, and the other outside, the circle. 

4. When is on the circle 0' it coincides with it, and the polar becomes 
the tangent at the point. 

6. When coincides with i*, PO' is a quadrant ; and thus the polar of P' 
ivith respect to any small circle described round it, is the great circle, of which 
P is the pole. 

6. If one point is inside the circle the other is outside it. 

7. The points in which PO meets the circle are harmonic conjugates, 
-with respect to and 0'. 



[For tan PO tan PO' = tan* r.l I 

L J 

8. If two small circles intersect each other orthogonally, their common 
■.chord is the polar of the spherical centre of either, with respect to the other, 
.and conyersely. 
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Ill 



9. \i A and B be two points (fig. 58), and if from A a perpendicular, 
AM^ be drawn to the polar of B, and from B a perpendicular, BNy to the 
polar of Ay prove that 

sin AM _ sin PB' cos PA 

sin BN "" sin /'.4' C08 Ph ' 

-where P is the pole of the small circle, and A' and B' the points where the 
polars of A and B meet PA and PB. 

[Let ^if and PB meet in Q, then QJf = QB'= 90* ; and if ^iVand P-.i ' 
meet in B, BN = BA' = 90°. Therefore 

sin^Jf _ cos^Q _ cosP^ co8PQ(l -f tanP^ tanPQcosP) 
sinJSiV " cobBB ~ cos PB gosPB (1 + tan Pif tan PiJ cosP)' 




But 

tanP-4 tan PQ = tan PP tan PR, since tanP^ tanP-4'= tan PB tan PB\ 



Therefore 



sin AM cos PQ cos PA sin PB' cos PA 



•] 



sin PiV cos PB cos PP sin P^' cos PB 
. 10. Show that Ex. 9 reduces, in pidnOy to Salmon's Theorem. 

[We have 

AM PB' PA 



-since 



BiY PA' PL ' 
PA. PA =PB.PB'.'] 
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11. If, in £x. 9, the point B be on the circle, show that 

sin-^Jf cosP^ ^ ^ 

-: — ;rTr = -: — zr^. tan r = constant. 

Henee the sine of the perpendicular from any fixed point {A), on a variable 
tangent to a email circle, bears a constant ratio to the sine of the perpendicular 
from the point of contact {£) of the tangent , on the polar of the fixed point {A) ^ 
with respect to the circle. 

12. From the vertices of a polygon circumscribed to a small circle per- 
pendiculars are drawn to any variable tangent to it ; prove'that the con- 
linued product of their sines bears a constant ratio to the continued product 
of the sines of the perpendiculars from the point of contact of the variable 
tangent on — 

(1) The sides of the inscribed polygon formed by joining the points of 
contact of the circumscribed polygon. 

(2) The sides of the circumscribed polygon. 

[Apply Ex. 11, and Art. 148, Cw, 6]. 

13. In the case of a polygon of an even number of sides circumscribed 
to a small circle ; prove that the continued product of the sines of the per- 
pendiculars, from the even vertices on any variable tangent, bears a constant 
ratio to the product of the sines of the perpendiculars from the odd vertices 
on it ; and, if 8i, 82, 83 . . . Ssn be the angular distances of the vertices 
from the pole of the small circle, this constant ratio is 

sin $2 sin 84 ... sin Z2n 



sindismSs . . . sin 8211-1 
[Apply Ex. 11, and Art. 148]. 

14. If 81, 82, . . . 8m be the angular distances of the pole of the circle in 
Ex. 12 from the vertices of the circumscribed polygon, and di, dz . . . dn 
its angular distances from the sides of the inscribed polygon; show the 
ratios (1) and (2) of that example are, respectively — 



I ( sin 2 81 sin 2 82 ... sin 2 8t» ) 
^^ \isin2<;i8in2<f2. . .sin2<^'} 

sin 81 sin 82 sin 89 . . . sin 8n 



(2) 

^ ' 8in«r 
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16. If two polygoM be reciprocal polars to **, ^'^^j with respect to a 
circle (i. «. such that each vertex of either is the pole of a side of the other) ; 
then the product of the sines of the angular distances of any point on the 
circle, from the n sides of either, bears a constant ratio to the product of the 
sines of the angular distances of the vertices of the other, from the tangent 
at that point. 

152. Theorem. — If A and B he two points on a sphere y 
and if the polar of A passes through B ; then the polar of B 
will pass through A. 




Fig. 69. 

Let A'B (fig. 59) be the polar of A passing through B, 
Join PB^ and draw -4 B' perpendicular to PB. Then, 
since the angles at A^ and ff are right, we have 

tanP^' = tanP5 cosP, and tan P-B' = tan P-4 cos P. 

Therefore 

tanP^ . tanPjB' = tan PA . tan PA' = tan»r; 

and hence AB^ is the polar of B, 

Examples. 

1. If a point moves along a given great circle, its polar turns round » 
fixed point, viz. the pole of the given great circle. 

2. If two points A and B be given, and if their polars intersect in G\ 
then AB is the polar of C. 

[For, by this Article, since the polar of A passes through <?, the polar of 
C must pass through A^ and similarly it must pass through B']. 

PART II. I 
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Hence the are of connexion of ttoo points is the polar of the intersection of 
the polars of the points. And again, the intersection of the polars of ttoo 
points is the pole of the are of connexion of the points. 

3. If through any point a secant be drawn cutting a small circle, the 
tangents at the points where it meets the circle intersect on the polar of the 
point. 

4. If four points A, B, C, D lie on. a, great circle, their anharmonic ratio 
is equal to the anharmonic ratio of their four polars. 

[For the polars pass through a point, viz. the pole of the great circle, and 
they are perpendiculars from this point to the arcs joining P, the pole of 
the small circle to A, By C, D. Therefore, &c., by Art. 137, Cor. 4]. 

Hence, if four points form a harmonic row, their four polars form a har- 
monic pencil. 

5. The locus of the intersection of tangents to a circle, at the extremities 
of a yariable chord, which passes through a fixed point, is the polar of the 
point. 

6. If two triangles are such that each vertex of one is the pole of the 
corresponding side of the other ; then reciprocally each vertex of the latter 
is the pole of the corresponding side of the former ; and the same holds 
generally for two polygons, or, more generally still, for two curves, such that 
the tangent at any point of one is the polar of the corresponding point of 
the other. 

7. Show that — 

(a) When two points (or great circles) are conjugate, so also are their 
polars (or poles). 

(j3) The common conjugate of two points is the point of intersection of 
their polars, i. e. the pole of the great circle joining them. 

(7) Every two conjugate points, with the pole of the great circle joining 
them, determine a self-reciprocal triangle ; and every two conjugate great 
circles, with the polar of their point of intersection, determine a self -recipro- 
cal triangle. 

I>efiiiition. — A triangle such that each side is the polar of the opposite 
vertex is said to be Self-Reciprocal or Self- Conjugate with respect to the 
small circle. 
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153. Theorem. — Any secant drawn through a fixed 

point across a small circle is cut harmonically by the circle, 

the point, and the polar of the point tvith respect to the circle. 

Let a secant through (fig. 57) meet the circle in M 
and Ify and the polar of in JK. Denote the perpendi- 
culars from M on OTy 0T\ TT by^i, p%^Py respectively, 
and the corresponding perpendiculars from N by zs^, ctj, zs. 
Then by Art. 149, 



sin /?i sin p2 __ sin* p 
sin ^1 ' sin ztz sin'* zd' 



(1) 



T5 . sinjf?i sm OM smpz ... 

But -; = -. — 7r^= . (2) 

Therefore, by (1), 

sin p sin pi _ sin pz 
sin tsr sin Wi sin ztz 
That is, 

sin RM ^ sin OM 

sinjKiV^"sin Oi\r' 

or the arc MN is cut internally at R, and externally at 
in the same ratio of sines ; therefore, &c. 

Examples. 

1. If tlirougli a fixed point a variable secant be drawn, cutting a circle 
in M and N; and if JS be taken, the harmonic conjugate of with respect 
to M and JV, the locus of J2 is a great circle, viz. the polar of 0. 

2. If from any point tangents be drawn to a small circle, the points of 
contact T, T\ and the points of intersection M, JV, of any secant from 0, 
form a harmonic system of points. 

[Let X be any point on the circle ; then by Art. 150, X, TMT'N^ 
T. TMrN= T, OMRN, which is harmonic]. 

12 
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3. If the yertices of a quadrilateral lie on a small circle, the extremities 
of its third diagonal and the intersection of its other diagonals are three 
points, such that the arc joining any two is the polar of the third, with re- 
spect to the ciicle. 

[This follows from the harmonic properties of a complete quadrilateral,, 
discussed in Art. 143.] 

4. If four points on a circle form a harmonic system, the arc of connexion 

of any pair passes through the pole of the arc of connexion of the other 

pair. 

[Apply Ex. 2]. 

6. If tangents he drawn at the vertices of a quadrilateral, inscrihed in a 
small circle, they form a circumscrihed quadrilateral, and intersect in six 
points which lie in pairs on the sides of the self-conjugate triangle, referred 
to in £x. 3. 

6. The diagonals of the quadrilaterals, inscrihed and circumscrihed, in 
Ex. 5 are concurrent, and form a harmonic pencil. 

7. The extremities of the third diagonals of the two quadrilaterals in 
Ex. 5 lie on a great circle, and form a harmonic row. 

8. If two triangles he self -conjugate with respect to a circle, any two sidea 
are divided equianharmonically by the four remaining sides, and any two> 
vertices are subtended equianharmonically by the four remaining vertices. 

[Apply Ex. 4, Art. 162], 

9. If two triangles be such that the sides of one are the polars of the- 
vertices of the other, they are in perspective. 

[Proof as in plano^ for which see Townsend's Modem Geometry , vol. i.^ 
Art. 180, or Casey's Sequel to Euclid]. 

10. Any four fixed tangents to a small circle are cut by a variable fifth 
tangent in four points, whose anharmonic ratio is constant. 

[The pencil joining the point of contact of the variable tangent to the 
points of contact of the fixed tangents has a constant anharmonic ratio ; but 
the arcs forming this pencil are the polars of the points in which the varia- 
able tangent cuts the fixed tangents ; therefore, &c., by Ex. 4, Art. 152.] 

11. Hence any two fixed tangents to a small circle are cut homograph* 
ically by a variable tfmgent 
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12. If a hexagon be described about a circle, the three arcs joining the 
opposite angular points will be concurrent. (Brianchon's Theorem.) 

[The arcs joining the points of contact form an inscribed hexagon ; and 
therefore, by Art. 160, Ex. 1, the intersections of its opposite sides are 
•concyclic ; but these sides are the polars of the opposite vertices of the 
■circumscribed hexagon ; therefore their intersections are the poles of the 
•connectors of its opposite vertices ; and since they are concyclic, it follows 
that their polars, viz., the connectors of the opposite vertices in question, 
are concurrent.] 

13. If a great circle drawn across two small circles meet, one in a pair of 
•conjugate points with respect to the other ; then it meets the latter in a pair 
of conjugate points with respect to the former. 

154. Tbe Polar Circle. — If the perpendiculars of a 
triangle meet tbe opposite sides in points X, T, Z^ and 
if be the orthocentre, it is easily shown that 

tan OA tan OX = tan OB tan OF = tan 00 tan OZ. 

Hence, if a circle be described with as pole, and an 
angular radius, p, given by the equation 

tan'/o = tan OA tan OX = &c., 

the triangle ABC will be so situated, with respect to it^ 
that each e(ide is the polar of the opposite vertex. The 
circle thus constructed is called the Polar Circle of the 
triangle. Thus any triangle is self- conjugate with re- 
spect to its polar circle. 

As the parts of a triangle may each have any value 
between zero and tt, the polar circle may be real or 
imaginary, whether the orthocentre lies inside or outside 
the triangle. The expression of the following Article, for 
its radius, shows that it is real or imaginary according as 
an odd or an even number of the parts of the triangle 
exceed 90°. 
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Examples. 

1. The polar circle of any triangle is ako the polar circle of its three co- 
lunars. 

2. The vertices A^ B, C, of the triangle ABC, are the spherical centres 
of the polar circles of the triangles BOC, CO J, AOB. 

3. The polar circle of the triangle ABC, and the polar circles of BOC, 
CO A, AOB, cut each other orthogonally. 

[For BT is the polar of A, with respect to the circle round C; and also 
the polar of C, with respect to the circle round A, Therefore, &c., by 
Art. 151, Ex. 8.] 

4. The angular radius of the polar circle of any triangle is the comple- 
ment of the angular radius of the polar circle of its polar triangle, and the 
latter circle is identical with the polar circles of the polar triangles of the* 
colunars of the given triangle. 

155. Problem. — To find the angular radius of the polar 
circle of a given triangle. 

Let ABC be a given triangle (figs. 60, 61), X, F, Z 
the feet of the perpendiculars drawn from the vertices on 
the opposite sides ; the orthocentre. 



o 





Fig. 60. 

Then we have 

tanOg 
tan CX 



= sec OCX = 



Fig. 61. 



tan« 
tan CZ ' 



(1> 

[Art. 44.] 
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, tan OZ tan OAZ tan BX cob A .^. 

Multiplying (1) and (2) together, we obtain 

tan OC tan OZ tan JBX tan a cos A 
tanC7Xtan(7Z 2Nta.nCZ * 

Hence, 

i •^^ X •%rr tan a tan -BX tan CXcos A 
tan 0(7 tan OZ = 



or tan' d = - 



tan g tan b tan g cos ^ cos B cos O ^ 

2JV' • 

[Art. 44 and Art. 36, Ex. (2).] 



Examples. 

1. The radii pi, p2, ps of the polar circles of the triangles BOC^ CO A, and 
AOB are given hy the equations 

tan^ p\ = tan b tan e cos .^, 
tan^ p% = tan <; tan a cos^, 
tan^ ps = tan tan & cos C, 

[For tan' pi = tan -^Ftan^C (fig. 60) = tan ^4 (7 tan ^4 J cos -4.] 

cos b cos c 

2. Prove that cos'pi = , with similar relations for cos'ps and 

cos a 

cos'ps. 

[sec* pi = 1 + tan* pi = 1 + tan* tan c cos -4 (Ex. 1) 

cos d cos + sin d sin (^ cos .^ cos « , . ^ _ 

= ; = — ; ; therefore, &c.] 

cos b cos e cos b cos e 

3. Proye that 

cos a cos pi = cos b cos p2 = cos e cos ps = (cos a cos b cos c)i, 

* The negative sign is attached, for when C> is inside the triangle (fig. 60), 
OC&Tid OZaie measured in opposite directions from ; and when is out- 
side the triangle (fig. 61), we have tan CX = - tan * cos C, 



\ 
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4. The polar circles, pi, pz, pz intersect at right angles. 

[From Ex. 3, cos a cos b cos pi cos p2 » cos a cos & cos e ; 
hence cobc =» cos pi cos/>2; and since e is the arc joining the 

poles of one pair of circles whose radii are pi and pt ; therefore, &c.] 

6. Prove the formulas 

tan^ pz + tan' pz + tan^ pz tan' ps = tan' 0, 
tan' p9 + tan' pi + tan' pj tan' pi = tan' b, 
tan' pi + tan' pz + tan' pi tan' pz = tan' e. 

[From Ex. 4 we have sec' a = sec' pz sec' ps ; 

hence 1 + tan* « = (1 + tan' pa) (1 + tan' pa). 

Or thus: 

tan'p2 s tan a tan^X, and tan' pz « tan a tan C^X; also tan a = tan(^X + CX) ; 
therefore, Ac. 

6. Prove that 

tan' pi tan' pa tan' ps -„^ , .. 

^-— - — J- ^ = - 2iV^tana tand tan(;. 

tan'p 

7. The cosine of the distance between two conjugate points is equal to 
the product of the cosines of the tangents drawn from the points to the small 
circle. 

[^ and B are conjugate points, with respect to the polar circle of the tri- 
angle, and the tangents from them to it are pi and pz ; and by Ex. 4 we 
have cos e = cos pi cos pz. 

For analogue, in piano, see Townsend's Modem Geometry, Art. 167.] 

8. If t denote the tangent from a point midway between two conjugate 
points, the tangents from which are h and tz, prove that 

^ , ^ sin' t\ + sin' tz 

tan* t = ; 

(cos ti + cos ta)' 

and state the analogue in piano. 

[Let M be the middle point of AB ; then, by Art. 42, 

cos -40 + cos BO = 2 cos AM cos OM, 

Therefore cos h + cos ^2 = 2 cos J AB cos t ; 

or 

■(cos t\ + cos ifa)' 

5 — J- e 2 cos' } AB = 1 + cos AB = 1 + cos ti cos tz\ therefore, &c.] 

Analogue in piano is 4 1' = ^i' + ^a' ; or < = J-4JJ. 
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9. If A and £ are two conjugate points, Z the polar centre of AB, and h 
the tangent from Z to lihe polar circlei prove that 



[For (fig. 60) 
and 
Therefore 

t8UiAZtmJBZ= 
"which, hy Art. 161, 



sin^ ^3 = tan AZ tan BZ, 
tmAZ=t8LnACZBisiCZ; 
tan ^Z = tan BOZ sin OZ. 

sin CZsia OZ sin CZ sin OZ 



cos CO cos (t>Z-' CZ) cot CZ cot t>Z + 1* 

1 



1 + cof^ ts 



= 8in2^s.] 



Section III. 

Coaxal CircleSy Radical Axis, and Radical Centre on the 

Sphere. 

156. Radical Axis. — To find the locus of a pointy such 
that arcs drawn from it to touch two small circles shall be 
equal. 





Fig. 62. Fig. 63. 

Let be any position of the point (figs. 62, 63), P and 
P' the poles of the small circles, r and r their angular 
radii. 
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Then cos OT = cos OP -f cos r ; 

also cos OT' = cos OP^ -f- cos /. 

Therefore, if OT ^ 0T\ 

cos OP cos r 

we have ttt^ = >. 

cos Or cos r 

Hence in the triangle POP' we are given the base PP^y 
and the ratio of the cosines of its sides ; and therefore the 
locus of its vertex, 0, is a great circle, perpendicular to 
the base, at a point i2, such that 

cos OP cos PP _ cos r 
cos OP' cos BP' cos /' 

(Art. 56, Ex. 11.) 

This circle (Art. 43) obviously coincides with the arc 
joining the points of intersection of the given circles in 
case they cut each other, and with the tangent at their 
point of contact in case they touch. It may also be 
regarded as the arc joining their imaginary points of 
intersection if they do not cut each other in real points 
(fig. 63). 

The great circle, OR, from any point of which the tan- 
gents to two small circles are equal, is called the Radical 
Axis of the circles; and a system of circles having a 
common radical axis is termed a Coaxal System. 

Thus the radical axis of two circles is the great circle join^ 
ing their points of intersection [real or imaginary) ; and a 
coaxal system of circles is a system having two common 
points {real or imaginary). 

Cor. 1. — A circle having any point, 0, on the radical 
axis for pole, and one of the equal tangents, OT, for 
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\ spherical radius, will out both the given circles ortho- 

- gonally ; and conversely, every circle cutting both circles 
orthogonally will have its pole on the radical axis. 

Cor. 2. — The radical axis bisects each of the common 
tangents to two circles. 

157. Radical Centre. — The radical aoc€8 of three given 
small circles, taken in pairs, are concurrent 

By the application of Art. 43 it follows exactly as in 
planoy that the arc joining the intersection of the radical 
axes of two of the pairs to one of the common points of 
the third pair must pass through their other common 
point ; therefore, &c. 

The point of concurrence of the radical axes of three 
circles taken in pairs is called their Radical Centre, and it 
lies either within all three or without all three. 

Cor. 1. — Hence we can describe a circle to cut any 
three circles orthogonally, its pole being their radical 
centre. 

Cor. 2. — If any circle cut a coaxal system of circles, the 
spherical chords of intersection of it, with each of the 
circles, will all pass through a point on the radical axis 
of the system. 

Example. 

The three arcs drawn through the vertices of a triangle bisecting its area 
are concurrent. 

[Let the arcs meet the sides a, b, c in points X, T, Z, respectively, Then^ 
by Art. 101, the points X and Flie on a small circle passing through the 
points A\ B\ diametrically opposite to A and £. Similarly, Y and Z lie on 
a circle passing through ff and C% and Z and X lie on a circle passing 
through C* and A'. Thus we have three small circles intersecting in Jf , F, Z, 
A', B', C ; and their radical axes being A'X^ B'Y, C'Zy are the bisectors 
of the area of ABC] 
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158. Umitlng Points. — Any circle cutting two given 
4iircle8 orthogonally passes through two fixed points on the arc 
Joining their poles. 

Let (fig. 63) be the pole of a circle cutting two circles 
orthogonally, and let it intersect PP^ in L and L\ Then 
we have already seen that is on the radical axis, and 
OT = OL. Therefore 

cos R P cos OP 
cos RL cos OT 

Hence the distance RL (= RL') is independent of the 
position of on the radical axis, and is equal to the tan- 
gent from R to either of the circles. 

The points L and i', through which all circles ortho- 
gonal to both the given circles pass, are called their 
Limiting Points^ since they may be considered as a pair 
of infinitely small circles coaxal with the given ones. 

Cor. 1. — If a system of circles be cut orthogonally by 
two circles, it is a coaxal system. 

Cor. 2. — The system of circles orthogonal to a given 
•coaxal system is also a coaxal system, and the two systems 
are related as follows : — 

(a) Every circle of one system cuts orthogonally every 
-circle of the other system. 

(/3) Every circle of one system passes through the 
limiting points (real or imaginary) of the other system. 

(7) The limiting points of one system are the common 
points of the other. 

(8) If the limiting points of one system are real, the 
limiting points of the other are imaginary. 
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(e) The poles of either system lie on the radical axis^of 
the other. 

159. Fundamental Theorem. — If from amj point 
tangents he drawn to tico small circles, the difference of their 
cosines bears a constant ratio to the sine of the perpendicular 
from the point to the radical axis. 




Fig. 64. 

Let P and P' (fig. 64) be the poles of the given circles^ 
r and / their angular radii, S and S^ the angular distances 
OP and OP". Then the triangles OBP and ORF give u& 

cos 8 « oos PE cos OR - sin PB sinjt?, 
and 

cos 8' = cos P'JB cos OB + sin P'B siap, 

since einp » sin OS cos 0£F, 

Multiplying the first of these equations by cos/, and 
the second by cos r, and remembering that 

oosr oosP'jB = cos/ cos PjB, 

we find) by subtracting, 

sin j? (sinPJS cos /+ sin P'JBcos r) = cos r cos S'- cos /cos 8 

,/cos8' cos8\ //a/ ^\ 

\cosr oosr/ 



= cos r cos r 
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But if 7 denote half the common chord of the two circles, 
it follows from Art. 40 (see fig. 62) that 

sin PR cos / + sinP'-K cos r = cos y sin -D, 

where D (= PP^) is the angular distance between the 
poles of the circles. 

Therefore 

cos If - cos t cos 7 sin D 

sin J9 cos r cos r ' 

160. Important Case of Fundamental Theorem. 

— If, in the foregoing Article, we suppose the point to be 
on one of the circles (P', suppose), we have t' = 0, and cos f 
= 1 ; therefore it follows that: — If from any point on 
one of two given small circles a tangent t be drawn to the other y 
and a perpendicular p be let fall on their radical axis, then 

sin* it , . cos 7 sin D 

— ; = constant = ;r ' ;. 

Binp 2 cos r cos r 

And conversely — The locus of a point stich that the square 
of the sine of half the tangent from it to a gtven small circle 
bears a constant ratio to the sine of the perpendicular from it 
on a fixed great circle, is a small circle, which, with the given 
small circle, has the great circle for radical axis. 

This theorem is of fundamental importance in the theory 
of coaxal circles on the sphere, many of their most impor- 
tant properties flowing directly from it. The student who 
is familiar with the corresponding properties in plane 
geometry will experience no difficulty in applying it to 
deduce the following corollaries : — 
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Cor, 1. — If tangents ^i, ^2 be drawn to two circles from 
any point on a circle coaxal with them ; then 

sin ^ ti : sin j ^2 = constant. 

And conversely — The locus of a point sttch that the sines of 
the halves of the tangents drawn from it to two fixed circles 
are in a constant ratio is a circle coaxal with the given circles. 

[This may be easily proved directly]. 

Cor, 2. — The sine of half the tangent from any point to 
a circle of a coaxal system varies as the sine of half its 
angular distance from a limiting point. 

Cor. 3. — If a chord of one circle touch another, the 
ratio of the sines of the halves of its segments is equal to 
the ratio of the sines of the halves of the chords joining 
its extremities to a limiting point. 

Cor, 4. — If the circumcircle of a triangle ABC touch a 
given circle to which the tangents from -4, Bj C are ^1, t^y 
tz\ then 

sin ^ a sin ^ ^1 + sin ^ 6 sin ^ ^2 + sin 1 sin ^ ^3 = 0. 

[The limiting points coincide with the point of contact. 
Hence, applying Ptokmy^s Theorem on the sphere (Art. 25, 
Ex. 6) to the quadrilateral formed by -4, By C and the 
point of contact, we obtain the required result by the aid 
of Cor. 2] . 
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Examples. 

1. If n, r2, r3 be the angular radii of three coaxal circles; 2>23, Dsi, Dvi 
the angular distances between their poles, prove the relation 

sin Bti cos r\ + sin Dzi cos r^ + sin D\2 cos ra = 0. 

[Take any point, 0^ on the radical axis, and let Pi, Pz, Ps be the poles of 
the circles ; then, by Art. 40, 

sin 2)23 cos 0P\ + sin />si cos OP2 + sin D12 cos 0P% = ; 

and since the tangents from to the circles are equal, this equation reduces 
to that in question.] 

NoTS. — The above equation may be regarded as a criterion of the co* 
axality of three circles. 

2. If a circle of radius, r, cut three coaxal circles at angles a, /3, 7, show 
that 

sin 2)23 sin r\ cos a + sin 2)31 sin r^ cos i3 + sin Dn sin rz cos 7 = 0. 

[Let 2)i, 2)2, 2)3 be the angular distances of the pole of this circle irom 
the poles of the given circle. Then 

cos D\ = cos r cos ri + sin r sin ri cos a, 
cosDs » cosr cos ra + sin r sin r^ cos /9, 
cos 2)3 = COS r cos ra + sin r sin 1*3 cos 7. 

Multiplying these equations by sin 2)23, sinDsi, sinDia, respectively, and 
remembering that 2 sin Das cos 2)i s (Art. 40), and that by the foregoing^ 
Example, 2 sin Iha cos ri ^ 0, we have, by addition, 

2sixi2)28 sinri cosa^C] 

3. Hence show that a circle cutting two circles at constant angles inter- 
sects any circle coaxal with them at a constant angle ; and therefore a circle 
eutting two circles at constant angles touches two circles coaxal with them. 

4. The products of the tangents of the halves of the segments of an arc^ 

drawn from any point of the radical axis cutting any circle of a coaxal 

system, is the same for all circles of the system (the segments being^ 

measured from the point). 

[Apply Art. 43.] 

5. If two circles cut three given circles, the triangles formed by tbe 
oommon chords (arcs of great circles) of each with the three are in per- 
spective, and the centre of perspective is the radical centre of the given 
circles. 
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[For the corresponding sides of the two triangles meet in pairs on^the 
radical axis of the two circles.] 

6. If a variable circle passes through two fixed points on a sphere, and also 
cuts another fixed circle, their common chord, that is the arc joining their 
points of section, passes through a fixed point on the great circle joining the 
fixed "poiiits (Art. 43). 

7. Describe a circle such that the radical axes of it and three given circles 
shall pass through three given points. 

[This reduces to Art. 145, Ex. 13.] 

8. If from a point, 0, on the radical axis of a coaxal system of small 
circles, a great circle be drawn cutting them in points AA\ BB\ &c., 
prove that the middle points of the arcs OA^ OA* ; OB, 0B\ &c., will form 
a system of points in spherical involution, of which is the centre. 

[For we have tan \ OA tan \ 0A'= tan J OB tan J OB^ = &c. ; hence the 
mid-points are in involution by Art. 147.] 

9. If two circles cut two other circles orthogonally, the radical axis of 
either pair is the great circle joining the poles of the other pair. 

[For each pair passes through the limiting points of the other pair.] 

10. If four circles be mutually orthogonal, the six great circles joining 
their poles in pairs are also the radical axes of them taken in pairs. 

11. Hence the vertices, A^ B^ C, oi a. triangle, and the orthocentre, 0,are 
the radical centres of the four triads of circles formed by taking the polar 
circles of the triangles ABC, BOG, CO A, AOB, three at a time. 

12. The polars, with respect to two circles, of any point on their radical 
axis intersect on the radical axis. 

13. The chords of intersection of either of two small circles, with a 
system of circles orthogonal to both, pass thi'ough the pole of their radical 
axis with respect to it. 

14. If a variable circle intersect two fixed circles of angular radii, n and 
rs, at equal angles (or at two angles whose cosines have a constant ratio), and 
if tangents be drawn to the fixed circles from the pole of the variable circle, 
and from their points of contact tangents T\ and T^ be drawn to the variable 
circle ; show that 

sin2 } Ti 



sin2 i Tz 

VKVJS II. E 



a constant. 
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[Let p be the angular radius of the variable circle, 81 and 82 the distances 
of its pole from the poles of given circles, t\ and H the tangents from its 
pole to them ; then ^ 

cos 81 = cos p cos ri + sin p sin r\ cos a. 

Therefore cos t\ = cos p + sin p tan r\ cos a ; 

and cos Ti = 1 + tan p tan n cos a. 

Similarly cos 72 = 1 + tan p tan t% cos /3. Therefore, &c.] 

15. If a circle touch two fixed circles, the ratio of the sines of the halves 
of the tangents to it from their limiting points is constant. 
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Section IV, 

Centres aiid Axes of Similitude on the Sphere, 

161. Problem. — To draw a great circle touching two 
email circles on a sphere. 

Let TiTi (fig. 65) be a great circle touching two small 
circles at Ti and T?, respectively. Let Pi and Pg be the 
poles of the small circles; then PiTl, and P^T^ meet in 




Fig. 66. 

P, the pole of T^T^. Now, the sides PPi and PPt 
of the triangle PP1P2 are 90 - n, and 90 - rj, where rx 
and r^ are the radii of the circles ; and therefore if the 
small circles be given, the point P is at once determined, 
and the points Ti and T%j where PPi and PPo produced 
meet the circles, give the points of contact of the required 
common tangent. 

K2 



y 
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Cor. — It is always possible to draw a pair of direct 
common tangents, except when one circle is entirely 
within the other; and a pair of transverse common tan- 
gents when one circle is entirely outside the other. 

162. Centres of itlmilitade. — The point of intersec- 
tion of the direct common tangents to two small circles is 
called their External Centre of Similitude^ and the point of 
intersection of the transverse conmion tangents their In-- 
temal Centre of Similitude. 

It is clear that the centres of similitude of two circles 
lie on the great circle joining their poles. For OPt 
bisects the angle between the direct common tangents^ 
and so also does OP2. Therefore lies on P1P2; simi- 
larly ff lies on PiPa. 

Cor. — The point of contact of two circles which toucL 
externally is their internal centre of similitude, and tho 
point of contact of two which touch internally is their 
external centre of similitude. 

163. Theorem. — ITie centres of similitude divide the are 
joining the poles of fhe circles internally and externally inta 
segments^ whose sines are in the ratio of the sines of the 
spherical radii of the circles. 

For (flg. 65) if ri and r% denote the spherical radii, 

fiinri sinra . ^ ^^ 
sm OPi sm OPi 

and similarly for the internal centre ; therefore, &c. 

Cor. 1. — Any great circle through a centre of similitude 
makes equal angles with the radii to the points where it cuts 
t/se small circles. 
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[For ^.see fig. 65), sin OPi sin PxOBi ^ sin n sin OBiPu 
and sin OP2 sinPiOBi = sin r, sin P2A2B2. 
Therefore, by the above proposition, 

OBiPi = P2A2B2. 
Henoe we have 

P,A,B, = P,B,A, = P2A2B2 = P2B2A2.^ 

Cor. 2. — Conversely — If an arc of a great circle cuts 
two small circleSf and makes equal angles mth the radii to 
the points of section, it passes through a centre of similitude. 

Cor. 3. — Hence, if a small circle touch two other small 
circles^ the arc joining the points of contact passes through a 
/centre of similitude. 

Cor. 4. — The centres of similitude and the poles of the 
given circles form a harmonic row. 

[Art 136]. 

Definition. — Of the four points Ai, Bi, Aoy B2 (fig. 65), 
in which any great circle through a centre of similitude of 
two circles meets them, the points A\ and ^2, or Bi and 
B2, are said to correspond directly, and the points Ai and 
B2, or -Bi and -^2, are said to correspond, inversely. 

164. Theorem. — If two great circles be dratvn through a 
centre of similitude of two small circleSy any pair of the points 
in which they intersect the small circles are concyclic mth their 
inversely corresponding points. 

Consider the quadrilateral (fig. 65) 5i-42^./-Bi' formed 
by the points 5i, 5/, and their inversely corresponding 
points A2, A2> Denote each of the equal angles of the 
triangle PiBxBi by x, and those of P2A2A2 by y, and 
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let denote the equal angles PiBiO and P2-4tjB2, and ^ 
the angles Pi-B/0 and PzAzBi^ Then, for the angles of 
the quadrilateral, we have 

RB1A2 = TT - iT - 0, and B1B1A2 = TT - (a? - 0), 

Therefore ' 

Pi'-5i = + = ^2'-^2; 
or 

^2 + 5/ = ^/ + ^,; 

and therefore the quadrilateral BiA^A^Bi is such that the 
sum of one pair of opposite angles is equal to the sum of 
ihe other pair ; that is, it is inscribable in a small circle- 

[Art. 19 (4).] 

Cor. 1. — Hence, 

tan J 0^1 tani OA2 = tan^ 05/ tani OA^ 

= taniOTitaniOr,. 

Therefore — The product of the tangents of the halves of 
the arcs intercepted between either centre of similitude and a 
pair of points inversely corresponding is constant. 

Cor. 2. — Combining Cor. 1 with Art. 43, we find 

tan i OA^ _ tan | OBi tan ^ OT^ 
tan i OA2 " tan i OBi " tani OT^' 

Therefore — The tangents of the halves of the arcs between 
either centre of similitude and a pair of corresponding points^ 
are in a constant ratio. 

Cor. 3 — If B\Bx, and -^2^2' be produced to meet at Ry 
we have 

tan i BBi tan i RBi = tan i RA2 tan i RA%^ 
and therefore JB is on the radioal axis of the two circles. 

Tlierefore — The arc joining a pair of points meets the are 
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joining their inversely correspd^iding points on the radical axis. 

Cor. 4. — ^And hence also tangents to two small circles at 
two inversely corresponding points meet on their radical axis, 
a result which also appears obvious, since a pair of in* 
versely corresponding points may (by Art. 163, Cor. 3) be 
considered as the points of contact of a small circle, and 
this Cor. merely asserts that the radical axes of the three 
are concurrent. 

Cor. 5. — The four points of contact of the direct com- 
mon tangents are concyclic, and so also are the four points 
of contact of the transverse common tangents. 

Cor. 6. — If a circle touch two given circles, the points 
of contact are concyclic with the limiting points. 

[For the points of contact are concyclic with the points 
of contact of a common tangent ; but these latter points are 
concyclic with the limiting points, all four being equidis- 
tant from the middle point of the common tangent ; there* 
fore, &c., by Art. 43]. 

165. Axes of Slmllitade. — The six centres of simili^ 
tilde of three small circles taken in pairs lis^ three by three, 
on four great circles, called axes of similitude. 



Fig. 66. 
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Let Ply Pa, Ps be the poles of the small circles, /i, Ja, Js 
their internal centres of similitude. Since the internal 
centres divide the sides of the triangle Pi, Pz, P3 into 
segments whose sines are in the ratio of the sines of the 
radii, it appears at once (Art- 122) that the points /i, /a, I^ 
connect concurrently with Pi, Po, P3. Again, the arc /1/2 
meets Pi Pa in a point j^s, such that 

sin Ei Pi sin r^ 
sin J&3 Pa sin r^ 

[Art. 125] 

Therefore E^ is the external centre of Pi and Pa. Simi- 
larly El and E2 are the external centres of the other pairs, 
and they are concyclic. However, this last result may be 
obtained at once from the criterion of Art. 122. 

The concyclic triads are therefore the three external 
centres, and each external centre, with a pair of internal 
centres ; and the quadrilateral formed by these four great 
circles is such that the triangle formed by the poles of the 
small circles is its diagonal triangle. 

Cor. — If a circle touch two others, the spherical chord of 
contact passes through a centre of similitude of the two. 

Examples. 

1. If an infinite number of small circles toucli two others, the radical axis 
of each pair that can be taken passes through the external centre of simili- 
tude, when the two contacts are of the same kind, and through the internal 
centre when they are of different kinds. 

[Since the points of contact are inversely corresponding points, the pro- 
duct of the tangents of the halves of the arcs between them and a centre of 
similitude is constfint, and the same for any two having the same kind of 
contact. Therefore the tangents from it to these circles are equal, and hence 
it is a point on their radical axis.] 
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2. If a system of circles have the same kind of contact with two given 

ones, they are all cut orthogonally by a circle having its pole at a centre of 

similitude. 

[Apply Ex. 1.] 

3. If two circles touch each other, and also two given circles, either botli 
internally or both externally, the locus of the point of contact is a circle 
having its pole at the external centre of similitude of the given circles. 

4. The envelope of a circle touching a given one, and cutting anotlier 
orthogonally, is a small circle. 

6. Great circles touching a pair of small circles at a pair of inversely 

corresponding points make equal angles with the great circle joining the 

points. 

[Art. 163, Cor. 1]. 

6. Tangents at corresponding points are equally inclined to the secant, 
and hence tangents at non-con^esponding points are equal, and therefore 
meet on the radical axis. 

7. Describe a circle through a given point on a sphere to touch two given 
circles. 

[Join the given point -4 to a centre of similitude 0, and the point i?, 
where it meets the required circle again, is determined by the fact that 
tan J OA tan J OB is given. Hence the problem is reduced to describing a 
circle through two points to touch a given one, which, by Art. 43, is re- 
duced to describing a circle through three given points.] 

8. Describe a small circle touching three given small circles. 

[Four pairs may be described as in piano by aid of the four axes of simi- 
litude.] 

9. Each of the pairs of circles which can be drawn to touch three given 
circles have the radical centre of the given circles for internal centre of 
similitude, and the radical axis of each pair is a corresponding axis of simi- 
litude. 

10. A great circle drawn from the radical centre perpendicular to the axis 
of similitude, corresponding to a pair of touching circles, passes through 
their poles. 

11. The circle orthogonal to three given circles belongs to each of the 
systems of circles coaxal respectively with each of the four pairs of circles 
which can be drawn touching the given circles. 
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Section V- 
Spherical Inversion, 

166. IiiTerse Points. — ^In plane geometry, when two 
points are so situated on a diameter of a circle that the rect- 
angle under their distances from its centre is equal to the 
square of its radius, each point is termed the inverse of tho 
other with respect to the circle. So on the sphere, any two 
points A and A' (fig. 67) so situated on any spherical 
radius of a circle, that 

tan i OA tan J OA' = tan' J a 




Fig. 67. 

(where is the pole of the circle, and a its angular radius), 
may be termed Inverse Points^ each of the other, with re- 
spect to the circle on the sphere. The circle is called, in 
relation to the points, the Circle of Inversion^ its angular 
radius the Radius of Inversion^ and its spherical centre the 
Centre of Inversion^ or Origin. 

More generally, any three points situated oil a great 
circle are such that any pair of them are inverse points 
with respect to a circle, real or imaginary, having th» 
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third for pole — ^the circle being real or imaginary, accord- 
ing as the points lie on the same side or opposite sides of 
its pole. 

Cor. 1. — The inverse of the centre of inversion is 180° 
distant from it, i, e, the diametrically opposite point. 

Cor. 2. — ^Any point on the sphere has one and only one 
inverse with respect to any given circle. 

Cor. 3. — ^Any point on the circle of inversion is its own 
inverse. 

Cor. 4. — An^ two points Ay -B, and their inverses A\ S 
are concyclie. 

[For tani OA \avl^OA' = tan J OB tani OJS'J. 

Examples. 

1. Any circle passing throngli a pair of inverse points intersects the circle-' 
of inversion orthogonally. 

2. The limiting points of a system of coaxal circles are inverse points 
with respect to every circle of the system. 

[For any circle passing through them intersects every circle of the system* 
orthogonally.] 

3. If two circles intersect orthogonally, each meets every spherical dia-^ 
meter of the other, in a pair of inverse points with respect to it. 

4. Any two circles have a common pair of inverse points, viz. thezr limit- 
ing points. 

5. If a circle passes through a pair of inverse points with respect to one 
circle> and also through a pair of inverse points with respect to another ; it 
also passes through their common pair of inverse points. 

[For, by Ex. 1, it intersects both circles orthogonally.] 

6. If A and A' be a pair of inverse points on a diameter MN of a small 
circle whose pole is 0, show that 

emOA^'^ Bm^iMA' "" sin^JiO'* 
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{We have 

tan I OA _ tanj Oif tajijOA ±ta,jii OM 
tan J Oif " tan J OJ! ^ tanj 0M± tan J 0^ 

therefore 



' » 



tan J 0^ / tan ^Oijt + tan ^Oif \ *. - -, 
foZ" VtaniOJf±tanfaZ/ ' ^'-^ 



tanj 

NoTB — The analogue in piano is 

OA /MAY__ [NAy 
OA' " \kA'l " \NA') 

7. If X be any variable point on a small circle, A and A' two inverse 
points with respect to it, the pole of the circle ; sliow that 

. smOA _ 1 - cos AX f sm\AX y 
sin OA' ~ 1-cos^'JC " VsinjlZX/ * 

[We have 

sin A A' COS OX + sin OA* cos -^Z = sin OA cos -4'X (1) 

But tan} OA tan} OA = tan^J OX 

Therefore 

cos \ {OA + 0-4') 1 - tan«} OX 



cos } (0^ - OA') 1 -f tan- } OX 



— cos ox, 



which, when substituted for cos OX in (1), gives at once the required re- 
sult.] 

8. Find the locus of a point such that the sines of the halves of its angular 
•distances from two fixed points have a constant ratio. (Cf. Exam. Paper, 
VI., Ex. 2.) 

[It follows from Ex. 7 that the locus is a circle having the fixed points for 
■a pair of inverse points, as is also evident from Art. 160.] 

9. Hence determine a point, the ratios of the sines of the halves of whose 
angular distances from three fixed points shall be given. 

167. Inverse Figures. — Any figure {F) on a sphere 
may be transformed into another (JP') by changing ail its 
points into their inverses with respect to any circle chosen 
Arbitrarily. This process of transformation is termed 
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Inversion, and the figures F and F are said to be Inverse 
Figures, Thus, if the point A (fig. 67) describe any curve, 
its inverse A' will describe another curve, viz. the inverse 
of that described by -4. 

Any great circle drawn through the centre of inversion 
meets the curves F and F' in pairs of inverse points ; the 
points in which it meets one curve being the inverses of 
the corresponding points in which it meets the other. It is 
thus clear that the great circle joining two corresponding^ 
points passes through the centre of inversion. The follow- 
ing corollaries will be evident from the definitions. 

Cor. 1. — ^The points of intersection of a curve and its 
inverse lie on the circle of inversion. 

Cor. 2. — The tangents from the centre of inversion to 
any curve are also tangents to its inverse at the correspond- 
ing points. 

Cor. 3. — If two curves touch each other, their inverses- 
will also touch each other at the corresponding points. 

[For at each point of contact the curves have two con- 
secutive points common, and therefore their inverses have 
also two consecutive points common at each of the corre- 
sponding points.] 

168. Tbeorem. — The tangents to a curve and its inverse 
at two corresponding points are equally inclined to the great 
circle joining the points. 

Let A and B (fig. 67) be two consecutive points on any 
curve ; then A' and ff, their inverses, will be consecutive 
points on the inverse curve, and the great circles AB and 
A'B^ will be tangents to the two curves at A and A^\ but 
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the four points -4, 5, A\ S are concyclio (Art. 166, Cor. 4), 
And therefore AB and A'S are tangents to a small cirole, 
and ^^^ is their chord of contact. Therefore AB and 
AB^ are equally inclined to AA. 

Cor. — The angle of intersection of two spherical curves is 
'equal to the angle of intersection of their inverse curves at the 
-corresponding point. 

[For, by the foregoing theorem, if ^ be a point of in- 
tersection of two curves, and A the corresponding point of 
intersection of their inverses; then the tangents to the 
curves at A, and the tangents at A' to their inverses make 
the same angles with AA^ and therefore the angle between 
the former pair of tangents is equal to the angle between 
the latter pair. 

Cor. 3, Art. 167, is obviously a particular case of the 
above.] 

169. Theorem. — The inverse of any circle on a sphere 
4s a circle. 

This theorem has been already anticipated in Art. 164, 
Cor. 1, from which it follows at once that any pair of circles 
«re inverses, each of the other, with respect to a centre of 
similitude as origin and radius of inversion (a) given by 
the equation (fig. 65) 

tan» |a = tani OTi tan i OT^. 

When the radius of inversion is given, and the origin fixed, 
this equation determines the points of contact of the in- 
Terse circle with the common tangents, and therefore fixes 
it in magnitude and position. The following is a direct 
investigation of the theorem, and of the position and radius 
of the inverse circle. 



Theorem. 



143 



Let (fig. 68) be the centre of inversion, P the pole of 
the circle, A any point on it, and A' its inverse. Draw 




Fig. 68. 

the arc A'F, making OAF = OBP = ft, and denote OP 
and OP" by S and 8', PA and 2^-4' by r and /, respec- 
tively ; then if AOP = 0, we have 

sin S sin S' sin 



or 



sin r sin r' sin ^ 



tani(y + /) tani(8 + r) 
tan i («'-/) ""tani(S-r)* 



(1) 



Also, by Napier's Analogies applied to the triangles OP A 
And OPB^ we have 



But 



and 



tan \ (y + /) _ tan \ OA' 

tan i (8 + r) " tan i OB ' 

tan i 0.4 tan i 0-4' = tan* i a ; 



(2) 



tan i 04 tan i 05 = tan i (S 4- r) tan i (S 

by Art. 43. Hence from (2) we find 

tan* i a 



-r), 



tan i (S' +V) " 



tani(i-r)' 
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and tbevefore, hj Q), 



tan \(c'r r^ 



Hence wehayefiiiallj, bj taldngtan 'ram;, andiam (diffier- 
«ffiee^ after a little ample redacdon^ 

tanr 



5 » 



(1 -foos^aj 006r-2 0000000 o 1-2 oosa 00s /-i-oosr a 
and 

- tin' a mn S — mn? a tan S 



lane 



(1 4-000^0) 000 0-2 eo0a 000 r 1-2 0000880^ + 000*0 



Tbe0e equatians, nnoethejdetennine/andS'm termsof 
r and 3y 0bow that the point P" 18 fixed, and that ^' deecribe0 
a oirele ronnd it as pole. 

C<(>r. 1. — Any great ciiele drawn through the oentie of 
inyersion interseote a oiicle and its inverae at equal anglea. 

[Cf* Art* 163, Cor. 1, whioh 10 ovlj a partioular ease of 
Art. 168.] 

Car, 2. — ^Anj oirele, it0 invene, and the circle of in^er- 
aion, are ooaxaL 

Cor. 3. — ^The centre of inversion is a centre of similitade 
of the drole and ite inyerse. 

Cor. 4. — Everj ffreat circle is its own inverse when the 
centre of inversion is situated on it. 

Cor. 6, — ^When the radios of inversion is 90® {i. e. when 
the circle of inversion is a great circle), every circle is in- 
verted into an equal circle, and therefore every great circle 
into a great circle. 
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Cor. 6. — When the centre of inversion is on the cirole^ 
the inverse circle passes through the point diametrically 
opposite to the origin; and, conversely, when a circle pasises 
through the point diametrically opposite to the origin, the 
inverse circle passes through the centre of inversion. 

Cor. 7. — If two circles touch (or intersect orthogonally), 
their inverses touch (or intersect orthogonally). 

[Art. 168.] 

Hence every spherical diameter of a circle inverts into 
a circle, cutting the inverse circle orthogonally. 

Cor. 8. — Two circles and their inverses are a system of 
four circles, such that any circle touching any three of 
them also touches the fourth. 

Cor. 9. — Any circle can be inverted into a great circle, 

[For, if / = 90°, we have 2 cos o cos S = (1 + cos* a) cos r, 
which determines S in terms of a and r.] 

Cor. 10. — Hence the locus of a point from which, as 

centre of inversion, a circle is inverted into a great circle 

(or circle of given angular radius) is a small circle, copolar 

with the given circle, and its angular radius (S) is given 

by the equation 

5» cosr .- _ . l+tan*ia 

cos h = ^ (1 + cos* a) = cos r — --^. 

2 cos a ' 1 - tan* J a 

Remark. — ^The locus circle coincides with the given circle 
when it is a great circle, which agrees with Cor. 4, or when 
a = 0. The above formula reduces in piano to S = r, or the 
locus circle coincides with the given circle. 

Cor. 11. — Hence any two circles can be inverted into 
two great circles, viz. from either of the points of intersec- 
tion of the two locus circles of Cor. 10 as centre of inver- 
sion. 

FAKT II. L 
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which is a linear relation between cos Si and cos Si ; and 
therefore the centre of inversion may lie anywhere on the 
circle represented by it (Art. 134). 

Thus the locus of a point from whichy as centre of inter- 
stony tico circles can be inverted into two equal drcleSy is a 
small circle. 

Cor. 1. — ^Any three circles can be inverted into three 
equal circles ; and hence a circle can be described to touch 
three circles on a sphere, or to intersect three circles at 
given angles. 

Ciyr. 2. — The circle which is the locus of the centre 
of inversion, in the foregoing Problem, is coaxal with 
the two given circles only when they are equal, in which 
case it is their radical axis. 

Cor. 3. — Any two circles can he inverted into two circles 
having the tangents of their radii in a constant ratio, and the 
locus of the origin is a circle. 

Cor. 4. — ^Any three circles can be inverted into three 
circles, having the tangents of their radii in any ratio 
liminJ 

173. Theorem. — The anharmonic ratio of any four 
points. Ay By CyDyOn a circky is equal to the anharmonic 
ratio of their four inverseSy A\ B^y C, 2/, on the inverse 
circle. 

From 0, the centre of inversion, draw a common 
tangent to the circle and its inverse, and let its points of 
contact with them be T and T', respectively. Then, since 
Ty Ay T\ A are concydio, TA and TA meet on the radi- 
cal axis of the two circles (of. Art. 164, Cor. 3). Similarly, 
TB and TB, TC and T'C", TD and TUy meet on the 



i 
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radical axis. Hence, by Art. 137, Cor. 2, the anharmonic 
ratios of the pencils T.ABCD and T.A'B'C'U are 
•equal. Therefore, &c., by Art. 150. 

Cor. 1. — ^A harmonic system of points on a circle in- 
verts into a harmonic system of points on a circle. 

Cor. 2. — If A^ By C, D be any four points on a circle, 
A\ -B', C", ly their inverses, then, by Art. 150, 

sm^BC Bin^AD _ sin ^ C-4 sin J i52) 
siniJ?'C"sini^'2y"'sinJC'^'sini5'jy 

_ sin i AB sin J CD 
"sini^'^siniCTiy* 

174. Theorem. — The common tangent^ ty and the an- 
gular radiiy ri and r^y of two circlesy are connected mth the 
common tangent y t\ and angular radiiy r\y r\ of the inverse 
circles by the relation 

sin* i t sin' If . , , 

= T^ -, = sin * a, 

tan ri tan r2 tan n tan r^ 

where a is the angle of intersection of the circles. 

Let S denote the angular distance between the poles of 
the circles. Then 

cos 8 = cos ri cos r2 + sin n sin r2 cos a. 
Also cos 8 = sin ri sin ^2 + cos ri cos r^ cos t. 

Therefore 1 - cos ^ = tan ri tan ^2 (1 - cos a) ; 

or 



sin* ^t . - , 

= sm' f a. 



tan ri tan r2 
Now the angle of intersection of two curves is equal to 



160 The Small Circle. 

the angle of intersection of their inverses. Hence the 
theorem is obvious. 

Remark. — If the circles do not intersect in real points 
they may still be regarded as intersecting in two imagi- 
nary points, and at an imaginary angle. The student 
who is desirous of establishing the theorem independently 
for non-intersecting circles may apply the method used by 
Professor Casey (Sequel to JEtwlid) to establish the ana- 
logue in planOy viz., 

t^ f^ 

= —7—7 (= 4sin*4-a). 

ri r2 rirz ^ ^ ' 

Cor. 1. — If ri, r2, rs, r* be the spherical radii of four 
circles, ^12, ^23> &c.> their common tangents, we have the 
relation 

sin i ^2s sin i ^u + sin i 4i sini ^24 + sin i ^12 sin J ^3* = 0. 

[For if four circles of angular radii, pi, /02, pzy ph touch a 
great circle in points A^ Azy A3, Ai, we have 

sin^AiAi sini^i-44 + sin i ^3-^1 sin ^ A2A^ 

+ sin i A1A2 sin J ^3-^4 = 0. 

Dividing this equation by -v/tan/oi tan/02 tan^g tan/>4, and 
inverting, it becomes, by the above theorem, the relation 

in question divided by y^tan Ti tan rz tan rs tann ; &c.] 
This relation may be regarded as the criterion that four 

circles should be touched by a fifth. A direct deduction 

of it is given in Chap. XV., Prop. i. 

When three of the circles reduce to points, this corollary 

gives us the condition of Art. 160, Cor. 4, that the circum- 

oircle of a triangle should touch a given circle ; and when 
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the four circles become points, it reduces to the well- 
known analogue of Ptolemy's Theorem (Art. 25, Ex. 6). 

Cor. 2. — Using the criterion of Cor, 1, it follows at 
once that the inscribed and three escribed circles of a 
spherical triangle are all touched by a fifth circle, viz.. 
Hart's Circle. 

[For the common tangents are 6. + c, 6 - c, c + a, c - «, 
/T + 6, a - J, the transverse common tangents to the in- 
circle with the ex-circles being taken because the contact 
of the circle with the in-cirole differs from that with the 
ex-circles.] ' 

Cot. 3. — If four circles be touched by a fifth, th^ir 
angles of intersection are connected by the relation 

sin ^ a23 sin ^ au + sin ^ az\ sin ^024 + sin ^ a^ sin ^ 034 = 0. 

Examples. 

1. The points where two circles are intersected by any orthogonal circle 
connect concurrently with the points where the gveat circle joining thetr 
poles meets them. 

[For the two circles can be inverted into themselves, and the great circle 
joining their poles inverts into a circle cutting them orthogonally ; hence 
the former set of points may be regarded as the inverses of the latter, and 
they, therefore, connect concurrently with them, the point of concurrence 
being the centre of inversion, i.e. a point on the radical axis of the circles.] 

2. Every point of intersection (or point of contact) of a curve with the 
circle of inversion is also a point of intersection (or contact) of the inverse 
curve with the circle of inversion, and the angles of intersection of each 
curve with the circle are equal. 

[This is a particulai* case of Art. 168, since the circle of inversion is its 
own inverse.] 

3. Any circle passing through a pair of inverse points meets any curve 
and its inverse in conesponding points ; and any such circle which touches 
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the curve also touches its inyerse, or, more generally, intersedts the curve 
and its inyerse at equal angles at each pair of corresponding points. 

[A circle passing through a pair of inverse points is its own inyerse. 
Therefore, &c., hy Art. 168.] 

4. A system of coaxal circles of either species inverts into a system of 
coaxal circles of the same species ; and if the centre of inversion he one of 
the common points of the system, the common points of the inverse system 
are the point diametrically opposite to the origin, and the inverse of the 
other common point. 

5. Any system of concurrent great circles inverts into a system of coaxal 
circles ; the common points of the system heing the inverses of the common 
points of the great circles. 

6. A system of circles having the same spherical centre {i.e. a copolar 
system) inverts into a system of circles cut orthogonally hy a coaxal system, 
i. e. the system inverts into a coaxal system. 

[For the copolar system of circles is cut orthogonally hy their common 
system of secondaries, which inverts (Ex. 5) into a coaxal system, inter- 
secting orthogonally the inverses of the copolar system.] 

7. The great circle joining the origin to the conmion pole of the copolar 
system (Ex. 6) is the locus of the poles of the coaxal system into which the 
copolar system inverts, and the limiting points of the inverse system are the 
inverses of the two poles of the copolar system. 

8. Any circle may he regarded as the inverse of any other with respect 
to two points as origin, viz. their two centres of similitude. 

9. If the common points of a coaxal system of circles coincide, the 
system inverts from that conmion point as origin into a system of coaxal 
circles, whose common points coincide with the point diametrically opposite 
to the origin. 

10. A system of circles having a common orthogonal circle can he in- 
verted into a system of circles whose poles lie on a great circle. 

[For the common orthogonal circle can he inverted into a great circle, 
which will intersect the inverses of the other circles orthogonally, and 
therefore pass through their poles.] 

11. Hence, the locus of a point from which, as centre of inversion, a 
system of circles having a common orthogonal circle can he inverted into 
a system having their poles concyolic, is a circle. 

NoTB. — In piano this circle coincides with the common orthogonal 
circle. 
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12. If three circles touch a circle passing through the point diametrically 
opposite to their radical centre, they also touch a circle passing throug)i 
their radical centre. 

[Invert from the radical centre as origin ; then the three circles can be 
inverted into themselves, and the circle touching them inverts into a circle 
touching them and passing through the origin.] 

13. Since a system of copolar circles is intersected orthogonally by their 
common system of secondaries, they are a coaxal system of the limiting 
point species, their common poles being their limiting points. So also a 
system of concurrent great circles forms a coaxal system of the common 
point species. 

Hence a system of coaxal circles can be inverted into a copolar system by 
inverting the limiting points into two diametrically opposite pointSy and into 
a system of great circles by inverting the comnum points into two diametrically 
4>pposite points. 

14. Hence show that if a variable circle intersects two fixed circles at 
constant angles, it intersects any circle coaxal with them at a constant 
angle, and touches two of the system. 

[Invert the coaxal system into a system of concurrent great circles. 
Then the variable circle inverts into a circle cutting two of the great circles 
at constant angles, and it therefore intersects any other of them at a constant 
angle, and touches two of them.] 

15. If a be the radius of inversion, every spherical figure inverts into its 
diametrically opposite when 

tan'* J o = — 1 ; 

and every figure inverts into its reflection, with respect to the great circle 
of which the origin is the pole, when 

tan^ Ja = + 1. 



( 154 ) 



CHAPTER XIII. 

PROJECTION. 

Section I. 
Spherical Projection. 

175. We have already deduced many theorems eoneern- 
ing plane figures from the more general theorems con- 
oeming the corresponding spherical figures. We shall 
now proceed to show how, when we are given a theorem 
concerning a plane figure, we may deduce the analogous 
theorem for the corresponding spherical figure, a process 
which will recommend itself to the student, as it is a 
method of discovery, and* enables us to rise from the 
particular to the more general. 

176. Sarfaee and Centre of Projection. — If all 
the points of any figure or curve be joined by right lines 
to a fixed point (0) in space, the joining lines will form 
a cone, having its vertex at 0, and the section of this 
cone, by any surface, will constitute a figure called the 
Projection of the original figure on that surface. 

Thus, for example, in the figure of Art. 11, a cone 
is formed by drawing lines from to the contour of the 
figure ABCD. This cone meets a sphere, having its centre 
at 0, in the figure A'B'C'D', which is the projection of 
ABCD on the sphere. 

The surface on which any figure is projected is called 
the Surface of Projection^ and the point 0, from which 
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the right lines are drawn, is called the Centre of Projection. 
In the example just cited the sphere is the surface of pro- 
jection, and its centre (0) the centre of projection. 

In what follows we shall deal only with the projection 
of figures from a plane upon a sphere, or vice versa, and in 
all cases either figure may be regarded as the projection 
of the other. In what is called Spherical Projection^ the- 
surface of projection is a sphere whose centre is the centre 
of projection. 

177. From the very manner in which projection is per- 
formed, the following principles will appear self-evident: — 

(a) Each point of the original figure will give rise to a 
point in the projected figure. Two such points are called 
Corresponding Points. 

(/3) Any two points of the original figure, and their 
two corresponding points in its projection, subtend the 
same angle at the centre of projection. Hence, by con- 
sidering two consecutive points, it follows that — 

(1) A tangent to the original figure is projected inta 

a tangent to its projection at the corresponding 
point. 

(2) If two curves touch each other at any number of 

points, their projections will touch each other 
at the corresponding points. 
[In this case the cones from the centre of projection to 
the two curves touch each other along the edges to the 
points of contact of the curves.] 

(y) The surface of projection being a sphere, and the 
centre of projection its centre, any right line will be 
projected into a great circle. 
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[For the lines joining the centre of the sphere to the 
line will form a plane which will meet the sphere in 
a great circle, since it passes through the centre.] 

The following Examples will serve to illustrate the 
method. In many cases simplicity and advantage will 
be gained by a judicious selection of the position of the 
oentre of projection : — 



1. The bisectors of the sides of a 
plane triangle are concurrent. 



1. The bisectors of the sides of a 
spherical triangle are concurrent. 



Take any sphere passing through the vertices of the plane triangle, 
the centre of projection being at its centre. Then the lines joining the 
'Centre of the sphere to the middle points of the sides of the plane triangle 
will pass through the middle points of the sides of the spherical triangle into 
which the plane triangle projects ; and therefore the bisectors of the sides of 
one project into the bisectors of the sides of the other. Hence, if one triad 
be concurrent, the planes joining them to the centre of the sphere will each 
pass through the line joining the point of concurrence to the centre of the 
.sphere ; and the second triad must necessarily pass through the point where 
this line meets the triangle to which they belong. 



2. The perpendiculars of a plane 
triangle are concurrent. 



2. The perpendiculars of a spheri- 
cal triangle are concurrent. 



For the sake of clearness, take the plane of the triangle horizontal, and 
the centre of projection anywhere on the vertical through its orthocentre. 
Then the triad of planes joining the centre of projection to the perpen- 
•diculars of the triangle wiU be vertical, and perpendicular to the plane of 
the triangle, and to the corresponding sides of it, and therefore to the planes 
joining the centre of projection to these aides. But this latter triad meets a 
sphere (described round the centre of projection) in a spherical triangle; and, 
by what has been said, the former triad meets it in great circles passing 
through the vertices of this triangle, and perpendicular to its side : each of 
these perpendiculars must obviously pass through the point where the line 
joining the orthocentre to the centre of the sphere meets it. 

3. The perpendiculars to the sides of a spherical triiEuigle at their middle 
points are concurrent. 
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[Take the centre of projection on the perpendicular to the plane of the 
plane triangle at the centre of its circumcircle, and the circumcircle of one- 
triangle will be the projection of the circumcircle of the other.] 

4. The bisectors of the angles of a spherical triangle are concurrent. 
[Take the centre of projection on the line perpendicular to the plane 

triangle at its in-centre.] 

5. If a spherical hexagon be inscribed in a small circle, the intersections 
of the opposite sides lie on a great circle. 

[Take the centre of projection on the perpendicular to the plane of the 
hexagon at the centre of the circle.] 

6. If a spherical hexagon be circumscribed to a small circle, the arcs 
joining the opposite vertices are concurrent. 

7. The arcs joining the vertices of a spherical triangle to the points of 
contact of its in-circle with the opposite sides are concurrent. 

[Take the centre of projection on the perpendicular to the plane triangle 
at its in-centre.] 

8. If the sides of a spherical triangle pass each through one of three 
fixed points lying on a great circle, and if two of the vertices move on two- 
great circles, the locus of the third is a great circle passing through their 
intersection ; and, reciprocally, 

9. If a spherical quadrilateral be divided into any two others by an arc of 
a great circle drawn across it, the arc joining the intersections of the 
diagonals of the quadrilaterals into which it is divided passes through the- 
intersection of the diagonals of the whole quadrilateral. 

178. The preceding examples, smce they deal only with 
the relative positions of points and lines, belong to the^ 
class termed Graphical by Poncelet. The following, sinoe^ 
they deal with the relative magnitudes of lines, have been 
styled Metrical. 



1. If from the angles ^,^, (7 of a 
plane triangle lines be drawn meet- 
ing in a point P, and cutting the 
opposite sides in A\ £', C; then 

£C . CA' . AB* _ 
B'CCA.A'Ii' ' 



1. If from the angles A, B, C 
of a spherical triangle great circles 
be drawn meeting in a point P, and 
cutting the opposite sides in A\ B',. 
C; then 

sin -8(7' sin C4' sin ^UB' 



sia^'CsinC'^sin^'-S 



= 1. 
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The plane triangle and its triad of concurrent lines will project into a spheri- 
cal triangle, and a triad of concurrent arcs through its vertices. If, for 
brevity, we denote the segments of the sides of the spherical triangle by ai, 
«2, ; *i» *2 ; cif cz ; then being the centre of projection, we have from the 
system of lines joining it to the pltme triangle, 

AC AO sinAOC AO sin ci 



Similarly, 



BCf BO sin BOG' BO sin C2 



BA' BO&inai ' CB' CO sin h 

-, and 



CA' CO an 02* AB' AO Biuh* 



therefore, etc. The same process will establish the following general 
theorem. 

If the product of one set of right lines hears a constant ratio to the product 
of another set, each line of one set being in direction with a corresponding line 
of the other set, and the entire system of extremities of the lines of one set being 
the same as the entire system of the extremities of the other; then the continued 
product of the sines of the arcs into which one set is projected will bear the 
same ratio to the continued product of the sines of the arcs into which the other 
set is projected. (Cf. Art. 137.) 

2. If a great circle be drawn across the sides of a spherical triangle, the 
product of the sines of one set of alternate segments is equal to the product 
of the sines of the other set. 

3. If from any point P on a sphere a great circle be drawn cutting any 

number of fixed great circles in points Ai, A2, Az, &c., and if a point X be 

taken on it, such that 

cotPZ = 2cotP^, 

the locus of J!C is a great circle. 

4. If a line be drawn parallel to a pair of opposite sides of a parallelogram 
ABCBy meeting AB in Jtf, and BC in N\ and if another line parallel to AD 
and BC meet AB in P, and CD in Q ; then, obviously, 

AP.Bir.CQ. DM = PP . NC .QD.MA. 

Hence, if from the extremities of the third diagonal of a complete quadri- 
lateral on a sphere arcs be drawn, each cutting a pair of opposite sides, the 
products of the sines of the alternate segments are equal. 



Theorem, 
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Section II. 

Stereographic Projection. 

179. Definition. — The Stereographic Projection of a 
fipherioal curve is the figure obtained by projecting the 
curve on the plane of a great circle, the pole of this great 
oirole being the centre of projection. Thus, the centre of 
projection is a point on the surface of the sphere, and the 
surface of projection is a plane passing through the centre 
of the sphere, parallel to the tangent plane at the centre of 
projection. 

180. Tbeorem. — The stereographic projection of any 
drcky great or small^ not passing through the centre of pro- 
jectioHy is a circle. 




Fig..69. 

Let Q (fig. 69) be any point on the circle, and let P be 
ihe vertex of a cone touching the sphere around the circle. 
Then, if be the centre of projection, and p and q the 
projections of P and Q, the plane OPQ will meet the plane 
of projection in a line pq^ the tangent plane at in a 
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parallel line OBj and the sphere in a circle to which OR 
and PQ are tangents^ OQ being their chord of contact. 
Hence the angles PQOy BOQ^ and Qqp are equal, and 
therefore, since the triangles OQP and Oqp have one angle 
common, and the angles at Q and q supplemental, we 

have 

Op 
pq = PQ -7yp = constant. 

Hence q describes a circle round p as centre. 

Cor. — Any circle passing through the centre of projec- 
tion is projected into a right line, viz. the line in which 
the plane of the circle meets the plane of projection. 

181. Lemma. — Two right lines containing an angle will be 
projected into two others containing an equal angle ^ when the 
line joining the centre of projection to the vertex of the given 
angle makes eqiml angles^ in opposite directions^ unth the plane 
of projection and the plane of the given anglCy and when it is 
also perpendicular to the line of intersection of these planes. 

Let the line joining C7, the centre of projection to F", the 
vertex of the given angle, meet the plane of projection, 
MAP!N (fig. 70), in the point 0. With as centre, and 
a radius OC, describe a sphere. Through draw OA and 
OB parallel to the lines containing the given angle, and 
let OA and 0J5' be their projections. Draw a great circle, 
MPQNj through MNj having C for pole. Then, by the 
conditions of the problem, since the planes ^^iV and 
A^B'N Bxe equally inclined to OF, they are equally in- 
clined to PQN; and since the angles at P and Q are right, 
we have, from the triangles ANP and -4'iVT, AP = A'Py 
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and therefore -4iV^= ^'iV^. Similarly, £iV^ = ^JV^. Hence 
AB = A^ff ; therefore, &c. 




c 

Fig. 70. 

182. Angles unaltered by Stereograpiilc Projec- 
tion. — The angles of intersection of any two spherical curves 
are equal to the angles of intersection of their projections at 
the corresponding point. 

Let Q be a point of intersection of two curves (fig. 69). 
Draw tangent lines to the ourves at Q. The angle between 
the tangents is equal to the angle of intersection of the 
curves. Now, the plane of the tangents at Q being a 
tangent plane to the sphere, meets the tangent plane at 0, 
and therefore the plane of projection, in a line perpendi- 
cular to OQ, since the line of intersection of two tangent 
planes to a sphere is perpendicular to their chord of con- 
tact, and it is clear that OQ meets the tangent plane at Q» 
or the plane of the angle, and the plane of projection at 
equal angles in opposite directions. Hence the theorem 
follows by the foregoing lemma. 



PAUTU. 
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Projection. 



183. Theorem. — The stereographie projection of arvy 
spherical curve is its inverse with respect to tl^e centre of pro- 
jection as origin^ 

Let Q (fig. 69) be any point on the curve. Join Q to 
0', the point diametrically opposite to 0, and let the pro- 
jection of Qbe joined to (7, the centre of the sphere. Then 
the angle OCqv& right, and OQ (7 is also right, since it is 
in fe semicircle. Therefore the quadrilateral CO^Qq is 
insoribable in a circle, and 

OQ.Oq= 00'.0(7=2r\ 

Hence q is the inverse of Q with respect to the centre of 
projection as origin, and a radius of inversion equal to 

r v^) where r is the radius of the sphere. 

184. litereographlc Projectioii of a Spberical 
Triangle. 




o 

Fig. 71. 

Let ABC (fig. 71) be a spherical triangle, and the 
point diametrically opposite to A^ the centre of projection. 



* 



^ 
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Aooording to what has been shown, the sides AB and AC 
project into the right lines ab and aCy and the side BCB^ 
projects into a circle })cb\ Again, if tangents^^ and cth^ 
drawn to this circle at b and o, the angles bac^ tba^ and tea 
are equal to Ay J?, and (7, respectively (Art. 182). There- 
fore, if the chords be and b'c be drawn, we have 

^ + 5 + (7-7r = 2tbc = 2bKc {Eitc. III., xxxii.). 

Hence the angle bVc is half the spherical excess of the triangle 
ABC. 

Cor. 1. — Having given the base AB and the area of the 
spherical triangle, the locus of the vertex (7 is a small circle 
passing through the points diametrically opposite to the 
extremities of the base. 

[For, since the area is given, the angle bVc is given, and 
the locus of is a fixed line Vcy and therefore the locus of 
C is the circle in which the plane OcV meets the sphere.] 

Cor, 2. — The angles of the triangle abc are 

AyB'^E.C- i-B, i. e. Ay i^2, ^E^. 

185. To express the sides of the triangles abc and aVc in 
terms of the sides of ABC. 

Let the radius of the sphere be of imit length. Then 

ab = tan -40J5 = tan i c. (1) 

and 

ac = tan AOC = tan J b ; (2) 

also, since the triangles BOC and bOc are similar, we have 



OC OB. 00 OB.OC 

sinoe Ob.OB^ 2r' = 2 (see Art. 183). 

M2 
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Therefore 

- sin i a 

*^ lA 1  (3) 

COS ^ ^ cos t c ^ ' 

Now, let ac meet the oirole bcV again in /; then e^is the 
projection of (7, the point diametrically opposite to C ; and 
since the angle BOJB^ is right, we have 

ab' = tan AOB = cot i c, (4) 

and ac = tan AOC = cot i J ; (5) 

therefore hb' - aft + aft' = 2 coseo c, (6) 

and cc =ac '\- ac' = 2 oosec ft ; (7) 

^^^^ ^^ = OFTO^ " cosiftsinio ' ^^^ 

It is clear that ab'c is the projection of the colimar triangle 
ASC^ and that abc' is the projection of AB(T. Henco 
the equations (4), (5), (8), may be written down at once 
from the equations (1), (2), (3). Or thus: — Since Oa = 1, 
we have aft . aft' => 1, and ac .ac' = 1, so also ftft' = Ob . Ob\ 
and cc' ^ Oc . Oc\ &c. 

186. Area of a Spherical linadrilateral. — Let 

ABCD be the quadrilateral ; a, ft, c^ d^ its sides AB^ BC^ 
CD J DAj respectively ; 8 and 8' its diagonals AC and BD. 
Project the quadrilateral stereographicaUy, taking the 
point diametrically opposite to A for centre of projection. 
The projection will have two sides right lines, and two 
arcs of circles ; and if we drq*w tangents bt and ct to the 
arc bc^ and tangents cf and df to the arc cdj we have 

jB=.^+£+C+2>-27r«2^cft + 2^'crf=2ftc'rf, 



Examples. 165 

c and c' being the points of intersection of the circles into 
which BC and CD project. Therefore the triangle bc'd 
gives 



sinH ^ = sin' i bh = ^'' ' '' - f ! (^; ''' - "-r 

4ibc .dc 



But 



sin|8 , cosJ^» cosic 

^" " i T}' ^^ = i : — 1^' ^^ = TT-' — i^* 

cos ^a cos id cos fa sm fo cos fa sin ^o 

Therefore 

(BinjSsinjS'+cosJacosJtf-cosJicosJrfJIsinjSsinJJ'-cosJacosJc+cosJJcos J<if) 
^ 4 cos ^a cos }d cos ^0 cos ^d 

(See Art. 112.) 

Examples. 

1 . The inscribed and escribed circles of a spherical triangle are all touched 
by another circle, viz. Dr. Hart*s. Hence, by stereographic projection, we 
find Dr, Sart*s extension of Fetterbaeh*8 Theorem, viz., ** K the three sides 
of a plane triangle be replaced by three circles, then the four circles touch- 
ing these, which correspond to the in-circle and ex-circles of a plane tri- 
■angle, are all touched by another circle." 

2. Establish the formula 

cos a = cos b cos e + sin b sin c cos A. 
[The triangle abe gives 

(be)'^ = (ca)» + (a*)« - 2 {ca) {ab) cos A. 
Substituting from Art. 185, the required result is obtained.] 

3. Prove that 

sin^ sin^ sin (7 
sin a sin & sin <; * 

[If d be the diameter of the circle bcb\ the angle which bb* subtends at 
any point of its circumference being tbb\ or B, we have 

bb' = d sin B, and <;<^ = <^ sin C. 
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Therefore 



ain^ hb' sin b 

-T-7v=-7=-^. Art. 186.)1 

smC ce sine ^ '-* 



4. Deduce the analogies of Napier and Delambre. 
The triangle abe gives 



[ 



, A A 
tan \{b-c) ac - ab 

^ , A ae-\- ab* 

cot J a 



which transforms, by Arts. 184 and 185, into 

tani^B-C = . \). [ cotiJ. 

Again, in any plane triangle, 

^{b + c) sin A __{b-' e) sin A 

sin^ + sinC? sin^ — sinC' 
or, 

_ (b + c) sin } A ^{b-e) cos J A^ 

*~ cosi (-B-C) " 8ini(-B-C)'' 



Applying this formula to the triangle aJc (fig. 71), we find 

. . ^ sin ^ {b + c) mn^ A _ sin ^{b — e)cos^A "1 
®'''*''"' (-08 J (i? - 6') " sini(^-C;) 'J 



6. Establish Cagnoli's formula for sin } ^. 
[We have, from the triangle ab'c, 



A 
sin b' ac 



. A b'c 
sin^ 



». » 



or, 



. , _ . A«c 8injdsin}<;. . ._ 
sm * ^ = sm« 77- = — = — - — ^— sin A ; «c. J 
b e cos J a 

6. Show that 

, ^ 1 + cos a + cos 5 + cos # 

cos * JF = — =-r -. , 

* 4cus^0 COS J0 cos^f 

by applying to the triangle ab'e the formula 

A A 

ab' = ae cos a + ci' cos b\ 



Examples. 167 

7. Prove that 

tan ^E= ^tan J* ten i{s — a) tan ^(s - d) ten J (» - c), 

by applying the ordinary expression for the tangent of half an angle of a 
triangle to the angle ab'e. 

8. If jR be the circumradius of a spherical triangle, show that 

^ 28in^0 sin} d sin^tf 

ten 22 = ? 2 L-. 

n 

[Take the centre of projection diametrically opposite to A, then the 

spherical diameter of the circumcircle which passes through A projecte 

into a line, viz., a diameter of the projection of the circumcircle, and the 

latter diameter is obviously equal to ten H. But in a plane triangle we 

have 

« «*^ - -1 
£ = , — , &C.J 

9. Having given two sides of a spherical triangle, determine when its 
area is a Tna-xiTmim. 

[Let A3 and AC be given. Suppose AB fixed, then B' is fixed, and in 
the triangle ab'e we have ab' and ae given; therefore the angle ab'ciaa. 
maximum when aeb' is a right angle, that is, when 

ab'e + eab' = 90° ; 
or when A = B + C. 

Again, since o^ = cot } and ae = taji^by 

the cases presented when J + « < = > t follow, as in Art. 113.] 

10. Any system of coaxal, or copolar circles, on the sphere, projects 
stereographically into a system of coaxal circles. 

[For either system has a system of orthogonal circles.] 

11. Four circles on a sphere touch a fifth circle; prove that their common 
tengente are connected by the relation 

sin J ^23 sin I ^14 + sin } ^31 sin } ^24 + sin j^ fi2 sin j^ ^34 = 0. 

[The four circles project into four circles, touched by a fifth in the plane 
of projection, and therefore the common tengente of the projected circles 
are connected by the relation 
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But smce the angle (a) of intersectiQii of any two cunres is unaltered by the 
projection, we have 



sin* } ti2 



tanri tan 



— = sin^^as {-—— 1 ; therefore, &c.] 



The above Examples miglit be multiplied to almost any 
extent. They are, however, 8ii£Seient in number and 
variety to illustrate the working and power of the method 
of Stereographio Projection. 
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CHAPTER XIV. 



SPHERICAL RECIPEOCATION. 



187. Polar Reeiprocal Figures. Befinltloiis.— 

Being given any spherioal curve F^ and a fixed small circle, 
we can generate another curve F' by taking the poles of 
the tangents to F with respect to the circle. Thus F is 
the locus of the poles of the tangents to Fj and is, for this 
reason, termed the Polar Curve oiF. Since to every point 
of F there will correspond a tangent great circle to JP, it 
is clear (Art. 152) that the great circle joining any two points 
of the former will he the polar of the intersection of the corre^ 
spending tangents to the latter. Now, let us suppose that 
the tangents to i^are infinitely near; then, the correspond- 
ing points on F will be infinitely near, and the great circle 
joining them will be a tangent to F, But the intersection 
of the consecutive tangents to JPis a point on the curve ; 
therefore — 

If a tangent to Fata point A correspond to a point A' on 
F; then the tangent to F at A' will correspond to the point 
AonF. 

Hence the relation between the curves is reciprocal, and 
they are therefore said to be Polar Reciprocals^ each of the 
other, with respect to the given circle. The spherical centre 
of the circle, its angular radius, and the circle itself, are 
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termed respectively the Centre j BadiuSy and Circk of Reci- 
procation. 

Polar reoiprocal figures possess the following evident 
properties : — 

(1) To every point related to one corresponds a great 
circle related to the other. 

(2) If any number of points of one lie on a given great 
circle, the corresponding great circles of the other pass 
through a point, viz. the pole of the given great circle, and 
vice versa. More generally, if any point connected with F 
describes a curve /, the corresponding great circle of F^ 
envelopes a curve f the polar reciprocal of /, and vice 
versa. 

(3) If two curves have a common point, their polar reci- 
procals have a common tangent, viz. the polar of the point. 

Thus, the intersections of a pair of curves correspond to 
the common tangents of their polar reciprocals ; and the 
intersections of the common tangents of one pair corre- 
spond to chords of intersection of the other pair. 

(4) Hence, if two curves touch, their polar reciprocals 
also touch. 

[For the first pair have a point common, and also the 
tangent at that point common ; therefore the second pair 
have a tangent common, and also the point of contact 
common]. 

(5). The number of points in which one is intersected 
by any great circle is equal to the number of tangents 
which can bei drawn from any point to the other. 

(6) Any point and its polar, with respect to one, will 
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correspond to a great circle, and its pole, with respect to 
the other. 

(7) The anharmonic ratio of any spherical row con- 
nected with one figure is equal to the anharmonic ratia 
of the corresponding pencil connected with the other. 

(8) The polar reciprocal of a polygon, inscribed to a 
small circle copolar with the circle of reciprocation, is a 
polygon escribed to a small circle also copolar with the 
circle of reciprocation ; the points of contact with the circle 
in the latter corresponding to the vertices of the polygon 
in the former. 

188. Duality of C^raphlcal Relations or TtaLeorems- 
•f Position. — From the above properties of polar reci- 
porcal curves it will appear that every theorem of position 
(1. e. one referring only to the relative positions of points 
and grea^t circles, and not involving magnitudes of angles 
or angular distances) is twofold, and from it we can derive 
another by interchanging the words " points " and " great 
circles." This principle is illustrated by the following 
examples : — 



1. The points of intersection of 
the opposite sides of a hexagon in a 
small circle lie on a great circle. 

2. If two of the vertices of a tri- 
angle move on fixed great circles, 
while the sides pass through three 
fixed coney clic points, the locus of 
the third vertex is a great circle. 



1. The great circles joining the- 
opposite vertices of a hexagon es- 
crihed to a circle pass through a point. 

2. If two sides of a triangle pass 
through fixed points, while its ver- 
tices move on three fixed concurrent 
great circles, the envelope of the third 
side is a point. 



189. Metrical Relations. — In order to transform 



I 
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theorems involving metrical properties (t. e. magnitudes of 
angles and distances) it is necessary to connect — 

(1) The distance from the origin of any point of one 
figure with that of the corresponding great circle of the 
other. 

(2) The angles of one figure with the parts of the other. 

The first of these relations is obtained from the funda- 

< 

mental equation (fig. 57) — 

tanPO tan P(y = tan'a. 

In plane geometry the second relation is obtained at 
once, since the angle between any two lines is equal to, or 
is the supplement of, the angle which the line joiaing their 
poles subtends at the centre of reciprocation. On the 
sphere, however, the method becomes defective, since the 
angle between any two great circles of one figure has no 
direct representative on the reciprocal figure. However, 
as yet we have in no way limited the circle of reciproca- 
tion, and we may therefore anticipate that by restricting 
it to obey certain chosen conditions, we may be able to 
remove the foregoing defect, and render the method of 
reciprocal polars applicable to metrical as well as to gra- 
phical theorems. 

That this is so will be seen from the following Ar- 
ticle : — 

190. Case when tan^a = - 1. Supplementarj 

Figures. — Since the polar reciprocal of a great circle is a 
point, it is possible by a proper choice of the circle of reci- 
procation to reciprocate a great circle into its spherical 
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centre. Thus, if the radius of reciprocation (a) be given 
by the equation tan'^a = - 1 ; then (fig. 57), for any point 
and its polar, we have 

tan PO tan PO' = - 1. 
Hence Off = 90^ 

Therefore any great circle reciprocates into its spherical 
centre when the radius of reciprocation is imaginary ^ and given 

by the equation tan a = \/ - 1. 

Thus, the spherical centre of any great circle is its pole 
with respect to an imaginary small circle, the tangent of 

whose radius is -sZ-T, and the spherical centre of which 
may have any position on the sphere. 

The circle of reciprocation being so chosen, the follow- 
ing evident properties enable us to deal with metrical theo- 
rems : — 

(1) The angular distance of any point of a curve from the 
origin is the complement of the angular distance from it of the 
corresponding great circle of the reciprocal curve^ the distances 
being measured in opposite directions from the origin. 

(2) The angle between two great circles is equal tOy or the^ 
supplement of the angular distance between their poks. 

191. It is now clear that, with respect to such a small 
circle, the polar reciprocal of any figure or theorem co- 
incides with what we have heretofore called the supple- 
mental figure, or theorem; the latter name having been 
applied because the arcs and angles of one figure are the 
supplements of the angles^ and arcs of the other. We^ 
may therefore write down the following corollaries : — • 
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Cor. 1. — The reciprocal of a small circle is a copolar 
email circle of complementary angular radius. 

Cor. 2. — The reciprocal of any triangle or polygon is 
its supplementary triangle or polygon, the angles of one 
polygon being the supplements of the sides of the other. 

Cor. 3. — Hence, if a polygon be inscribed (or escribed) 
to a small circle, its polar polygon will be escribed (or 
inscribed) to a small circle of complementary radius. 

Cor. 4. — The spherical excess of any polygon (or curve), 
fidded to the perimeter of its polar polygon (or curve), is 
constant, and equal to 27r. 

[The excess of the polygon (Art. Ill) is S-4 - (w - 2) tt, 
and the perimeter of its polar polygon is nir - 2-4 ; there- 
fore, &c.] 

192. We shall conclude this Chapter with a list of 
reciprocal properties and theorems, the reciprocation being 
with respect to the imaginary circle of Art. 190, in which 
oase, as has been already remarked, the reciprocal figure 
coincides with what we have heretofore known as the 
Supplemental Figure. We group, by way of illustration of 
the method, in pairs, as reciprocal theorems, some of the 
Exercises which have already appeared in the preceding 
pages as apparently independent of each other. 

Let the primitive figure, JP, consist of a triangle, with 
its associated points, arcs, and circles ; then the polar 
figure will consist of a triangle with its associated arcs, 
points, and circles ; and the relative positions of the great 
circles of either figure, and of their poles in the other, are 
shown in the subjoined list : — 
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Reciprocal Fioxtrb. 

1. A point on the base. 

2. The segments of the base. 

3. Two points on the base inter- 
cepting on it an equal angle. 

4. Mid-point of base and a point 
on it 90° from mid-point, i,e. in- 
ternal and external bisectors of the 
base. 

5. Points on the sides 90** distant 
from the opposite vertices. 

6. Axis of perspective of the tri- 
angle and its polar triangle. 

7. Intersections of the bisectors of 
the angles with the opposite sides. 

8. Three or more concurrent arcs. 8. Three or more concyclic points. 



Primitive Figure. 

1. A great circle passing through 
the vertex. 

2. The segments of the vertical 
angle. 

3. Two great circles, at a given 
angle, passing through the vertex. 

4. Internal and external bisectors 
of the vertical angle. 

5. Perpendiculars. 

6. Orthocentre. 

7. Medians. 



9. Points equidistant from the 
sides ; i.e, the in-centre and three 
€x-centres. 

10. The arcs joining the vertices 
to the in-centre. 



11. The arcs joining the vertices 
to the ex-centres. 



12. The angles made by the me- 
dians with the sides. 

13. A variable great circle cutting 
the base at a fixed angle. 

14. Perpendiculars at the middle 
points of the sides. 

15. The angles made by any 
transversal with the sides. 

16. The angles between the bi- 
sectora of the angles, internal and 
external, at their point of con- 
currence. 



9. Great circles equidistant from 
the vertices. 



10. The angles made with the 
sides by the axis of perspective of 
the polar triangle and its mid-point 
side triangle. 

11. The angles made with the 
sides by the arcs joining their 
middle points. 

12. The lengths of the bisectors 
of the angles. 

13. A point describing a small 
circle round the vertex as pole. 

14. Points on the bisectors of the 
angles 90** from the corresponding 
vertices. 

16. The angular distances of the 
pole of the circle from the vertices. 

16. The arcs joining the middle 
points of the sides of a triangle and 
its colunars. 
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193. From the preceding relations the following are 
manifest : — 

1 . Since the bisectors of the angles pass in triads through four points, the 
iaUemdl and external biseetort of the sides lie three and three on four great 
mrelee. [Cf. Arts. 122, 20.] 

2. Since the four points in Ex. 1 are the poles of the in- and ex-circles, 
the area joining the middle points of the sides are each equidistant from the 
pertiees. 

3. Since the six bisectors of the sides (internal and external) pass in 
triads through four points, the intersections of the bisectors of the angles toith 
the opposite sides lie three and three on four great circles, 

4. Since the perpendiculars at the mi4dle points of the sides pass in 
triads through the poles of the circumcircles of a triangle and its three co- 
lunars, the bisectors of the angles meet the corresponding sides cf the polar 
triangle in six points, which lie in triads on four great circles. 

6. From the theorem of Art. 40 may be deduced the value of the angle ^ 
made with the base by any great circle passing through the yertex, in terms 
of the base angles and the segments, a and /3, of the vertical angle C; thus, 

co8^Bina~cos^8in/3 = + cos0sin(7. 

[Cf. Art. 35, Ex. 6.] 

6. From the values obtained in Art. 42, for the internal and external 
bisectors of the base, we find expressions for the angles made with the base 
by the internal and external bisectors of the vertical angle. See Art. 35, 
£x8. 9 and 10. 

7. It follows from the preceding Article that the result in Art. 35, 
£z. 6, gives at once Art. 42, Ex. 5 ; and conversely. 

8. From the expressions for the bisectors of the vertical angle will follow 
the values of the angles made by the bisectors of the base with the base. 

[Cf. Art. 39, Ex. 1, and Art. 39, Ex. 11.] 

9. Since the perpendiculars of. a trianglq are cpncurrent, three points on 
the sides, 90* distant from the opposite vertices, areeonegclic. And conversely; 
if two points, X and T, be taken on the- sides a and ^ of a triangle, 90* 
distant from the opposite vertices, the great circle ZFwill meet the basd 
in a point W from the third vertex. Now, silice ' a triangle ABC and the 
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three connectors, AX, BY, CZ, form a complete quadrilateral, of which the 
connectors are the diagonals, we obtain a theorem already proved in 
Art. 145, Ex^ 2, and Art. 125, Cor. 

If any two of the diagonals of a complete quadrilateral are quadrants, the 
third diagonal is also a quadrant. 

10. The relation connecting the three pairs of opposite connectors of any 
complete quadrilateral with the angles contained by each pair involves 
reciprocally one connecting the three pairs of opposite angles with the 
diagonals. 

[Cf. Emm. Papers, V., Ex. 1, and IX., Ex. 1.] 

11. If denote the in-centre of a triangle, 

BOC+ C0A + A0B = 2ir. 

Hence — The ares Joining the middle points of the sides of the three colunar 
triangles are together equal to two right angles. 

(Art. 121, Ex. 9.) 

12. Having given the base of a triangle = 90°, and the sum of the squares 
of the cotangents of the base angles, find the locus of the vertex. 

[The reciprocal problem is ** to find the envelope of the base of a right- 
angled triangle when cof* a + cot*^ 3 is given." See Art. 66, Ex. 6(A); 
therefore, &c.] 

13. " Having given the base e and lcotA-\-m cot B, find the locus of the 
vertex" (Chap. III., Misc. Ex.42) involves the reciprocal problem; ** having 
given the vertical angle C and I cot a + m cot b, find the envelope of the 
base." (Art. 39; Ex. 10.) 

14. Having given the vertical angle C and I cos A + m cos B, find the 
envelope of the base. [Art. 42, Ex. (1).] 

16. "When the vertical angle of a triangle and perimeter are given, the 
base touches the ex-circle which, by the given conditions, is fixed in posi- 
tion ; hence when the base and area are given, the locus of the vertex is a 
small circle, (See Art. 101.) 

16. If a quadrilateral be circumscribed to a small circle, the product of 
the cosines of the halves of the internal angles of intersection of opposite 
sides is equal to the sum of the products of the cosines of the halves of the 
opposite angles of the quadrilateral. (See Art. 26, Ex. 6.) 

PART II, N 
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CHAPTEE XV. 



MISCELLANEOUS PROPOSITIONS. 

Prop. L — To find a relation connectini^ the coniinon tan* 
ipents of four circles which touch a fifth. 




Let Pi, P2, Ps, P4 (fig. 72) be the poles of the four circles, n, r2, rs, u^ 
their angular radii, P the pole, and B the angular radius of the circle 
touching them at the points A, B, C, D, Then (Art. 33) the triangle 
P1PP2 gives us, if P1P2 = 812, 



Therefore 



• 21 P co8(ri-r2)-eos8i2 
^ 2 sin (iJ-n) sin (i?-r2) 



sin 



• 1 .#» • » / cos (n - r2) - cos 812 

N 2 sm (-B — n) 81] 



sin 



(J2-ri)8in(iiJ-r2) 



But if ti2 denote the common tangent to the circles Pi and Pa, we have, from 
the triangle PiOPs, 



. ,. .1^ /cos(ri-r2)-cos5i2 

Bin J<i2 = sm J =J — ^ 

^ y 2 cos r J cos z'? 
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Hence 

• 1 ^ » • 1 ^ • » / cos ri cos ra 

\ sin (jB - ri) sin (J? - ra) 

Now, since the quadrilateral ABGD is cyclic, we have 

sini^Csin^^i) + sini (7^ sinJ^Z) + sin^ ^^ sin} (72) s 0. 

Therefore, by substitution, we find 

sin J ^23 sin J ^14 + sin } ^1 sin } ^34 + sin } t\% sin } ^34 » 0. 

(See Art. 174, Cor, 1.) 

Pbof. 2. — If 0*1, 0*2, 0^ denote the symmedlans of a trlang^Ie 
from the anirl®* ^» ^t Ct respeetiTely> to prove that 

. /sin* d + sin* c + 2 sin i sin <? cos A 

tan<ri = v --—, . — - — r—z > 

cot 6 sin c + cot c sin 

with nimilar expressions for (r% and 0*3. 

For let X and » be the segments of the angle A^ made by the median /3. 
Then we have 

cotd sin^p -f cot sin y = cotjS sin^ ; (Art. 65, Cor, 2.) 

also cot sinj; + cot d siny = cottr sinuil, 

and sin (? sin a? - sin 3 sin y = 0. 

Eliminating x and z from these three equations, and substituting for sin /3 
in the result the value given in Exam. Paper YII., Ex. 4, the above ex- 
pression is obtained, since 2 cos iS cos J a = cos ^ + cos 0. 

Fbop. 3. — Havinir i^iven the three perpendieolars^ a, jS, y, 
of a triang^le ; construct it. 

From the equations sin a sin a = sin & sin iS s sin sin 7 s 2 » (1), 
we have 

(sin a + sin h + sin e\ ' 
J • 1 

__ fsin 8 + sin (« — «)+ sin (» — J) + sin (f - «)"j* 

"L ^ J" 

[Art. 86 (1).] 
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Similarly, 

/ « x9 -i f^ ft + sin <? - sin a\ * , 
(cosec /3 + cosec y - cosec o)' - 1 = ( J ~ ^ 

^ pin. + dn(«-,) -ria(.-i)-8in(«-.) -| » . ^^^ ^^ ^.^^^ 

with similar expressions for cosec y + cosec a - cosec /S, &c. 

Now let the left members of these four equations be denoted by 
K, Ki, «C2, K3 ; and, by addition, 

2 sin « = » (ic + ici + IC2 + ifs) ; 
also 2 sin (» - «) = n (k + ici — IC2 - /ca), 

and 2 sin (« — ft) = » (nc — ki + iC2 - ks), 

2 sin (« - c) = » (ic — ici - K2 + ica) ; 

therefore, by multiplication and reduction, 

4 n =y/ (ic + Ki + *C2 + K3)(. . ..)(•• • •)(• • • •)» 
and is therefore known. Hence we may find the sides from (1). 

Prop. 4. — HaTlng^ g^iTen the four sides of a qnadrilateral 
inscribed In a circle $ to determine the diag^onals and 
ang^les. 

Let a, fit 7) 9, 8 be the sides and area of the chordal quadrilateral ; then 

A A 

2S=: (oi3 + 78) sm afi = (J87 + a8) sin fiy. 

Hence 

A 
fiy -f o5 sin afi ^ .... , 

_^_- - = ratio of .diagonals. 

sini87 

Therefore if a, ft, e, d denote the sides ; 8, 8' the diagonals of the spherical 
quadrilateral, we have 

sin J ft sin J c + sin J « sin J <f _^ sin J 8 
sin J a sin J ft + sin J c sin J rf ~" sin J 8' * 

also 8injasinjc+ sin^ftsinj<i = sinj8sinj8', (2) 
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two equations which give at once 

sin^ J 8*, and sin^ J 8'. 

Otherwise thus : — Applying the formula of Art. 117 to the triangles on 
the hase 8, it follows that 

sin- J 8 - sin* J ^ — sin* J e sin* J 8 - sin* J « - sin* J ^ _ ^ . 
sin J d sin J c sin J « sin J «? 



therefore, &c. 
Again, 



Sin a sin 



Substituting in this equation the value of sin« J 8, already obtained, and 
reducing, we find 



. 2 1^ cos^ {a - b -^ c - d) COS i (a ~ b - e - d) Bin ^ {8 - a) sin Hs-b) 

cos Aa cos h b (sin iasinJA + sinJcsinJrf) 

(3) 
Similarly, 

. -,A (ioai(a-b + c-d)cosi(a-'b-e-d)ani{8-c)Bm^{8-d) 

am* « c» = -" — ^-- i i— ^T — = — 't 

cos J c cos J rf (sin J a sin J * + sin J c sin J rf) 

(*) 

and since (Art. 33) 

, A 8in*i(« + *)-sin*j8 

cos* * «0 = ^— : h— 7 =— , 

Sin a sm 6 
we get, by 'substituting for. sin* ^ 8, in terms of the sides, and reducing, 



2 , A cos J (a + i + <; + rf) cos J (« + i — c + <Q sin J (« - cj sin J (» — rf) 

cos i a cos J b (sin ^ sin ^ & + sin ^ (; sin ^ ^ 

(6) 
and 

2 , A _ cos J (a + * + c + rf) COB J (a + 3 - c + ^ sin J (« - «) sin J (« - A) 

cos J c COS J <? (sin J « sin J i + sin J <? sin J rf)r 

(6) 

* A cyclic spherical quadrilateral can thus be constructed when the four 
sides are known. 



182 Miscellaneous Propositions. 

From (3) and (5) we get 

J , A _ cosl {a - b ■{■ e — d) cosj (a - b - e - d) an^ {s — g) Bm^ (<-- b ) 
COS J (a + 4 + c+ <^ COS J (a + 4 — c + rf) sin J (« — (?) sin J (» — <?/ 

Prop. 5. — To find the area of a spherical quadrilateral 
inscribed in a circle> in terms of the sides* 

From Art. HI, Cor, 2, it follows, that if E denote the excess of the quad- 
rilateral, 

sin J £= — cos ^ {ah + ed), 
expanding the right member of this equation, and substituting the values 

obtained for sin J ab, &c., in the previous Proposition ; on reduction we 
find 



sin A 2'= h^ilf'-*t)»ii^i('t-'b)&m y(8-e)fimi (8-d) 
* \ cosjn cos Ji COS^tfCOS^^ 

By a similar method we obtain 

. -j,_ /cosJ(a+J+c+rf)cosJ(a+*-<J+<0cosJ(a-*4-tf-rf)cos J(a-*-c-rf) 
y cos ^ a cos ^ 6 cos i tf cos ^ <^ 

(2) 

Hence, dividing (1) by (2), 



tani E= l tani{8'-a ) emi{i-b)Biai(8-c)Bmi{8-d) ^ 
y cos J {oTb + e + d) (....)(.-.)( ) 

Prop. 6.— To find the diag^onal of a parallelepiped in ternM 
of its ed|^es> and their mutual inclinations. 

Let OA = X, 0B = y, OC = 2, and let the inclinations be 30C= a, CO A 
s /3, AOB :^ 7. Then the triangle OED gives 

Oi>2 = OE^ + z^ + 2z.0Ecoa COS 

. = «* + y* + «' + 2;ry COS7 + 22 OEqw COE. 
Now, it is clear that OE cos COE is the projection of OE on the line OC, 
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and therefore it must be equal to the sum of the projections of OB and BE 
on the same line, or of OB and OAf that is 



Hence 



OE cos COE = y cos o + a; cosiS. 

OJDf^ = «* + y' + 2* + 2^2 cos a + 2zx cos + 2xy cos y. 

C 




Fig. 73. 

The same result maybe arriyed atbydeseribing a sphere round as centre, 
meeting the lines OA, OB, OC, OE in 0, b, c, e, respectively, and by deter- 
mining the angle COE, that is, the arc ee, by aid of Art. 40, and by noticing 
that OE nn AOE = y anyy and OE sin BOE = a? sin 7. 

Pbop. 7. — VolDme of Parallelepiped. — The volume of the parallel- 
epiped (fig. 73} is equal to the area of the face OAEB multiplied by the 
perpendicular distance of C from it, that is 

volume 3= jl ^y sin a^ X s sin j?, 

where p is the perpendicular arc from e on ai ; therefore 
volume = \ xyz (n of triangle abe) 

= xyz (1 — cos'a — cos' jS — cos'y + 2 cos a cos jS cos 7)*. 

PnoF. 8. — If 8 denote the nmnbcr of solid anf^les of any 
polyhedron^ J'the number of its faces> and E the number of 
its edi^es^ to show that 

5+-F= J?+ 2. 

Let all the edges of the polyhedron be projected on a sphere of unit radius, 
whose centre lies within the polyhedron. Each face will thus project into 
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a spherical polygon [Art. 177 (7)]. Now, if s denote the sum of the angles 
of one of the polygons, and n the numher of its sides, its area is equal to 
« — (« — 2) IT ; therefore, since the sphere is divided into F polygons, its 
area, or 4ir = 2« — ir5« + 2wF; but 2« = 2ir5, and 2n = 2E, since every arc 
on the sphere is a common side of two polygons. 
Substituting these values, we have 

iv = 2irS - 2irE ^ 2TrF; 
or 

-54 F=F-\-2. 

Prop. 9. — If a spherical diameter SC of a small circle be 
drawn through the Tcrtex C of an inscribed triangle to 
meet the base in P; proTe the relation 

tan J ^^Ptan J SEP = ?!^4I^» 
where 8 = HP. 

Applying Napier's Analogies, Art. 56 (1), to the triangle AHP, and 
Art. 56 (2) to the triangle BHP, and multiplying the results together, the 
above equation is obtained. 

Cor. — If C is a right angle, cos* R = -: — 7— — -7 . 

^ ° sm (i2 + 5) 

[Apply Art. 44 (6) to the triangles HCX and S'Cr (fig. 32)]. 

Hence — If a variable righUangled triangUy with fixed vertex, he inscribed 
in a small circle, its base passes through a fixed point; and reciprocally, if 
the base of a variable triangle, whose inscribed circle is given fixed in positiony 
he equal to a quadrant y the loctis of the vertex is a great circle. 
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Triangle, chordal, 19, 117-121. 
colunar, 16. 

maximum, area of, 113. 
polar, 20. 
primitive, 16. 
quadrantal, 25. 

right-angled, 27, 44. 
self -con jugate, 152. 
supplemental, 22. 
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XV., 8. 
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[Tub following Examples haye been taken cliiefly from UxrvERSiTY 
Galendabs, Sciekce and Art Examination Papers, and Mathematical 
JouBNALS. Thej are arranged in sets, without any attempt at graduation. 
Answers are given in almost all cases, and hints to the solution are given 
where any difficulty is presented.] 
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[2] Examination Papers. 



I. 

1. Being giren of a triangle the base and difference of base angles, and 
that the sum of its sides is 180**, construct it. 

2. Prove the following formula for an equilateral triangle : — 

log sin — + log cos - + log 2 = 0. 

3. Find cos x, in terms of a and b, from the equations 

cos a = cos cos x, 

cos b = cos ^ cos X, 

cos (a + ^) 8 cos cos 6. 

{Science and Art Son. Exam,) 

4. Given the base, sum of sides, and one base angle ; find the other parts 
of the triangle. {Science and Art Hon. Exam.) 

6. If an angle of a triangle be equal to (or supplemental to) the opposite 
side, show that 

1 - sec^a — sec'd - sec^0 + 2 sec a sec 6 sec ^ 0. 

6. Find the locus of the intersection of equal tangents to two small 
circles. 

7. If each leg of a tripod be inclined at an angle ^ to each of the other 
legs ; find the angle between a leg and the horizontal plane, the legs being 
supposed equal to each other. 

8. Given that tan n; s tan a cos d, 
and tany stanicosa; 

show that sec {x ± y) = sec a sec 6 ± tan a tan b. 

{Science and Art Son. Exam.) 

9. Given a = 84" 30', b = 46* 10', C = 76» 46' ; 
calculate A, B, and c. 

10; Given 0=86' 46', ft=74» 36', tf = 63' 40'; 

calculate A^ E, and C. 
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II. 

1. Given the base of of a triangle, and that 

tan }a tan } 5=tan' } /3 ; 

find a—b, being the bisector of the base. 

2. If (7= -4 + B, show that 

I — cos a— cos 6+ cos sO. 
S. It A denote one of the angles of an equilateral triangle, and A' an 
angle of its polar triangle, show that 

cos ^ cos ^' s cos ^ + cos A\ 

Explain the result when A « 60°. 

{Science and Art Exam, Fapers.) 

4. Express in terms of C and e. 

cos a cos B — cos b cos A 
sin a — sin b 

5. If four points. A, B, C, P on a great circle be joined to a point P on 
the sphere, show that 

cot AB cot AFB 1 

cot-4C cot^PC 1 =0. 
dot AD cot AFD 1 

6. Using the notation of Ex. 6, show that if cot AB, cot AC, cdt AD^ 
are in Arithmetical Progression, cot AFB^ cot AFC, cot AFD, are also in 
Arithmetical Progression, and hence a harmonie row alwaye eubtends a har- 
monic pencil at any point on the sphere. 

7. The sum of the sides of a spherical polygon is less than 2ir. 

8. Prove the following formula for the reduction of the parts of a sphe- 
rical triangle : — 

(sec a sin & cos ^ — sin c)' + (sec a cos 6- cos 0)' (1 - ooseo'a sin'^) 

= tan^a cos^P cos' C. 

{Educational Timea, yol. xxxvii. p. 69.) 

9. Given a = 72* 44', b = 36" 22', (7= 66° 12' ; 
calculate A, B, and c. 

10. Given, in a right-angled triangle, a^ 86^ 46', 3« 108^ 20'; calculate 
A, P, and c. 

a2 
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1. If two small circles on a spheie touch each other, show that the great 
circle joining their poles passes through their point of contact. 

2. Prove that 

J cos a sin d — sin a cos b cos O 

COS^s^ : -; 

sine 

and hence 

2sin(a + ^)sin»i(7 



COS ^ + COS ^ 

smc 



(Cf. Art 36, Ex. 1.) 



3. Show that the arcs joining the middle points of the sides of the colunar 
triangles of a given spherical triangle are equal to the corresponding angles 
of the chordal triangle. 

4. Prove Legendre's Theorem by means of the relations 

sin A sin ^ sin C 
Bin a anb suie' 

6. Find the locus of the middle points of the sides of a triangle, having 
given the base and the sum of the three angles. 

6. Show that 

28in«flcotZr=0, 

where XFis the intercept made by the bisectors of the angle A on the side 
a of a spherical triangle. 

7. Deduce the analogue in piano of Ex. 6. 

8. Having given the sides of a triangle, each = 60** ; find the segments of 
the bisectors of the angles. 

9. In a right-angled triangle, being given 

-4 = 47' 46', -8 = 63' 80'; 
calculate the sides. 

10. Given «=76* 12', * = 63« 27', tf=62»23'; 
calculated, B, and C. 
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IV. 

1 . Haying given the relation 

tan ^0 tan}3 = tan3}tf; 

show that 

1 —sin^c cos*d 

1 - Bin^c sin^ 

where /3 is the hisector of the side 2o drawn from the opposite vertex, and 9 

the angle it makes with that side. 

{Dublin Univ. Exam, Fapert.) 

2. Show that the sum of the three arcs joining the middle points of the 
sides of the three colunar triangles of a given triangle is equal to two right 
angles. 

3. If sin'- = sin'- + sin'-, 

2 2 2* 

prove that C=A-\-B, 

4. Given the hypotenuse of a right-angled triangle ; prove that the differ- 
ence of the sides is a maximum when their sum is equal to a quadrant. 

5. Find the relation connecting the angles of a triangle if 

1 + cos a + cos ^ + cos ^ s 0« 

6. Prove that 

cos {B-C) __ tan J« ^ tan J /; cos C — tan )<; cos ^ 
cos {A — C) tan \b — tan ^ a cod C - tan ^e cos A' 

7. The great circle through the poles of two small circles is perpendicular 
to the great circle through their points of intersection. 

8. If a and a are the segments of the hisector of the side <t of a triangle, 

show that 

sina ^ a 
- — ; = 2cos-. 
sin a 2 

9. Given A = 68* 16', £ = 41' 28', = 76» 64'; 
calculate a, b, and C. 

10. Given a = 4r 46', tf = 69* 30', C7 » 00* ; 

calculate A, B, and b. 



[6J Examination Papers, 

¥. 

1. If a, 3, «, <f be the sides of a spherical quadrilateral, Z and 8' its diago- 
nals, and if a and e^ h and d^ 8 and 8', intersect at angles 9, ^, ^, respec- 
tiyelj, show that 

sin a sin cos 9 + sin & sin <f cos ^ + sin 8 sin 8' cos ^ = 0. 

2. Find the locus of a point P, whose distances from iihree fixed points 
At 3, Cf are connected by the relation 

cos AF + cos £P + cos OF = const. 

3. If a, a ; fif jS'; 7, 7', be the segments of the perpendiculars to the 
sides of a spherical triangle drawn from the opposite yertices, show that 

tan a tan a = tan tan $' = tan 7 tan y. 

i. Using the notation of Ex. 3, show that 

cos (g -I- a) __ cos (jB + ff) _ cos (7 + y) 
cos a cos a' cos jS cos )3' cos 7 cos y * 

5. Simplify the expression 

cos A cot a + cos ^ cot h 
cot a cot 6 — cos A cos ^' 

6. If the bisectors of the angles of a triangle meet at 0, show that the 
angle AOB is supplemental to the angle COD^ where OD is a perpendicular 
from onBC. 

7. Using the notation of Ex. 6, show that — 

(1) XahAO cos BOC^Xxn, BO cos COA = tan Cd? qobAOB\ 

(2) ^BOO : sin COA : sin^O^ = cos}^ : cos }^ : cos \ G. 

8. The angle in a semicircle is a right angle ; what is the analogous 
theorem on the sphere P 

9. Given ac86* 16', * = 63* 24', C=76** 12'; 
calculate A^ B, and e, 

10. In a right-angled triangle, given = 48* 46', and A = 21° 27': 
calculate a, B, and b. 
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VI. 

1. Two places are situated on tlie same parallel of latitude X; find the 
difference of the distances sailed over by two ships passing between them, 
one keeping to the great circle course, the other to the parallel ; the difference 
of longitude of the places being 2 1. 

2. Having given the base of a spherical triangle, and the ratio 
sin Ja : sin ^ 6, find the locus of the vertex. 

3. If a, fi, 7, be the sides of the triangle formed by joining the middle 

points of the sides b, e; e, a; a, b, respectively, of a given triangle, show 

that 

AAA 
sin a : sm jB : sin 7 : : cosec aa : coseo fib : cosec ye, 

4. Using the notation of the preceding Example, show that 

AAA 

tan aa sin ^a = tan fib an^bss tan ye sin ^e, 

5. If the sides of a spherical triangle be each 60° ; show that the circles 
described, each having a vertex for pole, and passing through the middle 
points of the sides which meet at it, have the sides of the supplemental 
triangle for common tangents. 

6. If the bisectors of the angles of a triangle meet at 0, show that 

sin BOO em CO A anAOB . . ^ . 

— — — : : = Bin a : sin b : sin e, 

7. TJsiQg the notation of Ex. 6 ; show that 

sinMO : sill' J»0 : sin' CO = ?5JlZ±) : "B^ .. ^lll^. 

Sin a emb sm ^ 

8. If the base of a triangle be divided into four equal parts, which sub- 
tend angles, 9i, 03, $z, $i, at the vertex ; show that 

sin {$1 + $2} _ sin $i sin $z 
sin (08 + Oi) sin $2 sin di 

9. Given A = 86» 44', £ « 68* 32', e = 79'' 40' ; 
calculate 0, b, and CI 

10. Given A = 46'' 46', c = 76*' 40', C= 90° ; 
calculate a, &, and .8. 
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Til. 

1. If a great circle cuts a fixed great circle at a constant angle », find the 
locus of its pole. 

2. SHow from Ex. 1, Paper t., that the perpendiculars of a spherical 
triangle are concurrent. 

3. Given three fixed points, A^ B, 0; find the locus of a fourth point I 
on the sphere, such that 

/ cos AP + m cos 3F + n cos CF = const., 

where I, tn, n are given quantities. 

4. If j3 be the bisector of the base ^ of a triangle, show that 



. « V sin* a + sin'^ b -{• 2 sin a sin b cos G, 
Bin fi a 

2 cos ^e 

5. Deduce the corresponding equation for a plane triangle. 

6. A spherical quadrilateral is cii'cumscribed to a small circle ; show that 

the sum of one pair of opposite sides is equal to the sum of the other pair. 

* 

7. In a spherical triangle, prove that — 

(1) If three sides are acute, two angles are acute ; 

(2) If one side is acute and one side is not acute, one angle is obtuse 

and two are acute ; 

(3) If two sides are obtuse and one acute, one angle is obtuse ; 

(4) If two sides are obtuse and the other is not acute, all the angles 

are obtuse. 

(Educational Titnes.) 

8. Prove the relations — 

(1) cos4 e = cofl« J (»- *) cos« JC+ co8« J {a + b) sin» JC; 

(2) sin* J tf = sin* J {a - h) cos* JC+ sin« J {a + b) sin* JC, 

9. Given a = 68« 16', b = b'S* 24', C= 86** 40'; 

calculate A, B, and e, 

10. Given a = 38" 40', c = 7^ 30', C= 90"* ; 

calculate A, B, and b. 
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Tin. 

1. From a point P on a small circle, in which is inscribed an equilateral 
triangle ABC, arcs of great circles FA, FJB, FO are drawn ; prove that 

sin J -4P+ fiia J JP« sin J (7P, 

and give the corresponding property in piano, 

2. Prove Legendre^a Theorem from the formula 

cos'J^ = . ' . — . 
' sm^sinc 

3. Prove Legendre's Theorem from each of the formulas for sin}^ and 
tan \ A, respectively, in terms of the sides. . 

4. Deduce the area of a plane triangle, in terms of the base and base 
angles, from the formulae. 

. _a — cos /S cos (5- -4) . . 
sin^ - = : — ^ . ^ — i, &c., &c. 

6. From the ruU of etnes. Art. 31, find the area of a plane triangle in 
terms of the base and base angles. 

6. Prove directly, employing the solution in Art. 29, that 

-3. 3l^' '^^- 

tan^ — 

1. H A and A^, B and B*, C7and (f, denote the pairs of opposite angles 
of a complete quadrilateral, prove the relation 

cos B cos B' '^ cos C cos (T = sin ^ sin A* cos AA'. 
8. Using the notation of Ex. 7, show that for a plane quadrilateral — 

(a) cos B cos B' ^ cos Ccos C s gin ^ sin ^' ; 
(/3) sin ^ sin ^' '-^ sin ^ sin P' = sin (7 sin C\ 

9. Given a = 87** 27', * = 63* 19', c = 74* 40'; 

calculate Ay P, and C, 

10. Given a = 38* SO', P = 4r» 44', C= 90* ; 

calculate Ay b, and e. 
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1. li A and A', B and B\ C and C\ denote the pairs of opposite angles 

of a quadrilateral, and Si, ^2, S3, the diagonals, prove that the (algebraic) 

fliun 

sin ul sin ^' CO8 Si + sin 3 sin ^' cos 82 + sin C sin C* cos 83 "= 0. 

2. If two diagonals of a spherical quadrilateral are each quadrants, the 

third diagonal is also a quadrant. 

(Dtib. Univ. Exam, Papers.) 

3. The intersections of the corresponding sides of a triangle and its polar 
triangle lie on a great circle. 

4. Prove generally that if three great circles he drawn from the vertices 
of a triangle ABC through any point 0, intersecting the opposite sides of 
the triangle respectively at angles 0, ^, ^, 

sin a sin AO cos d + sin & sin BO cos ^ + sin sin CO cos ifr = 0. 

5. In a plane triangle ABC three right lines, -4P, BP, CF, are drawn, 
cutting the opposite sides respectively in X, F, Z; show that 

a AP coaX + b BP cos r+ e CP cos ^= 0. 

6. Using the notation of Ex. 4 for an equilateral spherical triangle, show 

that 

sin AO cos + sin BO cos <l> + Bin CO cos t^ = 0. 

7. If 4> denote the perpendicular from the angle A on the opposite side a, 
and fi and 7 the segments of the hase made hy it, prove the relation 

sin*i? cos j3 cos 7 — sin j» sin (j3 + 7) cot -4 — sin jS sin 7 = ; 

and hence show that of all spherical triangles described on the same base, 
and having equal altitudes, the vertical angle is a maximum when the tri- 
angle is isosceles. — ("W. Nicolls.) 

8. If a, b, c, df be the sides of a cyclic spherical quadrilateral, S, one of 
the diagonals, is given by the equation 

. 2 , (sin ^ g sin ^ <^ + sin 1 3 sin ^ e) (sin ^a Bin^e + Bmib smjd) 

sin^asin^^ + sin^csm^c^ 

9. Given A = 69' 66', B = 46' 36', « = 76' 28'; 
calculate a, b, and 0. 

10. Given a = 46' 30', B = 63' 46', C = 90*; 
calculate A, b, and e. 
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1 . Given ^ + a, J? + ^, and C+e; solve the triangle. 

(Dub. Univ, Exam* Papers,) 

2. If be the mid-point of an equilateral triangle AJBCf and P any 
point on the surface of the sphere, show that 

(tan FO t&TiAO)'^ (cos AP + cos JSP + cos CP)^ 
=4 [co8»^P + cos'^P + COS* C7P- cos 2?P cos CP- cos CPcos AP 

— cos AP cos J5P]. 
(Cambridge Univ. Exam. Papere,) 

3. The perpendiculars of a triangle are concurrent ; hence show from the 
supplemental figure, that if two diagonals of a quadrilateral are quadrants, 
the third is also a quadrant. 

4. Using the notation of Ex. 2, and each side of the triangle being a 
quadrant, show that 

cos AP + cos J5P+ cos CP = V3 cos OP. 

6. Construct a triangle right-angled at C^ being given the angle A and 
the sum or difference of the sides which contain it. 

6. Given the base of a spherical triangle, and the length of the arc joining 
the middle points of the sides ; find the locus of the vertex. 

7. If the angle ^ of a right-angled triangle be given, show that the 
difference of the sides which contain it is a Tna-yinniTn when their sum is a 
quadrant. 

8. Given the base of a triangle, and the locus of the vertex a great circle ; 
construct the triangle, having a maximum or minimum sum of sides. 

9. Given a = 64** 30', b = 48* 12', (7 = 90 ; 
calculate the remaining parts. 

10. Solve the triangle when 

a = 66M8', * = 42'26', CS83M2'. 
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1 . Find the locus of a point F, such that 

sin FX + sin FY= const., 
where FX and PZare secondaries to two given great circles. 

2. Find the locus of a point P, such that 

/ sin FX + m sin FY= const., 

where FX and FT are secondaries to two given great circles, and I and m 
constants. 

3. Find the locus of a point P, such that 

(o) sin FX + sin FT + sin FZ = const. ; 
(;8) I sin FX±m sin FT±n sin FZ = const., 

where X, T, Z^ are the feet of the perpendiculars from P on the sides of a 
spherical triangle. 

4. If equation (1), Art. 43, he written in the form 

a^- 25^ cos + tf = 0, 

prove that it will represent a great circle if « + c = 0. 

6. Construct a right-angled triangle, having given the hypotenuse, and the 
locus of the vertex a given great circle. 

6. Having given the hase and the sum of the sides, show that the product 
of the sines of the perpendiculars from the extremities of the hase on the 
hisector of the external vertical angle is constant. 

7. Having given the hase and the difference of the sides, show that the 
product of the sines of the perpendiculars from the extremities of the hase 
on the hisector of the internal vertical angle is constant. 

8. Ifpi and ^2 denote the perpendiculars from the hase angles on the 
hisector of the external vertical angle, and p^ and pi those on the hisector 
of the internal vertical angle, prove the relation 

Biapi smpz + sin J7s sin ^4 = sin a sin b, 

9. Solve the triangle, having given A = 29° 33', JB = 87** 21', and (7= 90*. 
10. Having given a = 62° 56', b = 39° 28', C= 76° 18', solve the triangle. 

* Part of this Paper and part of the preceding were communicated to us 
hy Dr. Traill, F.T.C.D. 
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1. If 3 be the bisector of the base AB of a triangle ABC^ and if ff be 
the bisector of the base BA' of the colunar BCA\ show that 

(a) 8ui«^cos»|-Bm«^'8in>| = 8m« sinJ coo (7; 

(iS) 8in>/} ooa*^ + sm'jS' sm>^ = ^(sm'a+sin^i). 

2. Show that if ^= ui + J? + (7- x, then 

sin}^sin(-4 - J^)sin(5 - ^E) sin (C- }J^) = iV». 

3. Show that 

J tf _ tan'^g ~ 2 tan^g tan}^ cos (7+ tan^^3 
^ 2"" l+2tanJatanJ*cosC+tan*iatan2Ji* 

4. Show that 

g sin ^(^-(7) 

^**''2sinJ5sinJC""- 

6. If the base AB of a triangle be divided into segments a and jS by an 
arc drawn from the vertex C, show that 

(a) cos 9 sin <; 3= cos a sin a + cos h sin ^. 

If be the bisector of the vurtical angle, show that 

/o\ « sin(a + *) 

(iS) cos a = -; \ . . -Z' 

sin a cos a + sin cos iS 

6. If the internal bisector of the angle C7of a triangle meets the opposite 
side at an angle B, and divides it into segments a and ;3 adjoining the angles 
A and B^ respectively, and if the external bisector of makes an angle 9' 
with the opposite side, show that 

.,. . . ^ sing sin d sin^tf 

(1) smasin^s-r-s — .  g, . o • ^~^ ' 

Bin'a + Bin'6 + 2 sin a sm o cos 

sin } (7 , 

(2) sine «-;^5;7Vsin«a + 8in»* + 2sinasin*costf 

(8) C08(>C0e^ ^^^ . 

* The greater part of this Paper was communicated to ns by Mr. "W. S. 
M*Cay, F.T.C.D. 
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7. Being giyen the angle ^ of a right-angled triangloi show that when 
— 3 is a maximum, 

cos^ r= cos^o. 

8. Given A = 56» 68', £ = 39° 26', e = 68° 48'; 
calculate the remaining parts. 

9. Given A = 64» 40', B = 76* 20', C= 62° 44'; 
solve the triangle. 

10. Given a = 84° 30', J = 66° 46', C=73°62'; 
calculate the remaining parts. 

11. Given a = 40° 46'. A = 61° 60', (7= 90°; . 
solve the triangle. 

12. Given a = 61° 20', A = 62° 12', C= 90°; 
solve the triangle. 

13. Given A = 81° 64', B = 67° 12', e = 87* 42'; 
solve the triangle. 

14. Given A « 67° 37', B «= 39° 19', c = 84° 46'; 
solve the triangle. 

15. Given A = 63° 40', B = 87* 10', 0= 69" 46'; 
solve the triangle. 
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I. 

1. The sum of the hase angles is given by Art. 24. 

2. Apply fonnnla for sin} ^ (Art. 



3. JT is the perpendicular from the yertex on the hypotenuse of a right- 
angled triangle, the sides of which are a and h, and the hypotenuse 9 + ^ ; 
hence 

sin a sin 6 r* . «« ■« ^ -, 

Bin a? = -^— • . [Art. 36, Ex. 2.] 

4. The remaining parts may be determined by aid of Napier* $ Analogies^ 
or geometrically from fig. 22. 

5. Suppose ass A; then, from Art. 2Cy 

sec a = sec 6 sec « — tan b tan c ; 

and therefore 

tan^d tan^ e = (sec a - sec d sec e)^ ; 

therefore, &c. 

6. A great circle perpendicular to that through the poles of the small 
circles, and dividing it so that the ratio of the cosines of its segments is 
equal to the ratio of the cosines of radii of the small circles — in other 
words, the great circle through the intersections of the small circles. 

7. If 9 be the inclination to the horizon, 

2 4> 
OO80B — sin^. 
V3 2 

8. X and y are the segments of the base of a triangle made by the perpen- 
dicular from the yertex, the sides a and b being equal to the opposite angles ; 
therefore, &c. 

9. ^ = 95° 66' 17-87", B = 46° 7' 16-53", e = 76*' 66' 27". 
10. -4 = 94» 3' 60-28", 3 = 74*» 23* 4616", C= 63° 33' 42-48". 



I 



L v/ 



1. "We have 



Eence 
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II. 

1 - tan } g tan ^ 5 __ 1 - tan* ;8 
l+tanjatanj*~l+ tan* ^3* 

cos J (a + i) cos a + C08 * ...... 

^-7 rf=:coB^=— ; (Art 42.) 

cos J (a - d) 2 cos J<? ' ^ ' 

and therefore cos* } (g - 6) = cos \ c, 

2. Use JDelambre*8 Analogiet. See also Art. 43, Ex. 29. 

3. See Art. 27, Ex. 8. 

4. Substitute for cos A and cos B in terms of the sides, and the expression 
reduces to 

cos C + cos <} 
sin e 

6. Apply the formulae of Art. 37 to the triangles APBy AFC, AFD^ 
and eliminate sin A and cos A, 

6. This appears at once from the determinant of Ex. 5. 

7. See Art. 19 (1). 

8. (sec sin 6 cos ul — BUI r)* + (sec cos 6 — cos 0)* (1 - cosec' a sin* A) 

(sin ^ cos ^ - cos a sin c\ * /cos 6 — cos a cos ^\ ' /. bvb?A \ 
cos a I \ cos a j \ sin^a / 

(smdsin<^cos^-cosasin*0\* /sin* c sin* a cos* 5 \ / 8in*^4\ 
cos a sin <; / \ cos* a / \ sin* a ) 

/COS a - cos * cose -cos a sin* <?\* 2 « / • 2 • a/tx 

= ( : I + tan*a cos* J? (sm*0 - sin* (7) 

\ cos a sm / 

cos*tf (cos a cos tf — cos i)* 



8in*0cos^'0 



+ tan* a cob*5 (sin*0 — sin* (7) 



= cos*tf tan* a cos* B + tan* a cos* B (sin* e - sin* C) 

= tan* a cos* 5 cos* C. 

9. ^ = 107" 36' 9-4", B = 36' 17' 20-6", c = 66* 21' 30". 

10. u4 = 86' 64' 62-7", 5 = 108M8' 20-9", e^l^V 1' 18-6". 

b 
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1. The great circle is fhe shortest distance between the poles. See 
Art. 3. 

2. In the value of cos A [Art. 26 (2)] substitute the value of cos e [Art. 26 
(1)], and reduce. 

3. By Ex. 14, Art. 12, the radii of the sphere drawn to the middle points 
of the sides of a colunar are parallel to the sides of the chordal triangle ; 
and hence the angle between them, which is the arc joining the middle 
points of the sides of the colunar, is equal to the corresponding angle of 
the chordal triangle. 

4. Let A\ B\ C be the angles, and a, i9, y the sides of the plane triangle. 

(See Art. 29.) 

, sin a a 

Then sm ^ = -: — = sin 3, and sin -4' = - sin B\ 

sin* /3 

sin a a , 

also -: — 7 = -, nearly ; 

hence we have sin -4 + sin A' — - (sin B + sin 5'), 

p 

or sin \{A^A') cos \{A^A') = \ sm\{B + B') cos}(J - B'). 

p 

Now take sin J (-4 + A') and sin ^ (J? + B'), respectively equal to sin ^ 
and sin B ; and, making these substitutions in the preceding equation, we 
have 

sin ^ cos J (^ - A') = - sin 5 cos J (jB — ^) ; 

therfifore 

cos J(^ - A') = cos J (5 - jB*) = cos J(C- C), 

Now A-A\ B-B't C-C are each <Jir 

hence A - A'= B ^ B'= C^ C^HA + B + 0-ir); 

therefore, &o. 

5. The locus is the circle ZM, fig. 10. 

6. This follows from the value of cot XF given, Art. 39, Ex. 6. 
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7. See Casey's " Sequel to Euclid," sec. vm. Ex. 17 — 

a» 4» (^ 



XT X'T X"T' 
8. If a and a' are the segments, we have 



0. 



COS (a + a') 8 --zt and sin a « Vs sin a ; 

V3 
therefore, &c. 

9. a = 41** ir 48'', b = 62** 66' 47-6", e = 63' 4' 17". 

10. A = 91" 24' 19-6", B = 67'* 39' 46-8", (7= 64* 69^ 22-26". 



IV. 

1. Using the given relation, we have 

l-tan^0tan^d l-tan'^0 cosi(a + ^) 
1+tanJatanJ* 1 + tan^^tf * " * cos J(a-*) 

Again (Art. 42), 

^ cosa + cosd „-- .. 

cos 3 = — =co8'i(a-M; 

2coso ^^ " 

und 

cos cos <; cos /3 cos a — cos ^ sin^(a — 5) sin^(g + ^) 

cos a = •■ : — - — = J—: : — r- « — : : ~ • 

sin « 8in iS 2 sin sin i9 sin sin jS 

Substituting, we get the required result. 

2. See Ex. 3, Paper III. 

3. This follows at once from Ezs. 8 and 9, Art. 33. See also Ex. 29, 
Art. 43. 

4. For 2 cos = 2 cos a cos ^ = cos {a + b) + cos (a — b); 

therefore 

00s (a - 6) s 2 cos - cos (a + 6} ; 

therefore, &c. 

6. See Ex. 29, Art. 43. 

6. Substitute for tan ^ a, tan } ^, tan } «, from Ex. 27, Art. 43. 

7. Proof as in piano, 

52 
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8. If and ^ be die legmentB of the angle B, made by the bisector of 
the side b, we have 

sina:8ina'sBin08in0:sui^Binj^a. But sin9:sin^ssina: sint;. 
(Ex. 6, Art 31) ; therefore^ ftc 

9. tf = 68** 33' 37-48", 4 = 41' 47' 39-62", C«104M8' 3-58". 
10. ^ = 62M2' 36-7", 3 = 66* 41' 37-2", *= 68' 36' 37-8". 



V. 

1. Cf. Examples 24 and 26, Art. 43. 

2. oos.^P + cos^Pb 2 cos^tf cosiS, where $ is the arc joining P to the 
middle point of AB. But 

1 sin a 

2COS40S -:-—,. 
Sin a 

(Ex. 8, Paper lY.) Hence 

sin a cos iS + sin a' cos CP = const. = sin (a + a ) cos OP, 

[See Art. 40.] 
where is the intersection of the bisectors of the sides of ABO. Hence 
OP is constant, and therefore the locus is a circle, haying for pole. 

3. Apply formula (2), Art. 44. 

4. This follows at once from Ex. 3. 
6. Reduces to tan e, 

6. "Biooi aa in piano. 

7. By aid of Ex. 6 and Art. 44. 

8. Ot^A-^B. 

9. ^ = 9r 65' 67*8", 5== 63M8' 41-3", 5 = 76' 83' 8^ 
10. a - 1 &• 66- 30^. b - 46* 42' 12-4", B « 76* 28' 86". 
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1. If 20 be the arc of the great circle joining the two places, toxlQ 
= / sin / = half chord of arc, /, being the radius of the parallel of latitude, 
is equal to r cos X, where r is the radius of the earth. Hence great circle 
course = 2r0 = 2r sin-^ (cos A. sin ;); but the parallel course = 2r^/ 
= 2 W COB A. Hence di£ference s 2 r [/ cos A. — sin'^ (cos A. sin /)]. 

2. sinja : sin J 6 as the chords of the sides a and h. Hence we are given 
the base and the ratio of the sides of the chordal triangle, and the locus of 
%t9 Tortez is therefore a sphere, and hence (Art. 10) the locus of the vertex 
of the spherieal triangle is a circle. 

3. See the triangle DFQ, fig. 38, Art. 104. 

4. See same figure. 

6. If the sides CA and OB be produced to meet the circles again in JS 
and F, CX-CT- 90* ; .-. is the pole of XT; therefore, &c. 

6. See Ex. 6, Paper Y. 

8. Use the relations given in Examples 1 and 2, Art. 81. 

9. a = 81« 46' 6-7", b = 67** 43' 43-76", C = 82' 66' 4-4". 
10. a = 44* 63' 94", * = 69" 82' 65", B - 76" 16' 22". 
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¥11. 

1. A small oirole haying the same poles as the fixed circle, and a sphencal 
radius equal to «. 

2. Apply the relation of Paper Y., Ex. 1, to a quadrilateral ABCPy where 
P is inside the triangle P; and it follows that if the angle hetween AF and 
BC\a right, and also that between PPand AC, then the angle between CF 
and AB will be right also. 

3. See Ex. 2, Paper Y., and apply the theorem of Art. 40. 

4. Beduoes to the expression of Art. 42. 

6. 2i8 = Va« + 4* + 2tf*cos(7; 

or the corresponding equation, Ex. 14, p. 62. 

6. Proof as inpUmo, 

7. Let a, b, 0, and therefore A, B, C, be in descending order of magni- 
tude; then 



1 / .. *.» COS J (a — ft) - ^ 
tanJ^ + 3)= _ll--_icotJ(7; 
C08|(a + ft) 



and as cos } (a - ft) and cos } C7 are essentially positive, tan ^{A-\- B) and 
COS ^ (a + ft) have the same sign ; therefore, &c. 

8. These relations are easily deduced from Napier's Analogies. 

9. A = W 2'63-r, P = 66'* ir 64-9", c=74'»41' 4". 
10. -4 = 40* 89' 60-6", P = 76»iri9-6", ft = 68' 40* 9-2". 






I* 
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¥111. 

1. By aid of the property, Art. 25 (a). 

sin^a 8m|^P+ sinj^a 8in|3Ps:8m^a fiin^CPy 

where a is the side of the equilateral triangle ; therefore, &c. 

2. Expanding the terms on the right-hand side of the equation, and 
neglecting the powers of the radius higher than the second ; remembering 
also that 

r =s (1 - «)"^ = 1 + w, nearly, 

if ft be very small compared with unity. 

Hence cos- iA = J-^ |^1 - g^ J 

be L 3r* J ' 8*^2 

Again, let ^^ ss^A'i- $; then cos' }^ « cos^^ul' — $ smA\ nearly ; 

hence 

A* A 

9 sink's . $.0.20 SB * 

3*cr2* 3r»' 

but 20 is the difiference between A and ^' ; therefore, &c. 

(Cf . Art. 29.) 

3. The method in either case is similar to that given in the preceding 
Example. See also Art. 29. 

4. Squaring the expression for sin} a, given in Art. 33, and dividing 
by the product of the analogous expressions for sin } 6 and sin | «, since 
cos {S - A)f cos {8 " 3), cos [S - Cf) become in piano, respectively, sin A^ 
sin^, sinC, we get 

e " an£ sinC' 

_ «- sin B sin C , , . 

Hence . ,- — 7;r- s 60 sm^l » 2 A. 

sm{S-\-C) 

5. See Ex. 4. 

6. See Ex. 3. 
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7. Draw the required figure, and join AA*. Denote the angles BAAl 
and BA'A, respectiyely, by x and »', Then we have — 

(1) cos ^ = — 008 a? COS x' -V^ixix sin x' cos AA'\ 

(2) cos B' = — cos {A — x') cos {A' — a;) + sin (-4 — x) sin {A' — x') cos AA' ; 

(3) cos (7 B cos dP cos (-4' — d^ + sin d; sin {A' — af) cos AA^; 

(4) cos (7' = cosaj' cos(^ - a?) + sin a/ sin (-4 — a;) cos -44'. 

Multiply equations (1) and (2), and subtract from the result the product of 
equations (3) and (4) ; therefore, &c. 

8. (a) follows at once from Ex. 7. (/3) We have 

2 (cob B QOBB'—coaO cos (7') = 2 sin 4 sin 4' ; therefore, &c. 

9. -4 = 94* 66' 36-6", -BsBS* 0'24-6", C = 74° 6' 20-6". 
10. 4 = 64'* 47' 53-6'', b = 34° 36* 11", e = 60° 7' 13-2". 



1. By the aid of Paper VIII., Ex. 7, we obtain 

2 (sin -4 sin -4' cos 5i) s 2 (cos 5 cos ^ - cos C cos CO s 0. 

2. It is evident, in the preceding Example, that if 5i and $2 are quadrants, 
each term in that equation vanishes. Hence cos 9$ = ; therefore, &c. 

3. The great circle on which they lie is the polar of the intersection of 
the perpendiculars of the triangle. (See Note, Art. 21.) 

4. This follows from Paper Y., Ex. 1. See also the preceding solution, 
Ex. 3. 

5. An obvious particular case of the preceding Example, and which may 
be verified directly as follows : — Draw perpendiculars from A and P to the 
base BC; the distance between their feet is AP cos X ; then 

2a4PcosZ = 2 5(5P*- CP«) - 25(4'^- c*) : 
i.e, a AF cos X + bBF COB T+eCF COB Z=^0. 

6. In Ex. 4, let a = b = e; therefore, &c. 

7. The left-hand side of the equation reduces to 

cos a — Qoafi cos^ coB^p — sin d sin « cos 4 ; since /S + 7 = a, 
and sin d sin sin 4 S3 sin a sin jp. 
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Again, cos a — 'sin ft sin cos ^ = cos h cos e. 

Hence the given expression becomes 

COB ft cos — cos /3 cos 7 cos^i?, or cos /8 cos 7 Qo%^p - cos iS cos 7 Goeflp. 

[Art. 44 (1).] 

. . ^ ^ cos a — cos /8 cos 7 cos* o 

Again, cot A = : — ^ — -, 

sin a sin J? 

Now ^ is a maximum when cot ^ is a minimum ; i. e. when cos ;3 cos 7 is 
a maximum ; hut 

2 cos /3 cos 7 = cos (/3 + 7) + cos — 7) = cos a + cos O - 7). 

From this result it follows that the yertical angle is a maximum when the 
perpendicular from it on the base bisects the base ; therefore, &o. 

[Cf. Townsbnd's Mod. Oeom., vol. i., Ex. 7, p. 47.] 

8. For sin} a, sin} ft, &c., substitute the chords of the arcs a, ft, &o., to 
which they are proportional, and the expression reduces to that which gives 
a diagonal of a plane cyclic quadrilateral in terms of its sides. 

[See Todhuntbk's Flane Trig., Art. 254.] 

9'. a « 66* 19' 44-17", ft = 46'* 6' 32-76", C = 94" 21' 40-3". 

10. A = 61" 3' 4-2", ft = 65" 20' 23-35", e = 66" 30' 30-6". 



1.* -4 + a = o, -B + ft = /8, C+c=7, -4-a = «, 5-ft=^, C-e=^; 

ainA sin5__sinC^ ^ tanjd _ tan}^_ tan}^^ 
sina sinft "" sine ' * ' tan}a ~~ tanJiS tan}7* 

, . coBi{A+B) emiC cos}(»-(7) .^ ^ 

but ^. -i =5 — 2- s — H-1- f • (Gauss.) 

cos } (a + ft) cos } cos } « 

therefore 

tan J(d + <p) tan J(/8 + o) = tan J(» - 7) tan J(ir-- 1^). (2) 

Again, 

sin i{A-B) coajC sin} (y- (7) ^ tan ^ (6 - ^) tan^(ir-7) 

sin} (a - ft) "" sinjc ~ sin}0 * ' ' tan}(a-i5) "" tan}(ir-4^) ' 

* We are indebted to Mr. T. A. Finch for the first solution we give of 
this question; and to Mr. Robert Russell for an independent method. 
Mr. Russell remarks that the equations used by him to solve the triangle 
are likewise applicable to the more general problem — « GKven any three of 
the six quantities A±ay B ±b, C±e; solve the triangle.'* 
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(2) and (3) multiplied together give the ratio cos^0 : cos}^, and from 
(1) we have the ratio tan } 9 : tan | ^ ; and hence 9, ^, ^ are known ; there- 
fore, &c. 

Cor, — Given A — a, B -^ b, and 0— e; find the remaining parts. 

Otherwise thus : — 

sin^ sin^ anO ^. . sin^ + sina 

-; — = -: — r = - — 9 therefore -: — r : — cs . . . s . . . 

Bin a emb erne sin ^ — sin a 

Hence UjijiA + a) ^ i^iJB + b) 

tanJ(-4-fl) tanj(5-*) 



• • • 



Let coti(^ + a} BisinX, 

and cot ^ (^ — a) 8 1 Bin x, where i = V— !• 

„ sinX sinF sinZ 

Hence —: — = = __ • 

sinjr siny sins 

from which the question reduces to — Having given the three angles X, F, 2 
of a spherical triangle ; find the sides.* 

,-„ , ^, cos X + cos Fcos Z 
We have thus — cos a? b ; — ---: — ; 

smFsmZ 



or cosec 



. .. . cosec ^ (.^ + g) + cosec jjB+b) cosec j (0-¥ c) ^ 
*(^-a)= -cotJ(J5 + *jcotJ(C+0 



*^ ^ '"■8inJ(^ + «) + 8mJ(^+6)8inJ(C+tf) ' 
2. Let AO^BO^CO^B^ and let P(>s8, and theanglePOCstf. 
Then we have — 

cos ^P = cos i? cos 8 + sin J2 sin 8 cos (120-0). (1) 

cos BB^ C06J2 cos8 + sinJ2 sin8 cos(120 + 9). (2) 

cos (7P ss cos J2 cos 8 + sin J2 sin 8 cos 9. (8) 

Hence, hy addition, 

cos.^lP+cosPP + oosCP= 3cosi2cos8. (4) 



* Mr. Bohert Eussell, Quarterly Journal of Mathematiea, vol. 
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Multiply (2) by w and (3) by »', where »^ s 1, and add ; then 

cos AF + a cos BF + »' cos CF 

= sin J2 sin 8 {cos (120 - a) + « cos (120 + «) + (»« cos 9}. (6) 

Similarly, 

cos AF + »' cos J?P + » cos (7P 

« sin J2 sin S {cos (120 - 0) + w^ cos (120 + 0) + » cos 0). (6) 

Multiplying equations (5] and (6), we have, on reduction, 

cos'^P+cos'^P+cos^CP-cos^PcosCP-. . . = f sin^iZsin^S; 

or by the aid of (4) = J (cos AF + cos JBF + cos CP)* tan* B tan* 5. 

Note. — To simplify the right-hand side of the product of (5) and (6), 
throw the part within the brackets into the determinant form — 

1 cos e cos (120 + e) 

1 cos (120 - 0) cos 

1 cos (120 + 0) cos (120 - 0) 

and remembering that 

cos + cos (120 + e) + cos (120 - a) = 0, 

the reduction presents no difficulty. 

{Educational Times.) 

3. The right angles on the primitiye figure are transformed into the 
diagonals of the supplemental figure ; therefore, &c. 

4. It has been seen in Paper X., Ex. 2, that 

cos AF + cos £F + cos CP = 3 cos AO cos OF. 

In this instance, qobAO « -;= ; 

V3 
therefore, &o. 

^ tan b ^. . tan e + tan b siah + b) 

5. COB A = 7 — r ; therefore : — : = -: — -, r; *= given. 

tan e tan e — tan b sin (0 — 6) 

Hence if c + d be known, e^biB determined, and therefore e and b. 

6. See fig. 10. The arc ZM= 2 XT. Hence the angle AOFib known, 
and consequently the triangle A0£ is completely determined; and 
since OA -{■ OO^Tt the locus of the vertex is a circle, of which is the 
pole. 
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7. This follows at once from Ex. 5, where it is shown that sin {e + b) 
faries as sin (0 - d) when A is given. 

8. From^, one of the extremities of the given hase, let fall AP perpen- 
dicular to the given great circle, and produce AF to Q, so that AP = PQ. 
Join Q to JBf the other extremity of the given hase. Let £Q cut the given 
circle in 0. Then ABC and its colunar ABC are the required triangles* 
C being diametrically opposite to C, is on the given circle. 

9. A^ 70' 25' 33J", B = 61° 6' 47", c = 73° 19' 28J. 

10. A = 70° 22' le-l", B = 49° 26' 12-3", « = 61° 64' 6". 



1. Form a spherical triangle by joining the poles of the given great circles 
to the point P, and it is obvious that of this triangle we are given the base 
and the sum of the cosines of the sides ; therefore, &c. (See Art. 42.) 

2. By the method of the previous exercise. (See also Ex. 1^ Art. 42. > 

3. See Paper VII., Ex. 3. 

4. We have a = i^ (cos a + cos 8), 
and e = It (cos a - cos 8) ; 
therefore (i + tf=2JBcoso = 0, ifa = 90°. 

6. From the extremities A and B of the base let fall secondaries AX and 
BTon the given locus. Then 

cos = cos a cos 6 B cos AX cos CX cos BTooa CY; but AX, BY, and XY 
are given arcs. Hence it is required to divide a given arc XYeA a point C, 
such that cos CX cos CY may be given. 

6. The product is evidently 

. , „ , ^ sin fl sin J sin « sin (« - tf) . . , 

sin a sin i cos* iC= ; : — r— ^ = sm « sin (« - e), 

' sm a sin 6 

which is given. 

7. The product is 

sin a sin d sin' } (7 » sin (« — a) sin (« - 5) ; 
therefore, &c. 

8. sin pi sin ^ = sin a sin d 008^^(7; sin^ sin 1^4 s sin a sin 5 sin' ^C; 
therefore, &c. (See Exs. 6 and 7.) 

9. a = 29° 26' 30", b = 84° 37' 16^ e = 86° 19' 2". 

10. ^ = 82° 24' 33-4" B = 46° 2' 9*88", c = 60° 20* 10-6". 
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1. For by Art. 42 we have 

COS a + cos 5 B 2 cos } 006 iS, 

cos a ~ cos 5 s= 2 sin } <; 008 iS' : 

squaring each of these equations, and subtracting the results, (a) follows 
at once ; when the results are added, we obtain O). 

2. See Art. 36 (12). 

3. This equation is an expression for the base in terms of two sides and 
the angle included between them, and must, therefore, be identical with the 
form , 

cos e = cos a cos d + S]nasindcos(7. 

The identity of these equations will be at once made evident by the substi- 
tution of 

l-tan^ia. . 

- — : — r-f— forcosa, &o. 
l + tan»ia ' 

and 

2tanja . 

r . ^ a 1 *0' sin «, *c. 
1 + tan* i tf 

4. Substitute the yalue of tan } a in terms of the angles (Art. 36). 
6. Apply Art. 40. 

6. Firstly — By the rule of sines — 



Hence 



sin a sin (0 — a) 

- — I = ; B sm cot a - COS e. 

sin d sin a 



sin d COS + sin a 
cot ass- 



t. e, sin* a = ^ 



sin b sin e * 

sin' b sin' e 



sin'^ a + sin' 6 + 2 sin a sin & cos / 
sin'tf sin'tf 



Similarly, sin'iS » -r^ ^^-r — —; r-r , 

sin' a -h Bin' 6 + 2 sin a Bin 6 cos tf 

therefore, &c. 
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Secondly — 

sin' a sin' $ s sin' b sin' } 0. 

Substitute the yalue already found for sin' a ; therefore, &c. 

Thirdly— l£vltvp\j together the results in Ezs. 9 and 10, Art. 35. 

7. When - 5 is a maximum (by Paper x. Ex. 7), crs90 — b; hence 

cos e as sm b ^ COB a cos b, i.e. cos a » tan d = cot 0. 

Again, cos ^ = tan d cot 0, and is therefore equal to cos' a. 

8. a« 63* 24' 11-78", i= 37** 27' 66-34", (7= 76M7' 34-84' . 

9. a = 36' 9' 12-78", b = 44* 23' 39-54", e = 40* 0' 3-8". 

10. A^ 94*16'17i", jB= 66*66'38J", «= 73* 30' 28". 

11. J = 42* 37' 43i", e = 66* T 29J", 5 = 64* 39' 26*4", 
or, b = 137** 22' 16}", c = 123* 62' 30^", B = 125* 20' 33-6" 

12. b = 41* 12' 64J", e = 61* 67' 68J", 5 = 48* 17' 8J", 
or, * = 138* 47' 6i", c = 118* 2' IJ", 5 = 131* 42' 51}". 

13. a = 82* 38' 40-8", b = 67* 6' 44-48", C7= 88* 68' 12-38". 

14. a= 71* 35' 16", *= 40* 33' 12", C= 76* 2' 39-72". 
16. a = 67* 7' 7-42", b = 69* 22' 20-4", e = 54* 3' 18-2". 



CRO}NN 8vo, IN TWO PARTS. Part I.. 416; Part //., 5/-. 
A ho, in ONE VOLUME, Sje. 

MACMILLAN AND CO., LONDON AND NEW YORK. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 

BY 

WILLIAM J. MCCLELLAND, Ex-ScH., M.A., 
Principal of the Incorporated Society^ s School^ Santry, Dublin; 

AND 

THOMAS PRESTON, M.A., 
Fellow of the Royal University of Ireland. 



OPINIONS OF THE PRESS. 

The Saturday Review says : — * The arrangement and many of the demonstrations 



have on the subject, and brines its matter quite up to the most recent date. We 
know of no work in English which goes so thorouglily over the ground, and which 
uses so freely modem methods.' 

The Academy says : — ' This is a fitting sequel to the first part, some time since 

commended in the Academy There is an extensive collection of good and 

varied exercises, and modem methods of solving them are indicated in manv cases. 
An English student of the subject will find this as nandy a treatise as he could desire, 
and in it he will get, we believe, all he wants — or his wants are exceptional.' 

Iron says:— 'It is indeed an excellent treatise, accurate, clearly expressed, and 
clearly arranged. It contains some original work. The subject is classed under 
eight headings, each of which is treated in a distinct chapter. The first three of these 
complete spherical trigonometry, and indeed exhaust tne subject. The remaining 
chapters treat of the geometry of the small circle, polars, centres of similitude, 
harmonic sections, ratios, pencils, and finally spherical and stereoscopic projections. 
There is throughout a great variety of exercises. Although essentially an advanced 
book, it is mucn easier reading than Part I. It is creditable to the authors and to the 
eminence of the Dublin mathematical school.' 

Engineering says : — * Qi the highest interest to mathematicians. The heading of 
a few of the chapters will sufBce to show the sort of subject-matter, e. g. Chapter IX., 
Concurrent Arcs and Concyclic Points ; Chapter XI., Anharmonic Section j Chapter 
XII., Coaxal Circles, Centres and Ajlos of Similitude, and Spherical Inversion; 
Chapter XIV., Spherical Reciprocation. The analog of all these with the cor- 
responding plane geometry is extremely interesting. This small work, one of the 
earliest on this vast subject, will be welcomed by all mathematicians, whose only 
regret on closing it will be that it is too short. Some further developments which are 
promised (in the preface) will be awaited with interest.' 

The Dublin Universiiv Review says : — ' This admirable manual has the quality 
that delights the soul of the mathematician. It is a piece of thorough workmanship 
by masters of the craft— the work of minds keenly alive to what the initiated know 
as the elegance of a solution, and well acquainted with the latest developments of their 
subject. It especially displays that clearness in the statement of geometrical concep- 
tions which the study of Townsend and Salmon has made characteristic of the Dubun 
school.' 



